Directed VR-Represen table Graphs ha v e

Un b ounded Dimension

Kathleen Romanik

�

DIMACS Center for Discrete Mathematics

and Theoretical Computer Science

Rutgers, The State University of New Jersey

P .O. Box 1179, Piscataway

, NJ 08855 -11 79

romanik@dimacs.rutgers.edu

Abstract

Visibility represe ntations of graphs map vertices to sets in Euclidean space and

express edges as visibility relations b etween these sets. A three-dimensional visibility

represe ntation that has b een studied is one in which each vertex of the graph maps to a

closed rectangle in R

3

and edges are expresse d by vertical visibility b etween rectangles.

The rectangles represe nting vertices are disjoint, contained in planes p erp endicular to

the z -axis, and have sides parallel to the x or y axes. Two rectangles R

i and R

j are

considered visible provided that there exists a closed cylinder C of non-zero length and

radius such that the ends of C are contained in R

i and R

j

, the axis of C is parallel

to the z -axis, and C do es not intersect any other rectangle. A graph that can b e

represe nted in this way is called VR-r epr esentable.

A VR-represe ntation of a graph can b e directed by directing all edges towards the

p ositive z direction. A directed acyclic graph G has dimension d if d is the minim um

integer such that the vertices of G can b e ordered by d linear orderings, <

1

; : : : ; <

d

,

and for vertices u and v there is a directed path from u to v if and only if u <

i v

for all 1 � i � d. In this note we show that the dimension of the class of directed

VR-representable graphs is unb ounded.

1 VR-Represen tation of Graphs

The problem of determining a visibility r epr esentation of a graph, where the vertices

of the graph map to sets in Euclidean space and the edges are expressed as visibility

relations b etween these sets, has b een widely studied (see [BETT93] for a survey). A

three-dimensional visibilit y representation has b een studied by Bose et al.[BEF

+

94], in

�

Supp orted by IRIS National Network of Centres of Excellence, NSERC, and DIMACS. DIMACS is

an NSF Science and T echnology Center, funded under contract STC-88-09648, and also receives supp ort

from the New Jersey Commission on Science and T echnology .

which each vertex of the graph maps to a closed rectangle in R

3

and edges corresp ond to

vertical visibilit y b etween rectangles.

More formally

, consider an arrangement of closed, disjoint rectangles in R

3

such that

the planes determined by the rectangles are p erp endicu lar to the z (vertical) axis, and

the sides of the rectangles are parallel to the x or y axes. Two rectangles R

i and R

j are

� -visible in the vertical direction if b etween the two rectangles there is a closed cylinder

C of non-zero length and radius such that the ends of C are contained in R

i and R

j

, the

axis of C is parallel to the z -axis, and the intersection of C with any other rectangle in

the arrangement is empty

. Such an arrangement is a Visibility R epr esentation by Isothetic

R e ctangles in 3-Sp ac e or simply a VR-R epr esentation of a graph G = (V ; E ). A graph

admits such a representation provided that the following hold:

� There exists a 1-1 onto corresp ondence b etween the rectangles and the vertices in

V .

� V ertices v

i and v

j are adjacent in G if and only if their corresp onding rectangles R

i

and R

j are � -visible in the vertical direction.

If a graph can b e represented in this way

, the graph is VR-r epr esentable.

A similar representation in two-dimensions, called an �-visibility r epr esentation, was

de�ned indep endently by Wismath [Wis85] and T amassia and T ollis [TT86]. In this rep-

resentation vertices map to closed, disjoint, horizontal line segments in the plane, and two

vertices are adjacent in the graph if and only if their corresp onding segments are � -visible

in the vertical direction. Both Wismath [Wis85

] and T amassia and T ollis [TT86] indep en-

dently showed that any 2-connected planar graph has an � -visibilit y representation.

2 Dimension of Directed Acyclic Graphs

A directed acyclic graph G has dimension d if d is the minimum integer such that the

vertices of G can b e ordered by d linear orderings, <

1

; : : : ; <

d

, and for vertices u and v

there is a directed path from u to v if and only if u <

i v for all 1 � i � d [T ro92

]. A class

G of graphs has dimension d if d is the largest dimension of any graph in G .

An � -visibilit y representation of a graph can b e directed by directing all edges towards

the p ositive y direction. It has b een shown ([BT88, RU88]) that any graph with a directed

� -visibilit y representation has dimension at most two.

A VR-representation of a graph can b e directed by directing all edges towards the

p ositive z direction, yielding a directed acyclic graph. What is the maximum dimension

of any graph with a directed VR-representation?

Let us denote a complete bipartite graph by K

m;n

, where m and n are the sizes of each

partition, and a complete bipartite graph with a p erfect matching removed by K

n;n

� M , where n is the size of b oth partitions. Note that b oth partitions must have the same size

for there to b e a p erfect matching. It is well known that the directed K

n;n

� M , where

all edges are directed from one partition to the other, has dimension n. In [BEF

+

94]

a VR-representation was given for the directed K

4;4

� M , so the class of directed VR-

representable graphs has dimension at least four.

