DIMACS Technical Report 2005-12

Generating All Minimal Integral Solutions to AND-OR Systems of Monotone Inequalities: Conjunctions are Easier than Disjunctions^1 by Endre Boros^{,2} Khaled Elbassioni^3 Vladimir Gurvich^4 Leonid Khachiyan^5

1This research was supported by the National Science Foundation (Grant IIS-0118635). The third author is also grateful for the partial support by DIMACS, the National Science Foundation’s Center for Discrete Mathematics and Theoretical Computer Science.

2RUTCOR, Rutgers University, 640 Bartholomew Road, Piscataway NJ 08854-8003; email: boros@rutcor.rutgers.edu 3Max-Planck-Institut für Informatik, Saarbrücken, Germany; email: elbassio@mpi-sb.mpg.de 4RUTCOR, Rutgers University, 640 Bartholomew Road, Piscataway NJ 08854-8003; email: gurvich@rutcor.rutgers.edu 5Department of Computer Science, Rutgers University, 110 Frelinghuysen Road, Piscataway NJ 08854-8003; email: leonid@cs.rutgers.edu

DIMACS is a collaborative project of Rutgers University, Princeton University, AT&T Labs– Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research, Microsoft Research and Stevens Institute of Technology. DIMACS was founded as an NSF Science and Technology Center.

ABSTRACT

We consider monotone ∨, ∧-formulae ϕ of m atoms, each of which is a monotone inequality of the form f_i(x) ≥ t_i over the integers, where for i = 1, . . . , m, f_i : Z^n → R is a given monotone function and t_i is a given threshold. We show that if the ∨-degree of ϕ is bounded by a constant, then for linear, transversal and polymatroid monotone inequalities all minimal integer vectors satisfying ϕ can be generated in incremental quasi-polynomial time. In contrast, the enumeration problem for the disjunction of m inequalities is NP-hard when m is part of the input. We also discuss some applications of the above results in disjunctive programming, data mining, matroid and reliability theory.

1 Introduction

Consider a system of linear inequalities n∑ j=1 a_{ij} x_j ≥ t_i for i = 1, ..., m, (1)

where a_{ij} are given non-negative reals, and where we assume that the variables can take only binary values. Due to the non-negativity of the coefficients, if a vector x ≥ 0 satisfies some of these inequalities and y ≥ x, then y satisfies the same inequalities (and possibly some others as well), i.e., the system (1) is monotone. We say that x ∈ {0, 1}^n is a minimal feasible solution for a subset I ⊆ {1, ..., m} of the inequalities (1), if x satisfies all inequalities belonging to I, and any binary vector y ≠ x such that y ≤ x violates at least one of these inequalities. Lawler, Lenstra and Rinnooy Kan [22] considered the problems of generating all minimal feasible solutions satisfying

(P1) all m inequalities of (1), and

(P2) at least one of the m inequalities of (1).

These or equivalent problems arise in a number of areas, including integer programming, scheduling, and polyhedral combinatorics (see e.g., [5, 6, 22, 25, 27]). Note that the number of minimal feasible solutions may not be limited by a polynomial of n and m. A generation algorithm is said to be incrementally polynomial (or quasi-polynomial^1, or exponential) if for an arbitrary subset X of minimal feasible solutions it can find an additional minimal feasible solution x ∉ X , or recognize that X contains all such solutions, in time polynomially (or quasi-polynomially, or exponentially) limited in n, m and |X |. Equivalently, an algorithm is incrementally polynomial (quasi-polynomial, or exponential) if for arbitrary integer k, it can generate k minimal feasible solutions, or all of them if k is too large, in time polynomial (quasi-polynomial, exponential) in n, m and k.

When m = 1, problems (P1) and (P2) coincide, and incrementally efficient generation of all minimal feasible solutions is possible (see e.g., [22]). For the general case, when m > 1, only incrementally exponential algorithms were proposed for (P1) and (P2) in [22], and it was conjectured that no polynomial time algorithm can solve these problems, unless P=NP (i.e., that no algorithm can recognize the completeness of a subset X of the minimal feasible solutions in polynomial time, unless P=NP, and hence no algorithm can generate all minimal feasible solutions in time limited by a polynomial of n, m, and the number of minimal feasible vectors). These problems were reconsidered recently in [9], and contrary to the conjecture of [22], (P1) was shown to be tractable in incremental quasi-polynomial time (which makes it very unlikely to be NP-hard), while (P2) was shown to be tractable in incremental polynomial time for fixed m, but NP-hard for the general case.

1A function f(x) is quasi-polynomial if f(x) = O(2^{polylog(x)}).

– 2 –

This motivated us to study more complex monotone systems, and generalize the above results in three directions.

First, we generalize the above enumeration problems to integer variables. More precisely, we consider the inequalities (1) with the variables running over an arbitrary integer box C = {x ∈ Z^n | 0 ≤ x ≤ c}, where c ∈ Z^n_+ is a given integer vector with possibly infinite coordinates.

Second, we consider not only conjunctions (like in (P1)), or disjunctions (like in (P2)), but arbitrary monotone expressions of linear inequalities. Specifically, let Y_i : C → {0, 1} be the characteristic variables corresponding to the inequalities of (1), i.e., Y_i(x) = 1 iff ∑_n

j=1 a_{ij} x_j ≥ t_i, i = 1, ..., m. Then we associate to any given monotone ∨, ∧- formula ϕ in m propositional variables a system Σ_ϕ of inequalities for which a vector x ∈ C is feasible iff ϕ(Y_1(x), Y_2(x), ..., Y_m(x)) = 1. Since Σ_ϕ is a monotone system, the notion of minimal feasible solutions of Σ_ϕ is well defined, and we can consider the corresponding enumeration problem:

(P3) Generate all minimal feasible solutions of Σ_ϕ.

Note that when ϕ = Y_1 ∧ Y_2 ∧ · · · ∧ Y_m, then (P3) is the integer variant of (P1), while for ϕ = Y_1 ∨ Y_2 ∨ · · · ∨ Y_m, problem (P3) is the integer variant of (P2).

Let us further associate to each monotone ∨, ∧-formula ϕ = ϕ(Y_1, . . . , Y_m) a polynomial P_ϕ ∈ Z[y_1, . . . , y_m] defined by replacing logical conjunctions by arithmetic additions, and logical disjunctions by arithmetic multiplications. For instance, if ϕ = Y_1 ∨ (Y_2 ∧ (Y_3 ∨ Y_4)), then we have P_ϕ(y_1, y_2, y_3, y_4) = y_1(y_2 + (y_3y_4)) = y_1y_2 + y_1y_3y_4. We call P_ϕ the evaluation polynomial of ϕ.

Theorem 1 If the degree of the evaluation polynomial P_ϕ is bounded, then we can generate all minimal feasible solutions to system Σ_ϕ in incremental quasi-polynomial time in terms of n and m.

Let us note that if the degree of F_Φ is not bounded, then generating minimal feasible solutions for Σ_ϕ is NP-hard already for the Boolean case C = {0, 1}^n of (P2), see [9].

Finally, in a third direction, we extend Theorem 1 to transversal and polymatroid inequalities.

Given a subset H ⊆ C and non-negative real weights w : H → R_+, we call the function

f_{H,w}(x) = ∑ {w(a) | a ∈ H, a ≱ x}

a (weighted) transversal function over C. Note that for any given x ∈ C we can compute the value f_{H,w}(x) in O(n|H|) time, and that for the Boolean case C = {0, 1}^n we can equivalently define f_{H,w}(x) as the total weight of all hyperedges of the hypergraph H, whose complements intersect the support of x.

– 3 –

An integer-valued monotone function f : C → Z_+ is called polymatroid if f(0, ..., 0) = 0 and f is submodular, i.e., f(x ∨ y) + f(x ∧ y) ≤ f(x) + f(y) holds for all vectors x, y ∈ C, where x ∨ y = (max{x_j , y_j} | j = 1, .., n) and x ∧ y = (min{x_j , y_j} | j = 1, ..., n).

Let us note that transversal functions are both monotone and submodular, thus they are also polymatroid, whenever they take only integer values. In what follows we will be dealing with polymatroid functions whose value at any point x ∈ C can be evaluated in polynomial time. Some applications of monotone systems defined via transversal and polymatroid functions are discussed in Section 4.

Analogously to the case of linear inequalities, given a system of inequalities

f_i(x) ≥ t_i, i = 1, ..., m, (2)

where f_i(x), are monotone functions over C and t_i ∈ R for i = 1, ..., m, and given a monotone ∨, ∧-formula ϕ in m variables, we can associate to (2) and ϕ a monotone system Σ_ϕ: A vector x ∈ C is called feasible for Σ_ϕ if ϕ(Y_1(x), ..., Y_m(x)) = 1, where Y_i(x) = 1 iff f_i(x) ≥ t_i, i = 1, ..., m. Let F_ϕ denote the set of all minimal feasible solutions to system Σ_ϕ.

Theorem 2 If (2) involves transversal inequalities, i.e., if we have f_i = f_Hi_{,w}i for i = 1, ..., m, and if the degree of the evaluation polynomial P_ϕ is bounded, then we can generate F_ϕ in incremental quasi-polynomial time in terms of n, m and max_{1≤i≤m} |H^i|.

Note that for the Boolean case C = {0, 1}^n, linear inequalities are transversal inequalities corresponding to the hypergraph H consisting of n singletons {1}, {2}, . . . , {n}. In particular, if the degree of P_ϕ is not bounded, then no efficient generation of minimal feasible solutions for Σ_ϕ is possible, unless P=NP.

Theorem 3 If (2) involves polymatroid inequalities, and if the degree of the evaluation polynomial P_ϕ is bounded, then we can generate F_ϕ in incremental quasi-polynomial time in terms of n, m and max_{1≤i≤m} t_i.

Let us remark that the above theorem provides efficient bounds only if max_{1≤i≤m} t_i is bounded by a polynomial or quasi-polynomial expression of n and m. In fact, generating all minimal feasible solutions to a single polymatroid inequality over {0, 1}^n is already NPhard, if the right hand side is not bounded [8]. Due to this fact, integrality of polymatroid functions is essential in our analysis.

2 Our approach and further results

Our approach is to utilize a general enumeration method for minimal elements of a monotone system, the so called joint generation, proposed first in [7, 21], and analyzed at greater detail in [12]. For a subset X ⊆ C let us denote by I(X ) the set of all maximal vectors not above

– 4 –

any vectors of X , i.e., I(X ) = {maximal y ∈ C | ∄x ∈ X : x ≤ y}. For instance, if F_ϕ denotes the family of all minimal feasible solutions for the system Σ_ϕ, as before, then I(F_ϕ) is the set of all maximal infeasible solutions.

The method jointly generates F ∪ I(F) by iteratively extending two partial sets X ⊆ F and Y ⊆ I(F). This is done by solving the so-called dualization problem: either produce a point in I(X ) \ Y or halt because Y = I(X ) (see e.g., [18]). In particular, incrementally extending a given subset X ⊆ F requires solving at most |I(F)∩I(X )| dualization problems each of size at most |X | + |I(F) ∩ I(X )| with n variables. Let us denote by δ(n, M) the complexity of solving a dualization problem in n variables and of size M = |X | + |Y|. Even though no polynomial upper bound on δ(n, M) is currently available, it is known that δ(n, M) = poly(n)M^{o(log M)}, see [9, 19].

Note that the joint generation method utilizes the given inequalities in (2) only to check the feasibility of a given vector x ∈ C, and that any method for generating F = F_ϕ that uses only such feasibility tests has to perform at least |F| + |I(F)| tests (and in fact has to generate both F and I(F)), see e.g.[20].

The above discussion shows that the quantity q_F (k) defined by

q_F (k) = max

X ⊆F, |X |=k

|I(X ) ∩ I(F)| (3)

is an important parameter intimately related to the generation of the monotone system F. We shall call it the duality index of the monotone system F. Using this notion, let us then summarize the above in the following statement.

Proposition 1 Given a system of monotone inequalities (2), and a monotone Boolean formula ϕ, let Σ_ϕ denote the monotone system associated to these, and let F_ϕ denote the set of all minimal feasible solutions to Σ_ϕ (as above). Then, for an arbitrary subset X ⊆ F_ϕ, we can find x ∈ F_ϕ \ X , or recognize that X = F_ϕ in time ℓδ(n, k + ℓ) time, where k = |X | and ℓ = q_{Fϕ} (|X |). □

In particular, F can be generated in incremental quasi-polynomial time whenever the duality index q_F (k) is bounded by a quasi-polynomial. Hence in order to derive Theorems 1, 2, and 3 from Proposition 1, it now suffices to bound the duality index of F_ϕ. In the rest of the paper we focus on the duality index of various monotone systems, and in particular on obtaining the duality index of complex monotone systems from the duality indices of their component systems.

Given a monotone subset A ⊆ C, i.e., for which x ∈ A, y ≥ x imply y ∈ A, let us denote by min A the set of all minimal vectors of A. Next, if A is an arbitrary subset of C then A^+ = {x ∈ C | x ≥ y for some y ∈ A} denotes the minimum monotone subset (ideal) of C containing A. Thus, if F is the set of all minimal feasible solutions of a monotone inequality f(x) ≥ t over C, then F^+ is the set of all feasible solutions for the same inequality.

If A^+ and B^+ are monotone subsets of C, then their conjunction and disjunction are defined as A^+ ∧ B^+ = A^+ ∩ B^+ and A^+ ∨ B^+ = A^+ ∩ B^+. Let us note that the same

– 5 –

operations can naturally be extended to their sets of minimal elements, A = min A^+ and B = min B^+, by defining A ∧ B = min{a ∨ b | a ∈ A, b ∈ B} and A ∨ B = min A ∪ B. In particular, if A and B are the minimal feasible solutions of monotone inequalities over C, then A ∧ B consists of all minimal vectors satisfying both inequalities, while A ∨ B consists of all minimal vectors satisfying at least one of the inequalities. Using these definitions, we can thus talk about monotone formulae of arbitrary monotone systems.

Our first result shows that the duality index of conjunctions of monotone systems can effectively be limited in terms of the duality indices of the component systems.

Theorem 4 Let F_i ⊆ C be monotone systems for i = 1, ..., m, and let ϕ = Y_1 ∧ Y_2 ∧ · · ·∧ Y_m, i.e., F_ϕ = F_1 ∧ F_2 ∧ · · · ∧ F_m. Then, we have

q_{Fϕ} (k) ≤ P_ϕ(q_{F1} (k), . . . , q_{Fm} (k)) = m∑ i=1 q_{Fi} (k).

Proof. Clearly, it is enough to prove the statement for m = 2. Let F_1 and F_2 be two arbitrary families of vectors in C. Then, we claim that, for all subfamilies X ⊆ F_1 ∧ F_2 we have |I(X ) ∩ I(F_1 ∧ F_2)| ≤ (q_{F1} + q_{F2} )(|X |).

To see the claim, let us consider the sets of vectors

F^′_1 = {a ∈ F_1 | a ∨ b ∈ X for some b ∈ F_2} and F^′_2 = {b ∈ F_2 | a ∨ b ∈ X for some a ∈ F_1},

let z ∈ I(X ) ∩ I(F_1 ∧ F_2) an arbitrary element, and define

X = {a ∈ F_1 | a ≤ z} and Y = {b ∈ F_2 | b ≤ z}.

Then, we must have either X = ∅ or Y = ∅, since otherwise we would have elements a ∈ F_1 and b ∈ F_2 for which a ∨ b ≤ z, contradicting that z ∈ I(F_1 ∧ F_2).

Now, if X = ∅, then z ∈ I(F_1) ∩ I(F^′_1), since it is clear that z is then an independent element with respect to F_1, and furthermore z ∈ I(X ) implies that for each i ∈ [n], such that z_i ≠ c_i, we have an element a ∈ F^′_1 ⊆ F_1 such that a ≤ z + e^i, where e^i is the ith unit vector.

Similarly, if Y = ∅, then z ∈ I(F_2) ∩ I(F^′_2) follows. Thus,

|I(X ) ∩ I(F_1 ∧ F_2)| ≤ |I(F^′_1) ∩ I(F_1)| + |I(F^′_2) ∩ I(F_2)| ≤ q_{F1} (|F^′_1|) + q_{F2} (|F^′_2|) ≤ (q_{F1} + q_{F2} )(max{|F^′_1|, |F^′_2|}) ≤ (q_{F1} + q_{F2} )(|X |).

– 6 – □ The above theorem implies that if (2) involves monotone inequalities the duality indices of which are (quasi)-polynomially bounded, then, so is the duality index of the entire system, implying a quasi-polynomially efficient generation of minimal feasible solutions, by Proposition 1.

In fact, an efficient bound on the duality index is known for several types of monotone inequalities. Let us denote temporarily by A the set of all minimal feasible solutions to a single monotone inequality f(x) ≥ t. For a monotone linear function f(x) =

∑_n j=1 a_j x_j ≥ t, where a_j ≥ 0 for j = 1, ..., n, we have by [9] that

q_A(k) ≤ nk. (4)

If f(x) = f_{H,w}(x) ≥ t is a weighted transversal function, then it was shown in [13] that

q_A(k) ≤ |H|k, (5)

regardless of the weights. Note that both of these bounds are sharp, up to a constant factor. Finally, if f is a polymatroid function, then it was shown in [8] that

q_A(k) ≤ max{n, k^{(log t)/c(2n,k)}}, (6)

where c(α, β) is the unique positive root of the equation 2^c(α^{c/ log β} − 1) = 1 (note that the above bound implies that q_A ≤ (2nk)^{log t} and that c(2n, k) ≈ log log k for large k). The exponent of (6) is asymptotically tight [11].

Corollary 1 If the conjunction of inequalities (2) consists of linear, weighted transversal and/or polymatroid functions (the latter ones with quasi-polynomially limited right-hand sides), then all minimal feasible solutions of (2) can be generated in quasi-polynomial incremental time. □

Unfortunately, as the following claim shows, no result analogous to Theorem 4 can hold unconditionally for disjunctions of monotone sets.

Theorem 5 For each ℓ ≥ 3 there exist monotone systems A, B ⊆ {0, 1}^{4ℓ}, for which q_A(k) ≤ (2ℓ + 1)k and q_B(k) ≤ (2ℓ + 1)k, while q_{A∨B}(|A ∨ B|) = 2^{|A∨B|}.

To prove Theorem 5, we need a few definitions and a lemma. Given a finite set V and a hypergraph H ⊆ 2^V , let us define the independence-degree of a hyperedge H ∈ H by

d(H) = |{I ∈ I(H) | |H \ I| = 1}| ,

where I(H) is the family of maximal independent sets of H. For a threshold r let

H_r = {H ∈ H | d(H) ≤ r}.

– 7 –

Lemma 1 Let H ⊆ 2^V be a given hypergraph and r be a given integer threshold. If for all I ∈ I(H) there exists a vertex x ∈ V \ I for which I ∪ {x} contains hyperedges only from H_r, then we have for all positive integers k that

q_H(k) ≤ rk.

Proof. Let X be an arbitrary subset of H of cardinality k. If I ∈ I(X ) ∩ I(H), then there exists a vertex x_I ∉ I for which I ∪ {x_I } contains hyperedges only from H_r, according to the assumption. For each I ∈ I(X ), the set I ∪ {x_I } must contain a hyperedge from X , by definition. Let us associate to each I ∈ I(X ) ∩ I(H) such a hyperedge X_I ⊆ I ∪ {x_I }, X_I ∈ X . Then, we have X_I ∈ X ∩ H_r for all I ∈ I(X ) ∩ I(H). Thus, we have d(X_I ) ≤ r for each, i.e., there are at most r independent sets I^′ ∈ I(X ) ∩ I(H) for which X_I = X_I′ . Therefore, |I(X ) ∩ I(H)| ≤ r|X ∩ H_r| ≤ r|X |

follows. □

Proof of Theorem 5. Let X = {1, ..., 2ℓ}, Y = {2ℓ + 1, ..., 4ℓ}, and V = X ∪ Y . Furthermore, let

M_a = {{i, i + ℓ} | i = 1, .., ℓ} and M_b = {{i + 2ℓ, i + 3ℓ} | i = 1, .., ℓ}

be maximum matchings on the sets X and Y , respectively, and let T denote the family of all maximal transversals to M_a ∪ M_b. Let us finally define

A = M_a ∪ {T ∪ {y} | T ∈ T , y ∈ Y \ T }, and B = M_b ∪ {T ∪ {x} | T ∈ T , x ∈ X \ T }.

It is easy to see that every hyperedge of A ∪ B contains an edge from M_a ∪ M_b, and since this latter family is a subfamily of A ∪ B,

A ∨ B = M_a ∪ M_b

follows, immediately implying the last equality in the statement.

To complete the proof, we need to verify that both A and B are uniformly dual-bounded, as claimed. Since the roles of X and Y are symmetric in A and B, it is enough to show this for one of them, say for A.

We shall show the claim by Lemma 1 with r = 2ℓ + 1. To this end, let us first observe that A has three types of maximal independent sets, and we shall refer to them as red, blue and yellow, to simplify notations:

I(A) = T ∪ {Y ∪ (T ∩ X) \ {x} | T ∈ T , x ∈ T ∩ X} ∪ {(T ∩ X) ∪ (Y \ e) | T ∈ T , e ∈ M_b}.

– 8 –

To see this, let us first observe that if I ∈ I(A) contains at least one endpoint of each of the sets of M_a ∪ M_b, then it contains exactly one such endpoint from each, and I ∈ T (type red). If I does not contain either endpoints of an edge e ∈ M_a, then it must contain exactly one endpoint from each other e^′ ∈ M_a, and must contain Y (type blue). Finally, if I does not contain either endpoints of a set e ∈ M_b, then it must contain exactly one endpoint of each e^′ ∈ M_a, and contains Y \ e (type yellow).

Let us next show that A_{2ℓ+1} = A \ M_a.

Indeed, d({i, i + ℓ}) ≥ |T | > 2ℓ + 1 for all ℓ ≥ 3, and hence A_{2ℓ+1} ⊆ A \ M_a. On the other hand, for H = T ∪ {y}, T ∈ T and y ∈ Y \ T , we have d(H) = 2ℓ + 1. To see this let us denote by e ∈ M_b the edge containing y. Then, for every every x ∈ H ∩ X we have a unique blue set containing H \ {x}; for both endpoints i ∈ e the set H \ {i} is a blue set; and finally for every y^′ ∈ H ∩ Y \ e there is a unique yellow set containing H \ {y^′}.

Finally, we claim that for each I ∈ I(A) there exists a point x_i ∉ I such that I ∪ {x_I } contains hyperedges of A only from A_{2ℓ+1}, i.e., does not contain an edge of M_a. For a red I = T ∈ I(A) any x_I ∈ Y \ I is such a point (and there are 2ℓ > 1). For a blue I = (T ∩X\{x})∪Y ∈ I(A) we can set x_I = x. Finally, for a yellow set I = (T ∩X)∪(Y \e) ∈ I(A) we can set x_I to be either endpoints of e ∈ M_b.

Thus, Lemma 1 can be applied, and hence

|I(X ) ∩ I(A)| ≤ (2ℓ + 1)|X |

follows for all subfamilies X ⊆ A. □

However, for the special cases of linear, transversal or polymatroid systems the following result can be regarded as an analogue of Theorem 4.

Theorem 6 Assume that either all functions f_i(x), i = 1, ..., m in (2) are transversal and/or linear, or all of them are polymatroid, and let ϕ = