1 2

Abstract

mization

__________________ 1 dsj@research.att.com 2 lam@cs.amherst.edu

REFERENCES c_1 ,c_2 , ,c_N cities c_i ,c_j (c_i ,c_j π

i =1Σ N− 1

d(c_{π(i)} ,c_{π(i +} ) + d(c_{π(N)} ,c_π ) .

symmetricTSP, d(c_i ,c_j d(c_j ,c_i ≤ i,j ≤ N.

≠ near

instances.

SPARC typi- cal

% % 2% o(N^2

o(N^2

TM TM

MIPS Challenge

TM

2-Opt and 3-Opt

% tion Kernighan

undominated any A I A(I A I

≠ A(I)/ I) ≤ 2^{p(N)} p instances I.

the i,j,k ≤ i,j,k ≤ N, d(c_i ,c_j ) ≤ d(c_i ,c_k) + d(c_k,c_j c_i c_j c_k d(c_i ,c_j between c_i and c_j

≠ A(I)/ I) ≤ 1 I

the ε /

measure.

algorithm c_π , ,c_{π(N)} of c_π c_{π(i +} c_k d(c_{π(i)} ,c_k k ( j ≤ j ≤ i c_π c_{π(N)}.

Θ(N^2

I)/ I) ≤ log_2 N Θ N Greedy

Greedy

d(c_i ,c_j c_i ,c_j

available N multi-fragment [1990a,1992]). Θ(N^2 logN

I)/ I) ≤ log_2 N I N)/ N 1979].

Clarke-Wright The hub and

savings

Θ(N^2 logN).

CW(I)/ I) log_2 N N)/ N

Christofides N

, Near-

guarantee A(I)/ I) ≤ N

/2

T I M T I)/ M with T

shortcut

Θ(N^3 O(N^2 logN

O(N +

know

N

% or

/ I

                                                TSPLIB collected
                                            softlib.rice.edu.
TSPLIB

% N

TSPLIB

N > % above.

TSPLIB

                                                TSPLIB

% %

% to

N C_{OPT} as N

% C_{HK}(N N for N

N ≥ 100,

C_{HK}(N) ∼ .70805 + N^{.5}

.52229 + N − N

N C_{HK} < C_{OPT} as N C_{OPT}

limsup_N E[A(L_N^{1/2} and liminf_N E[A(L_N^{1/2} different %

N

N Θ N % N instances.

which N

N = N N N I)/ N t Ke^{− t2} K least Θ(N^2 N(N− /

O(NlogN Θ(N k-d

k-d Θ N time

c_i <c_i ,c_j ,d(c_i ,c_j )> c_j is c_i

% best i, j s d(c_i ,c_j

Θ(N^2 Θ(N^2 logN Θ(N^2 k-d Θ(N^2 ).

c_i c_i c_j c_i ,c_j Θ(N

TSPLIB

N^2 10 10^3 10 10^4 10 10^5 10 10^6

N^2 10 10^3 10 10^4 10 10^5 10 10^6

% % N = N % N = N = N^2 N like Θ(NlogN N >

N N % for N = N N

N

longer N N.

exchanges or moves

mal adjacent exist.

lar 2-change

≠

A(I)/ I) ≤ C C

optimal

k k k k k k < 3

/ N / N^{1/6} k / N^{1/2k} worse N R^d d k O N Θ N) R^2

k k ≤ 4.

Θ^2 k k k k k any k = 8 k = 6,

Another caveat

crossings

N^3

most O(N^3 Θ(N^2

find perform Ω(N^2 Ω(N^3

Θ Θ(N Θ N Ω N d worst

O(N^{10} logN O(N^6 logN

length cN^{1/2} N^{1/2}

neighbor-list

/

N^2 10 10^3 10 10^4 10 10^5 10 10^6

details.

%

N N

TSPLIB

% %

N larger N.

