1 2 3 4

Abstract

Ω(N N is

O N Ω N N = N =

N ∼ ________________ 1 2 3 4

1 ,c_2 c_N and c_i ,c_j (c_i ,c_j tion π Σ_{i =1}^{N− 1} d(c_{π(i)} ,c_{π(i +} d(c_{π(N)} ,c_π ).

d(c_i ,c_j d(c_j ,c_i 1 ≤ i,j ≤ N.

2-Opt and 3-Opt Lin-Kernighan algorithm

user cpu-seconds ™ ™

FIGURE 1.1.

FIGURE 1.2. %

Tour Datatype

the Tour

N 10^3 10^4 10^5 10^6 10^3 10^4 10^5 10^6

TABLE 1.1.

Next(a) a Prev(a) a Next(Prev(a Prev(Next(a a.)

Between(a,b,c) a b c. Flip(a ,b,c,d) a,b c,d b,c a,d a = Next(b d = Next(c Flip(a,b,c,d b = Next(a)

Nextand Prev

Flips

Between Nextand Prev λ λ Flip(a,b,c,d) Nextand Prev a, b, c d the Next and Prev

Array Representation

Tour Array N A A[i + = Next(A[i ≤ i < N A = Next(A[N B array A A[B[i c_i ≤ i ≤ N Flip Θ(N d(c_i ,c_j empirically Flip to o(N N^{.7}

N

Next, Prev Between Flip is

N ≥ 10^5 N^6 3 4 5 % μ μ μ N increases.

Next/Prev 14% N = 10^3 % at N = 10^4 % at N = 10^5 Next/Prev % % %.)

3 10^4 10^5

Number of Between Calls Flip μSec per Between Call Flip

% 62% 92%

TABLE 1.2. Tour

Next/Prev and Between operation N N = N = Flip

N gets ™ VAX™ Nexts/Prevs Betweens % by N = 10^5.

Tour Tour

O N

Tour

N = not for N ≤ 10^6

Tour Ω N N,

Tour O N

Representation

Tour

v v clearing v.)

Flip O N amortized O N),

FIGURE 2.1. I,F,J,C,G,A,E,B,H,D).

splayed

O N Tree Tour

Tour

Next(a) a a Prev(a)

Between(a,b,c) b, a c

b, a and c a b is

b a and c b a or c. a c a c a

FIGURE 2.2. Flip

The Flip Flip(a ,b,c,d) d b T_i b, d x

Flip d b a to c d b T_i^R T_i with d tex b b d

Flip Next, Prev and Between Φ Θ(N Φ N + N + N + Φ (T

m m + m opera- O N).

Φ v w(v v and rank(v w(v T, Φ (T) =_{v∈ T}Σ rank(v).

T N Φ (T Θ(N

N

Φ N B N + B

O N Flip also O N

Next, Prev, Between Flip O( Representation

Tour N ≤ 10^6 c N small c dlogN where d

Prev and Next Flip

Flip O( N)

N [ N labeled previous and next

reversal

Flip next and previous

Between previous pointer next

Between Nextsand Prevs.)

The Tour

Next(a) a a Next(a) following a’s next a’s previous

Between(a,b,c)

FIGURE 2.3. Tour representation.

a and b c a b true b follows a b precedes c a then a follows b false Between

The Flip(a ,b,c,d)

next and previous

O( N). and a and b c and d

a, b, c d next and previous

next and previous point-

O( N).

b,a c,d b and a b and a c and d c and d

O( N O( N)

O( N

N N

N N time O( N O( N

O( N

not

groupsize

/ groupsize

Flip Ω(N O( N

Representation

Flips permanent Flips Flips Tour Flips Flips

tentative Flips Flips that

Flips N

%

Flips Flips tive Flips Flips O Flips Ω(N),

Flips N N

and seg-

tive Flips

[ j,k ≤ j ≤ k ≤ N j and k

bit.

B

K+ K K=

FIGURE 2.4. Tour representation.