Since a directed acyclic graph can b e used to represent a partial order, work done by

Riv al and Urrutia [RU92] on representing ordered sets by moving convex ob jects in R

3

is

related to our study of the dimension of VR-representable graphs.

3 Un b ounded Dimension of VR-Represen table Graphs

W e now show that the dimension of the class of directed VR-representable graphs is

unb ounded . W e show this by giving a class of graphs G = fG

n j n � 1g such that the

dimension of G

n is at least n, and then giving a directed VR-representation of G

n

.

The directed graph G

n

= (V ; E ) that we construct is similar to K

n;n

� M , except that

some edges are replaced by directed paths. It has 4n�2 vertices: V = fa

1

; : : : ; a

n

; b

1

; : : : ; b

n�1

;

c

1

; : : : ; c

n�1

; d

1

; : : : ; d

n g. The following is a description of the edges of G

n

:

� Each vertex a

i is a source and has edges f(a

i

; d

j

) j j < ig coming out of it. If i < n,

then edge (a

i

; b

i

) is also in the graph.

� Each vertex b

i has one edge (b

i

; c

i

) coming out of it.

� Each vertex c

i has edges f(c

i

; d

j

) j j > ig coming out of it.

� Each vertex d

i is a sink.

Figure 1: Subgraph of G

n with source vertex a

i

See Figure 1 for an illustration of the subgraph of G

n with source vertex a

i

. In graph

G

n each vertex a

i has an edge to each d

j

, where j < i, and a directed path to each d

j

,

where j > i, but there is no path from a

i to d

i

.

Lemma 3.1 Gr aph G

n has dimension at le ast n.

Pro of: W e consider only the relativ e order of the a

i and d

i vertices. Since there is a

directed path from a

i to d

j

; j 6= i, a

i must app ear b efore d

j

; j 6= i (i.e. a

i

< d

j

) in each

linear ordering of the vertices. Since there is no path from a

i to d

i

, d

i must app ear b efore

a

i

(i.e. d

i

< a

i

) in some linear ordering of the vertices. Consider a linear ordering <

l in

which d

i

<

l a

i

. F or all other a

j

; j 6= i, we must have a

j

<

l d

i

, and for all other d

j

; j 6= i,

we must have a

i

<

l d

j

. Thus in the ordering <

l

, no other pair a

j

; d

j can b e reversed.

Since each pair a

j

; d

j must b e reversed in some ordering, this requires at least n linear

orderings. u t

Figure 2: VR-representation for graph G

n

W e now describ e a directed VR-representation for G

n

. The rectangles for the a

i vertices

are contained in the plane z = 0, those for the b

i

’s are contained in z = 1, those for the c

i

’s

are contained in z = 2, and those for the d

i

’s are contained in z = 3. Figure 2 illustrates

the construction for G

6

, where the representation is b eing viewed from ab ove. It is easy

to see how this construction can b e extended for any n � 1. Using this VR-representation

of G

n we get the follo wing theorem.

Theorem 3.1 The dimension of the class of dir e cte d VR-r epr esentable gr aphs is un-

b ounde d.

4

References

[BEF

+

94] Prosenjit Bose, Hazel Everett, Sandor F ekete, Anna Lubiw, Henk Meijer, Kath-

leen Romanik, T om Shermer, and Sue Whitesides. On a Visibilit y Representa-

tion for Graphs in Three Dimensions. In David Avis and Prosenjit Bose, edi-

tors, Snapshots in Computational and Discr ete Ge ometry, V olume III. McGill

University

, July 1994. T echnical Rep ort SOCS-94.50.

[BETT93] Giusepp e Di Battista, Peter Eades, Rob erto T amassia, and Ioannis G. T ol-

lis. Algorithms for Automatic Graph Drawing: An Annotated Bibliography .

T echnical rep ort, Department of Computer Science, Brown University

, 1993.

[BT88] Giusepp e Di Battista and Rob erto T amassia. Algorithms for Plane Represen-

tations of Acyclic Digraphs. The or etic al Computer Scienc e, 61:175{198, 1988.

[RU88] Iv an Riv al and Jorge Urrutia. Representing Orders by T ranslating Convex

Figures in the Plane. Or der 4, pages 319{339, 1988.

[RU92] Iv an Riv al and Jorge Urrutia. Representing Orders by Moving Figures in Space.

Discr ete Mathematics, 109:255{263, 1992.

[T ro92] William T. T rotter. Combinatorics and Partial ly Or der e d Sets: Dimension

The ory. Johns Hopkins University Press, Baltimore, MD, 1992.

[TT86] Rob erto T amassia and Ioannis G. T ollis. A Uni�ed Approach to Visibility

Representations of Planar Graphs. Discr ete Computational Ge ometry, 1:321{

341, 1986.

[Wis85] Stephen K. Wismath. Characterizing Bar Line-of-Sight Graphs. In Pr o c e e dings

of the First Annual Symp osium on Computational Ge ometry, pages 147{152,

Baltimore, MD, June 5-7 1985. ACM Press.

5