N = 1000

,

N^2 10 10^3 10 10^4 10 10^5 10 10^6

N O(N o(N %

N Θ(NlogN N =

N N^{1/2}

O(N

% N = 10^6 %

N Θ(N^2 Θ(N^3 Θ(N

N^2 10 10^3 10 10^4 10 10^5 10 10^6

Θ(N^3 Θ(N^4 O(NlogN) O(N N N increases N. Θ(N^2 N x,y x y <t_1 ,t_2 ,t_3 ,t_4 > t_1 ,t_2 t_4 ,t_3 ) t_2 ,t_3 t_1 ,t_4

<a,b,c,d > and <d,c,b,a >

d(t_1 ,t_2 ) > d(t_2 ,t_3 d(t_3 ,t_4 ) > d(t_4 ,t_1

t_1 and t_2 t_3 t_2 t_1 t_3 t_4 t_3

<t_1 ,t_2 ,t_3 ,t_4 ,t_5 ,t_6 > d(t_1 ,t_2 ) > d(t_2 ,t_3 d(t_1 ,t_2 ) + d(t_3 ,t_4 ) > d(t_2 ,t_3 ) + d(t_4 ,t_5 t_3 t_5

t_3 (t_5 c c t_3 t_2 x with d(t_2 ,x) ≥ d(t_1 ,t_2 t_5 t_4 Θ(N^2 logN Θ(N^2 Our neighbor-list k k k = t_3 (t_5 Θ(Nk Θ(N^2 logk Θ(NlogN+Nk) k-d m m

k = k = % some TSPLIB k = c c increasing k about k = 15. k Θ(N^2 Θ(N^3 O(N Θ(N

don’t-look

t_1 t_1 t_1 don’t-look c t_1 = c c t_1,

t_1 Θ(N Θ(N

O(N^{1/2} N N ≤ on-the-fly implementation k-d t_3 and t_5

N N = 10^6

k-d

implementation.

k-d

K C_R R C_R > K. R x C_R y c in C_R whose x C_R R into R_1 and R_2 c R_1 C_R R_1 R_2 c_1 and R_2. K

N = 10^6 % %_6 %

M M

M

TSPLIB

tour-based

k k

k

%

k segpairs S_1 ,S_2 ,. S_{2k} in S_1 with S_{2k}, S_2 with S_{2k− 1} S_j with S_{2k− j+1} ≤ j ≤ k

TSPLIB

Ω(N^2 +pN where p Ω(N p Ω(N^2

%

M subproblem S S S S S

% %

N(N− / N.

2.5-Opt

b and c t_3 cant_2 t_1 move plus t_2 between t_3 and t_4 places t_3 between t_1 and t_2 % %

TSPLIB

% % neighborlist Or-Opt algo-

b and c

Θ(N^3 neighborlist

> 3

k k > simple

double-bridge

A_1 A_2 A_3 A_4 A_2 A_1 A_4 A_3

att532 from TSPLIB

Dynasearch

M c(M M t_1 ,t_2 ,t_3 ,t_4 π π(N

M_1 and M_2 independent c(M_1 c(M_2

O(N^2

dynasearch

c_1 ,c_2 , ,c_N c_1 ,c_2 ,c_3 c_4 c_i c_i

p N p

p = % % p = 20, %

% N = p ≥ p = 20). N = neighbor-list p = when p = N

c_i c_i unstring operation.

c_i string oper-

unstring/string c_i c_i N = % p ≥ N N = p = 3.

natives.

N

worst uphill

tabu

aspiration-level

diversification intensification

A(L L A(L L

Ω(N^3

Θ(N^2 Ω(N performs Θ(N^4 Θ(N^6 Ω(N Θ(N^2

Θ(N^{.75}

Θ(N Θ(N^{.25} ).

Θ(N^2

first cN stant c / Θ(N^2 Θ(N Θ(N^2 Θ(N^3

Θ(N^6

TSPLIB

Nincreases.

k k^3 time Ω(N^3 TSPLIB k k ≤

intensification million

.

P anchor t_1 t_{2i} P_i i P_i t_{2i} ,t_1}.

t_1 ,t_{2i} neighbor t_{2i +1} of t_{2i} one-tree t_{2i} ,t_{2i +1} P_i

d(t_2 ,t_3 d(t_1 ,t_2

t_{2i +1} for t_{2i} length k k t_{2i} t_{2i +1} tion.

P_i i P_{i +1}.

added t_{2i} ,t_{2i +1} deleted t_{2i +1} ,t_{2i +2} deleted added

N P_i.) deleted N added

N(N− /

P_{i +1} P_{i +1} P_i tour P_i

N k k k ≥ 20).

intensification.

t_1, t_2, t_3, t_4 t_5 d(t_2 ,t_3 ) < d(t_1 ,t_2 d(t_2 ,t_3 )+d(t_3 ,t_4 ) < d(t_1 ,t_2 )+d(t_4 ,t_5 t_1 through t_5

t_1 through t_5 t_6

t_6, t_7 t_8 that t_1 through t_5 (with t_7 t_6

champion tour, t_1 through t_5

intensification

t_1 through t_4

t_1 t_1 t_1 through t_5

t_1 through t_6 t_1 through t_4 also

of t_1 t_1 t_2 t_2 t_1

t_1 t_2 unger, t_3 t_3 t_1 t_5 and t_3 t_1

for t_3, t_5 and t_7 t_1

t_1

[J

Segment-Tree t_{2i +1}

sition

blossom stem

delete.

t_1 through t_7

length k = 20. %

N^2 10 10^3 10 10^4 10 10^5 10 10^6

N^2 10 10^3 10 10^4 10 10^5 10 10^6

/ N % % %

N N = 10^6 the Θ(N^2 N N =

6

TSPLIB

% % TSPLIB, % % %

                       TSPLIB

TSPLIB
                     TSPLIB

                   TSPLIB

                            TSPLIB pla85900),

%

pla85900

%

t_1

TSPLIB

temperature

equilibrium, frozen, neighbor random t Δ

T =

S = S. T. frozen

equilibrium ′ Length(S′) − Length(S).

Set S = S′. If Length(S) < Length( = S. r If r < e S = S′. T. .

log n C n

C^n C <

exponential cooling

T all uphill

algo-

O(N N^2 N Θ(N^2 Ω(N^3

N = 10^6.

1 N N(N− %

N = Nincreases.)

10^2 10 10^3

SA_1

1 1

1 N

% N

N = 100 N N N ≤ 1000.

N

1 N = N = N(N− N = 100 % % % N = % N 1 100N(N− N =

0.9% for N =

N^2 1 Kernighan.

Θ(N^2 ,

t_1 t_2 t_3 replace t_1 t_2 t_3 m^2 ger m t_3 t_2

t_3 to O m Θ( N). Θ(N^2 Θ(N

1 % % of N L

Θ(N N N

% %

t_3 t_2 N neigh- N t_1 t_1 t_2 t_4 t_1, t_2 t_3. N t_3 T c c′ c

When t_2 = c t_3 c on c d(c,c )− d(c,c′ c e^{− (d(c,c )− d(c,c′} ≥

ple α α 20N α N(N− α

N N N % 50%

implementation. α

1 N =

α Increasing α %.

2 10 10^3 10^2 10 10^3

SA_1 SA_1 SA_1 SA_2 SA_2 SA_2

α

N N N 2 1 2

α α N = 2 α_2 2 N_2 N N N

2 % % % 2 SA_2

SA_2 %.

TSPLIB instances dsj1000 pr1002 (right).

2 when N

dsj1000 from TSPLIB

SA_2 % % average 2 dsj1000 TSPLIB

                       TSPLIB

pr1002

2 with 100, % % 2 run.

2

N =_2 with N = single % %

2 10 10^3 10^2 10 10^3 SA_2,

2

% when N = 2 %_2 tour % SA_2 2 2 % %, % SA_2 N N 2

2 N

2 2 N = % %

1 2

equilibrium

L ε L

SA_{1 2} have %

% 2 %

1 2 are

selection without

N N

i,j,a i j i a ∈ i is t_2, j is t_3, and t_1 i if a = a = exhausted. 2

% 10%

t_2 t_2 t_3 an t_2

2

Θ(N^3

N N N^2

%

2 3

3

t_5 and t_3.

t_1 t_2 t_3 t_2 t_4 t_3 choose t_5 t_4 t_5

t_6 N neigh-

3 α 20N α tested

2 % α 10N moves)

10^2 10 10^3

10^2 10 10^3

SA_2 SA_3 SA_2 SA_3

SA_2 SA_3 SA_3

α N >_3 with 2 with % 2 with

3 with 3 with_2 with

N = TSPLIB

3

                            dsj1000
pr1002_3 with

% % %.

2

best-of-k

N best-of-k k x kx.

α_{2 3}. α k k =

k k = k k =

N % to

10^2 10 10^3

10^2 10 10^3

Algorithm k

SA_2 SA_2 SA_2 SA_2 SA_2 SA_2 SA_2 SA_2 SA_2 SA_3 SA_3 SA_3 SA_3 SA_3 SA_3

Best-of-k_{2 3}.

0.15% 2 with_3 with % % N N N = 3 with % % N = 1000. k k k 3 with N = k % % % % 0.86% α N <_2, 40, SA_3 N = k N k N < 1000

N =_3 with

α N = 316.

Threshold Accepting

pcb442 from TSPLIB

2

2

T threshold T

% % % % %

deterministic

t_2 t_3 on t_2 t_1 t_2

2 with 1.

single α pcb442 and att532 from TSPLIB

2 with % SA_2

Algorithm and

Δ

δ

Δand δ

Δ a b a and b N ting a = 1/( N b = 1/( r α r 2

%

Instance α , r SA_2 SA_2^+ GDA

SA_2 SA_2^+ GDA

N = N = N =

                             TSPLIB Instances
pcb442
att532
dsj1000
pr1002

N =

2

2 + α r 2 2 + 2 2 + 2 r 2 when α

δ

t_2 t_3 t_3 t_2 t_1 t_3

dependent.

L /Ω(L Ω(L L L

Ω(L

MN M = δ δ Nincreases.

of N 2 with N = 2.0% %

% %

generation k and k′ A

population of k S S_1 S_k}. A Sin S, Sin S.

converged k′ S parents (the mating strategy). mutation

crossover

A k′solutions S′ from S ∪ S′, S S.

k

productive.

algo-

S k

k could k = k = 2.

The k =

N heuristic

c c

k = N ≤

uhlenbein,

receiver) donor

and heuristic c c c

M locked

TSPLIB

instance pcb442 % %

TSPLIB instance att532 %

% for

/

%. 3 %,

TSPLIB

%

2.99% att532 % over,

TSPLIB

parthenogenetic algorithm.)

double-bridge

ture T probability e Δ

term don’t-look

c don’t-look for t_1 active

M

TSPLIB problem lin318
                att532 %

iteration

chained and iterated

                                 lin318, pcb442, att532, gr666,
pr1002 pr2392 TSPLIB

from lin318 to pr2392 % %

%

basis.

t_1

m m ILK( 10^{.5} N

TSPLIB

N lin318 and pcb442 att532.

2 10 10^3 10 10^4 10 10^5

10^{.5} N

10^{.5} N

2 10 10^3 10 10^4 10 10^5

10^{.5} N

10^{.5} N

%

N m = N m = % % m

.5 % 10^{.5} % %

.5

cN c ILK(cN c N is

N ≤ N

10 10^{.5} N 10 10^{.5} N

 lin318
  gr431
 pcb442
 att532
  gr666
dsj1000
 pr1002
 pr2392
pcb3038
 fl3795 <
fnl4461
pla7397

                                         TSPLIB instances.

                                TSPLIB

ILK(m lin318, gr431, att532 gr666

ILK( ILK(N % % away.

fl3795
          TSPLIB

% fl3795 N % fl3795

       dsj1000
fl3795

% 1.23% %

                           TSPLIB instance fl3795.

                    TSPLIB

pla85900

2.17% %.

N N rather 10, 10^{.5} N N cN c N for N = % for N = N = N N N =

% for N ≥ cN N N N 10N 1 N 10N N

N % of %

‘‘I-3opt(k k

2 10 10^3 10 10^4 10

I-3opt( 10^{.5} I-3opt(N ILK( 10)

2 10 10^3 10 10^4 10

I-3opt( 10^{.5} I-3opt(N ILK(

10^{.5} N) % for N > N = 10).

k k > lin318, att532 k k k study.

N =

T I′. T I′ I′ T′ I I′ T′ α the i c and c′is +(d(c,c′)− )^{i +1} if d(c,c′) > and − ( − d(c,c′^{i +1}

N ≤ N =

m- m >

has

M optimal

branch-width

N,

m m >> N

fnl4461 and pla7397 TSPLIB

% %

al.

% N

% x_{ik} = c_i k

Minimize_{i =1}Σ^N_{j=1}Σ^N d(c_i ,c_j ).

x_{i,N}.x_j +_{k=1}Σ^{N− 1}x_{i,k}.x_{j,k+1}

i =1Σ N x_{ik} = ≤ k ≤ N and_{k=1}Σ^N x_{ik} = ≤ i ≤ N and x_{ik} ∈ ≤ i,k ≤ N

x as neurons energy

N = 17%

N^2 Θ(N^4 Ω(N^4 ).

N X_{i,k} ≤ k ≤ N N-dimensional and using

%

Θ(N^4 Θ(N^3

x ≤ i < j ≤ N x = c_i and c_j

0 ≤ x ≤ 1.)

subsets S Θ(N^3 Θ(N^4

Minimize_{i =1}Σ^N_{j=i +1}Σ^N d(c_i ,c_j ).x_{i,j}

i = =kΣ x = ≤ k ≤ N, and S∩ {i,j}=1Σ x ≥ S ⊆ N ≤ S < N, and x ∈ ≤ i < j ≤ N

b-matching tech-

N

M ≥ N M M M the M M self-organizing map

M K K is M N M M M

Θ(N Ω(N^3 N

% %

N > % %

% above

% %

The nets M c v v c v M their

rounds

M+

% N better % above.

TSPLIB pr2392

Ω(N^2 M = M N c k M

pr2392 of

% Ω(N^2

M %

TSPLIB

% %

% N = % fruit.

%

TSPLIB

N ≤ % %

N, % for N ≤

N or

ACKNOWLEDGEMENTS

REFERENCES

ORST 39 ARTS ORST, AND VAN LAARHOVEN 50 VAN LAARHOVEN 43 TEHOUWER

Proc.

ARPENTER 10 MIN 2 133.

NGÉ_{NIOL AUBOIS},_{AND E} T_{EXIER} 1 PPLEGATE IXBY HVÁTAL, AND OOK PPLEGATE IXBY HVÁTAL, AND OOK

PPLEGATE HVÁTAL, AND OOK

OOK Network

OOK RORA UND OTWANI UDAN, AND ZEGEDY in RTHUR AUM

AUM

EARDWOOD ALTON, AND AMMERSLEY

points,’’ 55

ENTLEY Comm.

ACM18

ENTLEY

ENTLEY K− d

ENTLEY

put. 4

HALLCROSS

Operations 8 OCK

OERES DE CARVALHO, AND ARBOSA , OESE AHNG, AND UDDU 16 UTTON N 26 RADY Nature 317

RANDT ANG, AND AUB

works

RAUN Parallel

OON in

AMANY Comput- 19 ILLON 24 ERNY 45 HANDRA ARLOFF, AND OVEY k

TSP,’’ in

RIGHT 12 HRISTOFIDES

ODENOTTI ANZINI ARGARA, AND ESTA

tures

ODENOTTI ANZINI ARGARA, AND ESTA

EYMOUR

EMHAUSER

heuristic,’’ 14

ROES 6

ADBERG 26 ACHARIASEN, lem 1994.

ACHARIASEN

UECK

record-travel,’’ 104

CHEUER 90 URBIN ZELISKI, AND UILLE 1 ILLSHAW

Nature 326

DMONDS

Standards 69B

OHNSON

ALKER 64

IECHTER 51 ISCHER

Lett. 53

LOOD 4 ZU

ORT 59 REDMAN OHNSON CGEOCH, AND STHEIMER 18 RIEZE Meth- 32 ILKE , ABOW, ,

1973.

ARJAN

problems,’’ 38

AREY, AND OHNSON,

NP-Completeness

ENDREAU ERTZ, AND APORTE 40 LOVER Com- 13 LOVER 1 LOVER 2 LOVER

LOVER

ERTSIMAS 16 OLDBERG

KISCIM

problems,’’ 33

TEWART

ORGES-SCHLEUTER

ORGES-SCHLEUTER,

UPOWIT IEEE 5 REFENSTETTE OPAL OSMAITA, AND D. VAN GUCHT

cations RO .. OLLAND

problems,’’ 141-202 U 24 EAP APUR, AND OURAD

1989.

ELBIG-H RARUP 7 ARP trees,’’ 18 ARP 1 ELD OLFE, AND ROWDER Math.

Programming 6

OLLAND,

OMAIFAR UAN, AND IEPENS

ONG AHNG, AND OON

ANK lems,’’ 52

UANG OMEO, AND ANGIOVANNI-VINCENTELLI , OG UH, AND D. VAN GUCHT

OHNSON Nature 330 (December

OHNSON 443

OHNSON RAGON CGEOCH, AND CHEVON

Operations Res. 37

OHNSON RAGON CGEOCH, AND CHEVON

OHNSON ENTLEY CGEOCH, AND OTHBERG

OHNSON CGEOCH, AND OTHBERG in 1996.

OHNSON APADIMITRIOU, AND ANNAKAKIS 37 OPPE ARDON, AND IOCH

U .. NGER EINELT, AND INALDI

1994. ARP 2 ERN 44 IN 49 IRKPATRICK IRKPATRICK

Physics 34

IRKPATRICK ELATT R, AND ECCHI

Annealing,’’ Science 220

OULOUSE

problem,’’ 46 NOX, ,

NOX Com- 21 LOVER

OHONEN, ORTE

É_{ZARD} 8

RENTEL in

RENTEL AM, ELOSME

AWLER,

AWLER ENSTRA INNOOY KAN, AND HMOYS,

HOI 50 EE 71 (1993), EE IN 44

ERNIGHAN 21 UEKER

ORTON 13 ALEK URUSWAMY, AND ANDYA 21 TTO tics,’’

ARTIN TTO, AND ELTEN 5 ARTIN TTO, AND ELTEN 11 ETROPOLIS OSENBLUTH OSENBLUTH ELLER, AND ELLER 21 1092.

ITRA OMEO, AND ANGIOVANNI-VINCENTELLI 18 U .. HLENBEIN Foun-

337. U .. HLENBEIN U .. INDERMANN

U .. HLENBEIN ORGES-SCHLEUTER, AND RA .. MER 7 AHAR AHNI, AND HRAGOWITZ

LIVER MITH, AND OLLAND

OORE 2 R,

INALDI 6 INALDI 33 APADIMITRIOU 21 TEIGLITZ 6 TEIGLITZ

problems,’’ 26

AZIRANI 5 ARTIN

ETERSON 2 O .. DERBERG 1 ARTHOLDI 36 S. VELDE

OTVIN

Comput. 5

EINELT 3

EINELT

Comput. 4

EINELT,

tions

ALAGRAND 17 EYMOUR

decomposition,’’ 52 OHE OSENKRANTZ TEARNS, AND EWIS 6 OSSIER ROYON, AND IEBLING 8 ONZALEZ

Mach. 23

CHNETZLER 26 81. ILLIAMSON 35 IMMEN

problem,’’ 3

ARJAN

Mach. 32

TARKWEATHER CDANIEL ATHIAS HITLEY, AND HITLEY , TEELE 6 EINER in

TEIN,

D. VAN GUCHT

D. VAN GUCHT in ROYON,

LDER ARTS ANDELT VAN LAARHOVEN, AND E.

PESCH anner

OLDEN

ONES 1 B ILLER 62 VAN L CHOONE

ERHOEVEN ARTS SLUIS, AND AESSENS

ERHOEVEN ARTS, AND WINKELS 11 ERHOEVEN WINKELS, AND ARTS

EINER AVAGE, AND AGCHI in 207-213.

HITLEY TARKWEATHER, AND UQUAY

Algorithms

AWLEY 58 OLSEY

Stud. 13 SAI 4