N

Next(a Prev(a a

a B[a] = i, j,k i < k, Next(a A[i + a i > j and Next(a A[i − i = k Next(a i = j Prev(a

Between(a,b,c O Flip(a,b,c,d a and b

j,k a and b were i and i + j,i i + k]. j,k j,k j,i [i + k [ j,k i + k j,k j,i j,k c and d into and

Flip K+ K Flips Flip O

N

K O(K

Flips

MakePermanent Flips Flip Θ(KN Flips Flips

O(K^2 O Θ(N).

Tour

C

™ user

user

The Tour Tour Initialize and OutputTour

mand profil(2)

-O

with N

N

N=

MakePermanent Flips

Flips Flip o(N Θ(N Flip-based Flips Θ(N

O( N

groupsize

groupsize N ≤

Tour groupsize ranging groupsize groupsize with N ≤ N= groupsize = Flip % groupsize N=10^6 groupsize

800.) N groupsize groupsize number

Next and Prev

Next(a a

city a a a a Next(a Between b Between

Flip.) N

b in Between(a,b,c), omits Next(a Prev(a Next and Prev a

for Tour Between % b Next/Prev at N= % % a

a Next(a μ 3 10^4 10^5 10^3 10^4 10^5

Between Flip

Between Flip

Between Flip

Between Flip

TABLE 3.1. Tour

Next(a a Next(a)

Between a in Next(a Prev(a Between

Tour invoke Between(a,b,c Next and Prev operaa, b c Next/Prevs Between(a,b,c

with N, B, F representing Next/Prev, Betweenand Flip

FIGURE 3.1.

Nextand Prev O N is

Between Flips under Flips are

Flips Nextsand Prevs.

μ 3 10^4 10^5 10^6 10^3 10^4 10^5 10^6 Array:

Between Flip

Between Flip

Between Flip

Between

MakePermanent

TABLE 3.2. Tour operations.

Nextand Prev Betweens Flips Flips Flips O

Flip Flips Betweens about Flips

Flip N for N ≤ 10^6. MakePermanent

N > Flips N Θ(N)

using Flips Tour N ≤

-O

N ≤

MakePermanent N

N= Next/Prev, Between Flip N increases,

for Flips

Betweens

Betweens tions.)

Tour N= μ 3 10^4 10^5 10^3 10^4 10^5 Array: Between Flip

Between Flip

Between Flip

Between

MakePermanent

TABLE 3.3. Tour operations.

±3% % vals).

Flips

%,

N= N= N= μ 3 10^4 10^5 10^3 10^4 10^5 Array: Between Flip

Between Flip

Between Flip

Between

MakePermanent

TABLE 3.4. Tour operations.

Tour

N Tour Tour

Tour active. all

N N 10^3 10^4 10^5 10^3 10^4 10^5 10^3 10^4 10^5 10^6

TABLE 3.5. Tour time N=10^6 N % N^6.

softlib.rice.edu

pla7397, pla pla

pla pla

Flip

N

Calls Between (Ratio)

Flip

Array

(Ratio) Between Flip Tour

(Ratio) Between Flip Tour

(Ratio) Between Flip Tour

(Ratio) Between

MakePermanent Tour

TABLE 3.6. pla

Tour

Flip and

N^{.67} Next/Prev, Between Flip N N N

Next/Prev

Flip Between Nextsand Prevs Flips N MakePermanent

each pla

N= N= pla N= N= pla pla

Next, Prev Between Flip Next, Prev Between N

Tour Tour

_______________________________________________________________ _______________________________________________________________ N _______________________________________________________________ _______________________________________________________________ _______________________________________________________________

TABLE 3.7. pla instances.

Flips

% % Flips % %

Tour

of N Θ(N^2 N=

±4%. pla N= N= Prev/Next Flip

N

Calls Between (Ratio)

Flip

Array

(Ratio) Between Flip Tour

(Ratio) Between Flip Tour

(Ratio) Between Flip Tour

(Ratio) Between

MakePermanent Tour

TABLE 3.8.

Flips

pla N

Next/Prev and Between opera- N = N=

Flip N Flip groupsize N= N= groupsize

MakePermanent

doing Flips MakePermanent Flips MakePermanent

Tour

_________________________________________________ _________________________________________________ N _________________________________________________ _________________________________________________ _________________________________________________

TABLE 3.9.

Tour represen-

MakePermanent

N= MakePermanent Flip pla MakePermanent N= Tour

Ω(N^2 pla Tour

Tour Tour Ω N b

′ ′

Definition ( S_0 , ) S 0 ∈ S Q query operations Q: S → U U: S → S solution

length-N string s_0 N Σ N- Precedes(x,y x,y Precedes(x,y s y

x in S Reverse(x,y S to S xand y(inclusive). Tour m O(m c and d c and d c

s d s Precedes(x,y Next(d) = c and Next(x) = y Next(d) ≠ c and Prev(x) = y Precedes(x,y to Prev/Next. Reverse(x,y Prev/Next Between Flip x = y x and y Between(c,x,y u = Prev(x), v = Next(y Flip(u,x,v,y u = Prev(y), v = Next(x perform Flip(u,y,v,x).

Ω N Tour

problem.

FIGURE 4.1.

S M M = 2^k fixed k S_0 Q

Q[i i ≤ i ≤ M Q[i S i S U update U[h,j h,j ≤ h ≤ k ≤ j ≤ 2^{k− h} = 2^h U[h,j j−^h +1 through j2^h U j j U[k U U M U[h,j σ_{U[h,j]} j−^h + j2^h.

σ_U S (mod 2). S other.

M M− Σ e_{h,j} ,f_{h,j} 2M− U[h,j S_0 M T_j ≤ j ≤ M, where T_j = e_j f_j h ≤ h ≤ k^{k− h} level-h segments T_{h,j} ≤ j ≤ 2^{k− h} T_{h,j} = e_{h,j} T_{(h − j−} T_{(h − j)} f_{h,j} string S_0 = T_k strings σ_{U[h,j]}

U[h,j

Reverse(e_{h,j} ,f_{h,j} U reversal Reverse(e ,e e_i ,f_i

Reverse(e_{h,j} ,f_{h,j} ) U[h,j i

e_i ,f_i i Q[i Precedes(e_i ,f_i ). p length M M− Ω M Ω M Ω N

Definition (S,S_0 , )_h ⊆ U^h be Q ∈ S λ_h let λ (S) λ_S ∈^M Q δ numbers γ and ρ_h is (γ, ρ )-dispersing ∈^M ∈ S, { F_h : δ(v_{λ (S)} ,u) M} F_h/2^{ρ h}.

F_h

v_S S. Definition (S,S_0 , ) Q ⊆ U^m 1 F_2 F_m F_j ⊆ U (t, γ, ρ )-dispersed , ≥ 1 ≤ h ≤ +h − 1 ≤ [i,i +h − = F_i F_{i +1} F_{i +h − 1} is (γ, ρ )-dispersing. (S,S_0 , ) Q Δ (t,γ,ρ ) m ≥ 2 ≤ M^{1/4} and M) H 1 Q_1 U_m Q_{m i} ∈ Q (U_1 U_m) ∈ Δ ≤ M)^κ H Ω(γ.m.log (κ M α.

u_1 u_2 u_m , m ≥ M (4.1)

U_1 U_2 U_m (4.2)

i ≤ i ≤ m, u_i U_i U F = F_1 F_2 F_m F_i U_i ,U ≤ i ≤ m. Γ Γ into k (non-contiguous) subsequences Γ_h ≤ h ≤ k Γ_h U_i i ≡ h( Γ_h U[h,j ≤ j ≤ 2^{k− h} weight U[h,j σ_{U[h,j]} Γ_h^h.

σ 1-components of σ σ has

= log M ≥ 2 Γ L ′ with L L/ k) ′ ω,

L Mk L 2Mk

′ disjoint.

Proof 2^h Γ ≤ h ≤ k h ≤ k L k by k = log M h ≥ L M and k ≥ L′ ω Γ_h L that ω M = 2^k Γ_h in L L L L/ k Γ_h L ω, L′

σ_1 , , σ_s ≥ 1 s) 2^{.95s} of the 2^s σ_j (mod 12 Proof Λ σ_j û_i α_i σ_i Λ u x_i β_i σ_i Λ û δ α_1 , , α_s β_1 , , β_s between û and x u û x x and u x and û /2 s x and u

12, δ x in Λ u does s 3.

.95s

≥ log > 2

Ω(m.log M) memory

Proof κ M)^κ F m F t,γ,ρ t = k, 1/ .025 m > 2 M by definition, t ≤ M^{1/4} if M ≥ t = k = log M .025 = .025/ M) > M) M ≥

F t,γ,ρ product F_1 F_2 F_m F_i Γ L Γ, where t L M i i +L− F[i,i +L− Γ L F[i,i +L− γ,ρ )- u^M S S. λ in F[i,i +L− v_{λ (S)} M/ u F[i,i +L− /2^{.025L} . L L s L/ k L′ ω, L 2 L ψ denote Γ L′ ϕ Γ L − L′ s F[i,i +L−^ϕ F_i, i f : f s u_i u_{i +1} u_{i +L− 1} in F[i,i +L−

u_j =

U^j

U_j U j j ( j) = 1 j ( j) = 0

Let G_f λ = u_1 ,u_2 u_t σ_λ σ_{u1} through σ_{ut} λ (S λ S mod S and σ_λ σ_X σ_X σ_u u ∈ X λ in G_f σ_λ

σ_{λ ψ λ ϕ} (mod λ_ψ and λ_ϕ ψ and ϕ σ_{λ ϕ} G_f σ_{λ ψ} G_f σ_{λ ψ} by V(ψ σ_1 σ_s σ_{Uj} , j^s simply V(ψ V(ψ s L/ k s L s).

w V(ψ ) u = w+S_{λ ϕ} ( mod^{.95s} u S_{λ ϕ} mod S_{λ ϕ} V(ψ ) λ (S G_f v_{λ (S)} : G_f v_S = S S S_{λ ϕ} to u yields w+2σ_S +2σ_{λ ϕ} = u(mod G_f v_{λ (S)} u

.95s

2^{.95s} /2^{s − s} < 2^{− L} G_f F[i,i +L− γ,ρ F t,γ,ρ

Tour

Tour Tour datatype

log > > 4 λ Tour Ω(mlog N)

Tour N is

O N Tour Ω N tion.

O N N N

Tour

all the Tour N <

Tour

addressed.

Between

N

the MakePermanent MakePermanent

MakePermanent Θ(N

MakePermanent Flips

Flips Flip

Tour O N

O N

Flips O N (The Between

N^6 Tour represen- N

References

HO OPCROFT, AND LLMAN, OOK ENTLEY ORSA 4 RADY

Nature 317

ERNY 45 51. HRISTOFIDES

1976.

HROBAK ZYMACHA, AND RAWCZYK 71 AKS Associa-

ILLARD

RIEZE

lems,’’ 32

LOVER 1 ARP 18 ARP 1 OHNSON 443 OHNSON PPLEGATE, AND OTHBERG

preparation.

OHNSON ENTLEY CGEOCH, AND OTHBERG

IRKPATRICK J. 34 ORTE

ELOSME

EIGHTON AWLER ENSTRA INNOOY KAN, AND HMOYS, The IN J. 44

ERNIGHAN 21 ARGOT p 11

ARTIN TTO, AND ELTEN 5 U .. HLENBEIN ORGES-SCHLEUTER, AND RA .. MER 7 EINELT

put. 3

ARJAN 32 ARJAN,

AO 28 628.