DIMACS Series in Discrete Mathematics

and Theoretical Computer Science

V olume 00, 0000

Implemen ting a Maxim um Flo w Algorithm:

Exp erimen ts with Dynamic T rees

T. BADICS AND E. BOROS

August 15, 1992

Abstract. This pap er contains exp erimental results with a maximum ow

algorithm develop ed by Cheriyan and Hagerup. Comparison was made to

a pre ow-push typ e max ow implementation, and we examined also the

e�ect of the dynamic trees data structure and several heuristic parameters.

1. Intro duction

In this pap er we rep ort on an implementation of a maximum ow algorithm by

Cheriyan and Hagerup [1]. Our aim was to test the b ehavior of this algorithm in

practice, concerning it’s go o d theoretical worst case b ound. W e were particularly

interested in the e�ec t of using theoretically well b ehaving data structure s such

as dynamic trees [15], and Fib onacci heaps [17]. W e also made comparisons

to two pre ow-push based algorithm by Goldb erg and T arjan [13], and to an

implementation of pushes along several edges without using dynamic trees.

In Sections 2. the basic notations and a short description of the Cheriyan{

Hagerup algorithm are given. In Section 3. details of the implementation and the

used data structure s are presented. In Section 4. a summary of the exp erimental

results and a few questions that could b e addressed in the future are given.

2. Basic notions and the PLED algorithm

W e assume that the reader is familiar with the generic maximum ow algo-

rithm in [13] and refer to [13] for de�nitions of the terms network, source s,

sink t, edge capacity c(v ; w ), ow, maxim um ow, pre ow f , ow excess e(v )

of a vertex v , residual graph, residual capacity r escap(v ; w ) of the edge (v ; w ),

1991 Mathematics Subje ct Classi�c ation. Primary 90B10; Secondary 68P05, 68-04.

The second author is supp orted in part by NSF (Grant DMS 89-06870) and AFOSR (Grants

89-0512 and 90-0008).

c 0000 American Mathematical So ciety

0000-00 00/00 $1.00 + $.25 p er page

1 v alid lab eling d, active vertex, push, saturating push, and nonsaturating push.

Let G = (V ; E ) denote the digraph (assumed symmetric) corresp onding to the

network. Let N = jV j, M = jE j.

W e call an edge (v ; w ) eligible if r escap(v ; w ) > 0 and d(v ) = d(w ) + 1. Each

vertex v 2 V has an adjacency list consisting the edges (v ; w ) 2 E . F or each

vertex v , the �rst eligible edge in the adjacency list of v is called its current edge

and denoted by ce(v ) (such an edge may not exist, in which case ce(v ) refers to

none).

Our implementation is based on the algorithm develop ed by Cheriyan and

Hagerup (see [1]). F ollowing [1] we shall refer to this algorithm as PLED (short-

hand for Prudent Linking and Excess Diminishing). This algorithm is an in-

stance (with one minor exception) of the generic pre ow algorithm by Goldb erg

and T arjan [13]. The di�erence (namely

, the v alue of a push over an edge

(v ; w ) may b e less then b oth the excess at v and residual capacity of (v ; w ))

do es not a�ect the essential prop erties of the generic algorithm (in particular,

maximum ow is always correc tly computed up on termination). PLED also

uses an idea intro duced by Ahuja and Orlin [6] of scaling the volume of the

pushes. The scaling factor plays here, however, a slightly di�erent role: the

limits imp osed on the volume of a push are not the same as in [6]. A third

idea in PLED is randomization: after each relab eling of a vertex v , the edgelist

of v is p ermuted randomly

. This random p ermutation ensures a b etter theo-

retical running time. Noga Alon showed in [5] that this randomization can b e

replaced by a deterministic pro cedure . The worst case running time of PLED,

using the randomized pro cedure is O (N M + N

2

(l og N )

2

) with high probabil-

ity (see [2, 3, 4]). Using Alon’s derandomization, the deterministic worst case

b ound improves to O (N M + N

8=3

(l og N )). The worst case b ound without ran-

domization is O (N M l og (N )). Randomly p ermuting the edgelist of the vertex

after relab eling can take substantial amount of time. F rom the implementation

p oint of view just one random p ermutation of the adjacency list of each vertex

at the start of execution su�ces for the b est theoretical running time, though

the probability of failure increases slightly

, exp(�( p

N M + N l og N )) versus

exp(�(N p

N M + N

2

l og N )), see [1, 2].

Three main data structure s are essential for PLED.

� Ordinary heap that contains vertices which have big excesse s and

which are ordered by their distance lab els. This structure supp orts the

easy selection of a vertex for a push. (Select a vertex with the minimal

distance lab el among the vertices having large enough excess es) .

� Fib onacci heap(see [17]) contains the rest of vertices, ordered by their

(small) exces ses . This supp orts constant (amortized) time decrease key

op eration and fast up date of the scaling factor.

� Dynamic trees structure (see [15]) to maintain a spanning forest F

of G containing a subset of the current edges, where the v alue asso ciated

with an edge in F is its residual capacity

. This structur e is able to send ow v alue along a path of length L in (amortized) time O (l og L)

Sketch of the PLED algorithm:

PLED Algorithm

initialize;

lo op( until all the excess es are eliminated)

v := select;

macropush(v);

endlo op;

end PLED

initialize;

Perform the standard initialization of the v ariables f ; d and e

(see [13], pp.925) and of the dynamic trees, and Fib onacci heap

data structure s.

� := max(fe(v )jv 2 V � fs; tgg [ f0g);

select: vertex;

Return an active vertex v with e(v ) � � and minimum d(v ) or

decreas e � and then select v as b efore.

macropush(v : vertex);

Send ow from v over a path in the tree to which v b elongs,

or if v was a ro ot then send ow from v using edges (v ; w ) for

which r escap(v ; w ) � lim ow(v ) until v is relab eled or until

l imf l ow (v ) decreases to < �=2 due to saturating pushes. If

l imf l ow (v ) > �=2 then v is linked to the other end of its cur-

rent edge, and a treepus h is executed.

lim ow(v : vertex): real;

return( if e(v ) � 2� then e(v )=2 else e(v ));

The b ottleneck factor in virtually all pre ow-push typ e maximum- o w algo-

rithm is the numb er of nonsaturating pushes. One of the prop erties of PLED

is to try a sequenc e of nonsaturating pushes along several eligible edges that

constitute a path in a tree of the eligible edges while avoiding saturation on that

path, rather then p erforming a nonsaturating push along one single edge. These

trees of the eligible edges are stored in a dynamic trees structure, in which one

can p erform a push in logarithmic time of the length of the path. Beside this

prop erty

, PLED uses a scaling parameter for controlling the size of the pushes

and the trees in the dynamic trees forest. A Fib onacci heap structure handles

this scaling parameter e�ciently

. Finally for achieving the theoretically b est b ound, we either have to p erform a random p ermutation or we have to gener-

ate a p ermutation by the deterministic scheme of [5] at the start of execution.

Theoretically by p ermuting the adjacency lists after each relab el one could reach

the b est b ound with higher probability

, but the amount of work to do this can

easily b e substantial even if the numb er of relab el op erations is just �(N ).

3. Implementation

Since the algorithm requires the ab ove data structure s to achieve the theoret-

ically b est p erformance, we decided to implement all of them. In this we were

encouraged by earlier exp erienc es (see [19]) with implementations of Fib onacci

heaps, and Splay trees [16]. Splay trees play a main role in the dynamic trees

structure. It was found in the exp eriments of [19] that a particular implemen-

tation of Splay trees was quite e�cient comparing to some other search trees.

In [19] Splay trees were compared to Binary

, Red-Black and A

VL trees and

the Fib onacci heap was compared to Ordinary and Pairing heaps. Their study

showed, that Fib onacci heaps are b etter than Ordinary heaps. This suggested

that the use of Fib onacci heaps can have practical adv antage, and that they can

b e implemented e�ciently

. So we implemented Fib onacci heaps and the dynamic

trees data structure follo wing [15].

Beside the ab ove data structur es, we implemented a routine for randomly p er-

muting the edge lists of the vertices. Although the deterministic p ermutation of

Alon derandomizes the algorithm, the overhead of such a p ermutation generating

pro cedure is so large that we did not exp ect much improvement by implement-

ing such a deterministic pro cedure . Moreover since our instances were mostly

randomly generated, after some preliminary exp eriments we used the PLED al-

gorithm without random p ermutations.

F or comparison reasons we co ded Goldb erg’s simple pre ow-push algorithm

using simple FIFO queue for selecting the active vertices, and the dynamic trees

version of this algorithm describ ed in the same pap er ([13]). Later we refer to

these co des as GOLD and GOLDYN resp e ctively

. In the co de GOLDYN we

did not control the size of the dynamic trees . Thus we got a co de which has

theoretical worst case b ound O (N M l og N ) instead of O (N M l og (N

2

= M ). The

reason for this choice was mostly lack of time and the exp ected overhead of such

a control mechanism. Besides, in the range of examples we tested the co des,

the b ene�t from such size control, even without the overhead, probably is not

signi�cant.

F or testing the p erformance of the dynamic trees data structur e, we imple-

mented its op erations (�nd-min, add-v alue, �nd-ro ot, link, cut, etc.) with storing

the trees explicitly and executing these op erations in the obvious (linear time)

way . Hence we avoided the overhead of handling Splay trees and complicated

up dates. Later in this pap er the co des using these \non-dynamic tree" op era-

tions are called NPLED and NGOLDYN. Note that the numb er of elementary op erations for PLED and NPLED (or GOLDYN and NGOLDYN) are the same

on the same instance, only the way of handling the tree op erations are di�er-

ent. Therefore the di�erence in running time shows exactly the impact of the

dynamic trees structur e.

In our implementations of all the co des we employed an idea, mentioned in

([13]), the so called \global-" or \big-relab eling". Our early exp eriments showed

clearly

, that in PLED just like in GOLD or GOLDYN, the running times of the

v ariant which uses global-relab eling were much smaller (orders of magnitude)

than the one which do es not use it. Therefore we built in some heuristic param-

eters controlling the calling frequency of big-relab eling and a�ecting thus the

running time.

A \big-relab eling" step consist of two breadth-�rst-searches , one starting from

the sink and working on the sink side of the residual graph, and another one for

the source side, starting from the source. In these breadth-�rst-se arche s the

shortest distance is calculated from each vertex to the sink on the sink side, or

to the source on the source side, resp ect ively

. Unfortunately breadth-�rst-search

is a relatively exp ensive op eration (it takes O(M) steps), so the calling frequency

of big-relab el is very imp ortant and can b e a sub ject of later studies.

The e�ect of a big-relab eling is to lift all the vertices as high as p ossible,

keeping the lab eling feasible. This is the p oint where this exp ensive op eration

can help a lot. During the steps of these \pre ow-push" typ e algorithms the

lab el of a vertex v (say d(v )) is always a lower b ound on the shortest distance

from v to the sink if the sink is reachable from v in the residual graph, or

(d(v ) � N ) is a lower b ound on the distance from v to the source. After each

saturating push along the edge (v ; w ), v can either have another eligible edge for

later pushes, or it will b e relab eled, i.e. lifted right ab ove its neighb ors. In this

latter case the deletion of the edge (v ; w ) cuts the tree (formed by some of the

current edges) to which v b elonged. All the vertices in the subtree, ro oted at v ,

will keep their old lab els, and so their real distance from the sink can b ecome

larger then the corresp onding lab el v alues. Hence , after some iterations, there

could b e many such vertices whose lab el is far from their real distance. The

algorithm will terminate only when all the remaining excess es are sent back to

the source. Therefore vertices with p ositive excess have to b e lifted ab ove the

source (having the lab el v alue N ). Since one relab el lifts a vertex only ab ove

its neighb ors, meaning an increase by 1 or 2 in its lab el in the average case,

many simple relab el op erations may b e neces sary right b efore termination. In

the worst case for example, if the s � t minimum cut (V

s

; V � V

s

) with V

s minimal

has jV

s j = �(N ), then we may need O (N

2

) simple relab els just to terminate the

algorithm. In practice, we found that this so called second phase of the algorithm

can take almost all the running time (b ecause the numb er of relab els b ecame

signi�cant). In contrast only one execution of big-relab el step will lift ALL the

vertices as high as p ossible by calculating the exact distances from each vertex

to the sink or to the source, resp e ctively

. Of course, if our graph is dense, one big-relab el can also take O (M ) time, but each of these steps are much cheap er

than a simple relab eling.

W e built 3 parameters to control the calling frequency of the big-relab el pro-

cedure.

(i) Relab-freq, a nonnegative integer. A big-relab el is called after each

Relab-freq iterations. By iteration we mean a vertex selection. (This

is a simple heuristic to call big-relab el with some constant frequency .)

(ii) Cut-freq, a nonnegative integer. After this many cuts in the tree struc-

ture a big-relab el is called. (This parameter estimates the total sum

of the di�erence s b etween the actual lab els of the vertices and their

shortest distances to the sink or to the source, resp ectively

. After a cut

p erformed at the vertex v , not only the lab el of v , but all the lab els

of its descendants in the tree can lo ose their exact meaning. That is

the lab el of a vertex w in the subtree of v can b e less than the shortest

distance from w to the sink, since the shortest distances may increase

by cutting an edge. Hence, by calculating the numb er of cuts only

, we

are not taking into account all the lab els in the subtree . Some further

improvement could b e done by making this estimation more precise.)

(iii) Gap, a switch which can b e on or o�. If on, it checks whether the lab els

of the vertices, not larger than N � 2, form a consecutive sequence or

not. If there is a gap (according to [11]), there is a cut in the residual

graph, hence each vertex in the source side have to b e lifted ab ove the

source, and therefore a big-relab el is called.

Our exp eriments showed that b efore the max ow v alue is reached, parameters

Relab-freq or Cut-freq can b e helpful. Their e�ect seemed to b e equiv alent

in the sense that in almost all problems we tested, the numb er of iterations was

roughly four times more than the numb er of cuts. So by setting Cut-freq =

Relab-freq/4 we could get ab out the same numb er of big-relab els. The use of

the Gap parameter is extremely b ene�tial in this phase and its up date is a very

cheap op eration. Therefore, in our exp eriments we always turned Gap on.

In the second phase, i.e. in the phase of sending back the excess es, Relab-

freq or Cut-freq are useful, while Gap has no impact at all. The second phase

can take quite a long time, in particular for problems with long paths from the

source to the sink, and with large excess to b e sent back to the source. Therefore,

the use of the big-relab el is imp ortant in this �nal phase, to o.

On the other hand, since big-relab el is a costly op eration, we kept its calling

frequency b elow a small linear function of the numb er of arcs, in order to keep

the overall complexity at O (N M ).

W e implemented another mechanism to achieve b etter running times in all

three co des. Namely at initialization the algorithm calculates an upp er b ound U

on the maxim um ow v alue by taking the minim um of capacities of some cuts.

Then it creates a new source by adding an arti�cial vertex S and a new arc (S; s)

with capacity U to the network, where s was the old source. The new problem is obviously equiv alent with the old one, and the extra cost of its implementation

is negligible. The adv antage of doing this is that we do not let the algorithm

push to o much excess into the network, reducing in this way the runtime of the

second phase. W e have found instances showing that without this pro cedure the

running time was signi�cantly bigger due to the long second phase.

4. Exp erimental results

F or the exp eriments, we used the DIMACS suggested problems, and the gen-

erators GENRMF, W

ASHINGTON, and AC-MAX [9, 8, 10]. (See the DIMACS

do cument \The Core Exp eriments"). The families of networks we rep ort on in-

clude the ones suggested by \The Benchmark Exp eriments", and two classes of

problems made intentionally very di�cult for Goldb erg’s pre ow-push algorithm.

The input parameters for the DIMACS b enchmark problems were chosen,

according to the structure of the particular networks, such that the numb er of

no des of the generated example increase approximately by multiples of 2 up to

the memory limitations of our workstation.

4.1. Description of the problem classes. The generator GENRMF takes

4 numb ers (a; b; c

1 andc

2

) as input parameters. The resulting network consists

of b layers of (a � a) grids, in one of the corners of the �rst layer is the source,

and in the opp osite corner of the last layer is the sink. Arcs are drawn b etween

each neighb oring grid no des in b oth directions with capacities c

2 a

2

, and two

consecutive layers are connected along a randomly generated p erfect matching

with capacities chosen randomly in the range (c

1

; c

2

).

The generator W

ASHINGTON takes several numb ers as input parameters.

The �rst argument cho oses the typ e of the network, and the rest are sp eci�c to

the typ e chosen.

The generator AC-MAX generates fully dense or sparse random acyclic net-

works. The only parameter is n, the numb er of no des in the network. (see \The

Core Exp eriments")

The following is a descr iption of the network families what we tested on. Exact

parameters for the families GL, GW, WLM and AD are given in T able 1.

� GL - Genrmf-Long. Generated by the GENRMF co de. They are

called \long", b ecause b is approximately a

2

.

� GW - Genrmf-Wide. Generated by the GENRMF co de. They are

called \wide", b ecause a is approximately b

2

.

� WLM - W ashington-Line-Mo derate. F airly dense networks, gen-

erated by the W

ASHINGTON co de. The network typ e is \6", and the

typ e sp eci�c parameters are n; m; deg . The resulting network has n � m

no des in a grid, plus two additional no des for the source and sink. The

source is connected to the �rst m no des of the grid, and the last m no des

are connecte d to the sink by arcs with in�nite capacities. F or each no de in the grid, deg arcs are generated with random capacities p ointing to

deg randomly selected no des from the next deg columns.

� AD - Acyclic-Dense. These instances are fully dense acyclic graphs

with random capacities, generated by the AC-MAX co de.

T able 1. Parameters used for generating the DIMACS Bench-

mark instances.

NAME P

ARAMETERS NODES ARCS

GL1 a=6 b=31 c

1

=1 c

2

=10000 1116 4800

GL2 a=7 b=42 c

1

=1 c

2

=10000 2058 9065

GL3 a=8 b=64 c

1

=1 c

2

=10000 4096 18368

GL4 a=9 b=100 c

1

=1 c

2

=10000 8100 36819

GL5 a=11 b=128 c

1

=1 c

2

=10000 15488 71687

GL6 a=13 b=194 c

1

=1 c

2

=10000 32786 153673

GW1 a=16 b=4 c

1

=1 c

2

=10000 1024 4608

GW2 a=21 b=5 c

1

=1 c

2

=10000 2205 10164

GW3 a=28 b=5 c

1

=1 c

2

=10000 3920 18256

GW4 a=37 b=6 c

1

=1 c

2

=10000 8214 38813

GW5 a=48 b=7 c

1

=1 c

2

=10000 16128 76992

GW6 a=64 b=8 c

1

=1 c

2

=10000 32768 157696

WLM1 6 64 4 5 258 1236

WLM2 6 128 4 8 514 3975

WLM3 6 256 4 8 1026 8069

WLM4 6 512 4 11 2050 22279

WLM5 6 1024 4 16 4098 65019

WLM6 6 2048 4 22 8194 179258

AD1 fully dense 256 32640

AD2 fully dense 321 51360

AD3 fully dense 403 81003

AD4 fully dense 507 128271

AD5 fully dense 636 201930

AD6 fully dense 800 319600

IMPLEMENTING A MAXFLOW ALGORITHM 9

� GB - Goldb erg-Bad-Case. A deterministic family

, generated by the

W ASHINGTON co de. The typ e is \10", and has one parameter n. The

structur e is describ e d in Figure 1. This family was designed esp ec ially

di�cult for Goldb erg’s algorithm.

W e generated 30 networks of this kind, with changed the v alue of n along

a geometric series from 500 to 25000.

Figure 1. Goldb erg-Bad-Case netw� CL - Cheriyan-Graph-Long.A deterministic family

, generated bthe W

ASHINGTON co de. The typ e is \11", and has three n; m; c. The structure is describ e d in Figure 2. This family was signed by J. Cheriyan, and also considered as a hard case for Goldb F or CL networks, we generated 30 instances with n = 1000, m = 10 c changed along a geometric series from 10 to � CW - Cheriyan-Graph-Wide.The same family as CL, except generated 30 instances have parameters n = 1000, m changed along geometric series from 10 to 1000 and c =

Figure 2. Cheriy

10 T. BADICS AND E. BORThe following three families were all generated by the co de GENRMF, di�erent parameter settings. Each contains 30 instances. Capacities c

; c

wset to 100 and 10000 resp ect ively in each � GXL - Genrmf-eXtra-Long. Extreme \long" networks, with a = and b changed along a geometric series from 20 to � GM - Genrmf-Medium. Cubic like networks, with a = b, and b were incremented by 1 from 5 to � GXW - Genrmf-eXtra-Wide. Extreme \wide" networks, with changed along a geometric series from 20 to 94, and b = T able 2. Benchmark times (sec) on the SP

ARCstation 1+ for

FOR

TEST

TEST f77 f77 f77 f77 f77

TEST

TEST

(wmatc cc gcc

4.2. Descriptionof the rep orted data. In all rep orted exp eriments wused the Gap switch on , Relab-freq = 0:5M , Cut-freq = 0 and the pro cedure

to generate p ermutations was turned T able 3. contains the mean running times of 10 random instances and relative ariance for the DIMACS Benchmark problems. All rep orted times in CPU seconds on a Sun Sparc 1+ W orkstation and do not include I/O W e attempted to measure the user CPU time what the program uses during execution of the algorithm.Since we used a multi-user workstation under our obtained running times slightly dep ended on the workload of the This can explain a part of the large Figures 3{9 contain graphical comparison of the tested algorithms on the CL, CW, GXL, GM, GXW familiThe co des were written in ANSI C language, employing structure s, p oinin order to handle the arious op erations e�ciently

. Memory requirements

IMPLEMENTING A MAXFLOW ALGORITHM 24 bytes/edge for all co des and 64 bytes/vertex for PLED, 20 bytes/vertex GOLD, and 40 bytes/vertex for GOLDYN. All integers are of 4 bytes. W e the Gnu C-compiler (gcc) with -O optimization T able 2. contains some b enchmark results which were obtained by the DIMACS provided F ortran and C co des on our macT able 3. Mean running times (secs) and relative ariances of the

GOLD

ar ar ar

275.75

158.01

979.44

4.3. Ev aluation of the DIMACS Benchmark problems. F rom T able at �rst sight we can say that the simple pre ow-push co de (GOLD) p much b etter on these families than our PLED or GOLDYN implementation. only exception were the AD instances, where all co des p erformed ab out the way

. Moreover the ratio of the running times of PLED over GOLD is bigger in almost all the cases as the numb er of no des increases. This ratio very much dep ending on the structur e of the netw

12 T. BADICS AND E. BORHaving a closer lo ok of the pro�le information of PLED, we found that used ab out 45% of the execution time for heap op erations and only 10-12% dynamic trees op erations. W e have also found (see T able 5.) that the numb of selections of the vertices for the same problem were ab out the same in as in GOLD. Since GOLD uses only a simple FIFO p olicy

, while PLED has \sophisticated" minimumlab el selection rule, GOLD can b e much faster in cases. This means that using the global relab eling technique, in average b algorithms take approximately the same numb er of The running times of PLED in T able 3. corresp onds to the \considered b e the b est" parameter settings. F rom early exp eriments we learned that ing random or deterministic p ermutations instead of just leaving the untouched has no practical antage. In some cases the numb er of op decrease d slightly if the edgelists were p ermuted, but the cost of such a pro cedure

is high, and the running times b ecame larger. W e even encountere d examples, which the numb er of steps taken was more with using p ermutations than them. Let us remark also since all the examples were generated randomly

, additionalrandom p ermutation of the adjacency lists can not add much to randomness of these Our exp eriments also showed, that p erhaps the b est setting for the Relab-freq (, and Cut-freq) is in the range [0:4N ::4N ]( [0:1N ::N ] ), howevwe could not make much di�erence b etween the alues in this range. F or sevdi�erent settings from this range we obtained almost identical running On the other hand, of course, to o small alues for these parameters result in to many big-relab el calls, while to o large alues do not make pro�t of the big-relab pro cedure. As we mentioned earlier, the e�ec t of big-relab el is so signi�cant, its examination could b e a sub ject of later It is interesting that problems with short paths b etween the source and sink (eg. the Acyclic-dense problems which are full graphs with diameter 1 or need much less e�ort to solve than other problems. A reason for this p erhaps, that the maximum ow can b e pushed over much so oner in these

IMPLEMENTING A MAXFLOW ALGORITHM T able 4. Numb er of Saturating and Nonsaturating

SA TURA

NONSA

TURA

GOLD

GOLD

1037573

2699497

14 T. BADICS AND E. BORT able 5. Numb er of V ertex Selections and Relab

GOLD

GOLD

IMPLEMENTING A MAXFLOW ALGORITHM 4.4. T esting on the GXL, GM, GXW problems. Since the DIMABenchmark problems had only a limited set of networks, we decided to our co des on some \extreme" families to o. W e assumed that the length of from the source to the sink could b e ant for Goldb erg’s algorithm,so wgenerated the earlier describ ed GXL, GM, GXW network families. Figures 3., and 5. show graphs of running times obtained on these networks. All the are linear and the runtimes are shown as functions of the numb er of vAmong these problems the GXW familyseems to b e the hardest to solve. Evthe growth rate is the highest on GXW networks for all the co des. Again proved to b e the fastest in the GM and GXW case, while PLED is the slowin all three cases. However, on the GXL family the dynamic tree version Goldb erg’s algorithm p erformed the b est. This family has the prop erty that sink can b e reached from the source using only relatively long paths, to the size of the network). So the strategy of pushing excess along a path seems to have antage in this case. GOLDYN pushes excesse s as far p ossible without controlling the size of this path or the amount to b e On the other hand PLED do es not use this \greedy" strategy (e.g. by limithe amount to b e This exp eriment also suggests that the longer the relative distance b etwthe source and the sink, the more useful the GOLDYN algorithm could b

GOLD

GOLDYN

PLED

Runtime (sec)

3

Vertices x 10 0.00 10.00 20.00 30.00 40.00 50.00 60.00 70.00 80.00 90.00 100.00 110.00 120.00 130.00 140.00

0.00 10.00 20.00 30.00 40.00

Figure 3. Runtimes on the Genrmf-eXtra-Long

16 T. BADICS AND E. BOR

GOLD

GOLDYN

PLED

Runtime (sec)

3 Vertices x 10 0.00 10.00 20.00 30.00 40.00 50.00 60.00 70.00 80.00 90.00 100.00 110.00 120.00 130.00 140.00 150.00 160.00

0.00 5.00 10.00 15.00 20.00 25.00 30.00

Figure 4. Runtimes on the Genrmf-Medium

GOLD GOLDYN PLED

Runtime (sec) 3 Vertices x 10

0.00

20.00

40.00

60.00

80.00

100.00

120.00

140.00

160.00

180.00

200.00

220.00

240.00

260.00

280.00

300.00

320.00

340.00 5.00 10.00 15.00 20.00 25.00 30.00

Figure 5. Runtimes on the Genrmf-eXtra-Wide

IMPLEMENTING A MAXFLOW ALGORITHM 4.5. The e�ect of dynamic trees. Figures 6., 8. and 9. show the p erimental results obtained on the GB, CL and CW families. T o examine e�ect of using the dynamic trees data structur e, we also ran our NPLED NGOLDYN co de on these examples. Figure 7. contains the same runtimes Figure 6., except the scale is di�erent since it shows PLED and GOLDYN only

It is clear that GOLD, even with using the big-relab el strategy

, is far slowest on the GB problems. What is more interesting is that this familywas only case where PLED and GOLDYN outp erformed their \non-dynamic versions. While the running time of NPLED and NGOLDYN is exp onenincreasing, PLED and GOLDYN has a nice linear b ehavior (see Figure 7.). di�erence can b e as large as 16 second versus 3192 second for GOLDYN NGOLDYN and 73 second vs. 1862 second for PLED vs. NPLED on the example. This emphasizes again that pushes along long paths can b e by the dynamic trees structure much more e�ciently W e counted the average length of a push during the execution of PLED GOLDYN, and found that in the case of the GB family it was signi�cantly than in any other families. Signi�cant means several hundreds or thousands GB and less than 10 (ten) for the rest, including all the tested families. On CL family b oth NPLED and NGOLDYN were faster than their counand on the CW family PLED could b eat NPLED. Lo oking at the average length in these cases we again found that it was very small (under 3) in the family for b oth algorithms, and slightly increasing, but still under 11 on the problems for GOLDYN. This length was the longest (� 15) on the CW for PLED, what may explain why it could p erform b etter then It is worth to mention that in all the cases PLED tends to push along paths as we have found that the average length of a push was always longer PLED than for GOLDYN. This may come from the fact that PLED links together only if the link has enough residual capacity

, while GOLDYN can trees with a small capacity edge, and hence by pushing along a path GOLDmay have to cut more often than The second longest average length for pushes were found in the GXL This supp orts our conjecture that algorithms using dynamic trees like PLED GOLDYN can have practical antage on networks with extremely large tance b etween the source and the Figures 8. and 9. also show that the actual structur e of the network change completely the ranking of the execution times of these

18 T. BADICS AND E. BOR

GOLD

GOLDYN

NGOLDYN

NPLED

PLED

Runtime (sec) x 103

3 Vertices x 10 0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 4.50 5.00 5.50 6.00 6.50 7.00 7.50 8.00 8.50 9.00

0.00 10.00 20.00 30.00 40.00 50.00 60.00

Figure 6. Runtimes on the Goldb erg-Bad-Case

PLED

GOLDYN Runtime (sec)

3 Vertices x 10 0.005.00 10.00 15.00 20.00 25.00 30.00 35.00 40.00 45.00 50.00 55.00 60.00 65.00 70.00 75.00

0.00 10.00 20.00 30.00 40.00 50.00 60.00

Figure 7. Runtimes of PLED and GOLDYN on the Goldb Bad-Case problems. (Note that the last to sample p oints the time of PLED shows that the workstation started to swmemory at these sizes, since PLED uses the memory most tensively

IMPLEMENTING A MAXFLOW ALGORITHM

GOLD GOLDYN NGOLDYN NPLED PLED

Time (secs)

3

Vertices x 10

0.00

5.00

10.00

15.00

20.00

25.00

30.00

35.00

40.00

45.00

50.00

55.00

60.00

65.00

70.00

75.00

10.00 20.00 30.00 40.00

Figure 8. Runtimes on the Cheriyan-Long

GOLD

GOLDYN

NGOLDYN

NPLED

PLED

Time (secs)

3

Vertices x 10

0.00

50.00

100.00

150.00

200.00

250.00

300.00

350.00

400.00

450.00

500.00

550.00

600.00

650.00

700.00

750.00

10.00 20.00 30.00 40.00

Figure 9. Runtimes on the Cheriyan-Wide

20 T. BADICS AND E. BOR5. Summarizing our work, we can conclude that although the PLED has a very go o d theoretical worst case b ound, in practice Goldb erg’s pre ow-push algorithm outp erforms it on most of the examples of this study

Our study shows that the structure of the networks is the most imp ortanfactor in ranking the algorithms. (E.g. see the examples shown on Figures and 9.) One such parameter to b e considered, re ecting the structure of network, could b e the relative distance b etween the source and the In this study we were particularly interested in the e�ectiveness of trees. Our exp eriments show clearly that there are families of problems which dynamic trees improved the p erformance of our co de at a small cost. T determine the prop erties of network classes on which the algorithms GOLDor PLED are the b est would b e an interesting topic of later wLet us remark �nally that Fib onacci heaps did not help much in these ples. They did not improve neither the running time nor the numb er of steps of Acknot:The authors are thankful to Joseph Cheriyan and to anonymous referee for the many helpful comments and 1. J. Cheriyan and T. Hagerup: \A randomized maximum- ow algorithm". in Pro FOCS (1989), 118-123.

2. J. Cheriyan and T. Hagerup: \A randomizedmaximum- ow algorithm". T ech. Rep ort O.R.I.E, Cornell Univ., Ithaca, NY, Oct. 3. J. Cheriyan, T. Hagerup and K. Mehlhorn: \Can a maximum ow b e computed in o(nmtime?". Pro c. 17th Internat. Collo quium on Automata, Languages and Programming, pp.235-248.

4. J. Cheriyan, T. Hagerup and K. Mehlhorn:\An o(n

)-Time Maximum-Flow T ech. Rep ort MPI-I-91-120, Max Planck Institut f � ur Informatik, Saarbr �ucken, Germany

Nov. 5. N. Alon: \Generating pseudo-random p ermutations and maximum ow algorithms" mation Pro cessingLetters 35 (1990),201-204. North-Hollan6. R. K. Ahuja and J. B. Orlin: \A F ast and Simple Algorithm for the Maximum FloProblem". Op erations Research 37 (1989), 748-757. R. K. Ahuja, J. B. Orlin and R. E. T arjan: \ImprovedTime Bounds for the MaximFlow Problem". SIAM J. Computing 18 (1989), 939-9548. R. Anderson, et al.: Program washington.c for creatingmaximum ow problem instancailable through9. T. Badics: Program genrmf.c for creating maximum ow problem instances. through 10. G. W aissi: Program ac-max.c for creatingmaximum ow problem instances. through 11. U. Derigs and W. Meier: \ImplementingGoldberg’s max- ow-algorithm | A tational investigation". ZOR - Metho ds and Mo dels of Op erations Research 33 (1989383-403.

12. A. V. Goldb erg: \A New Max-Flow Algorithm". T ech. Rep. MIT/LCS/TM-291, Lab tory for Computer Science, Massachusetts Instituteof T echnology

, Cambridge, MA, 13. A. V. Goldb erg and R. E. T arjan: \A New Approach to the Maximum-Flow Problem". ACM 35 (1988), 921-940

IMPLEMENTING A MAXFLOW ALGORITHM 14. A. V. Goldberg,

E. T ardos and R. E. T arjan: Network Flow Algorithms. T ech. Rep. No. Scho ol of Op erations Researchand Industrial Engineering, Cornell University

, Ithaca, 1989.

15. D. D. Sleator and R. E. T arjan: \A Data Structure for Dynamic T rees". Journal of puterand System Sciences 26 (1983), 362-391.

16. R. E. T arjan: Data Structures and Network Algorithms. SIAM publications, PhiladelphiP

A, 1983.

17. M. L. F redman and R. E. T arjan: \Fib onacciHeaps and Their Uses in ImprovedNetwOptimization Algorithms". Journal of ACM 34 (1987), 596-61518. M. L. F redman, R. Sedgewick, D. D. Sleator and R. E. T arjan: \The PairingHeap: A F orm of Self-Adjusting Heap". Algorithmica 1 (1986),111-1219. Gy

. Novotny: \Comparisonof Di�erentData Structures". Thesis. E� otv� os Lor� andUnivsity

, Budap est, 1989.

RUTCOR, Rutgers University, New Brunswick, NJ 08903-506 E-mail ess : badics@rutcor.rutgers.edu, b oros@rutcor.rutgers.edu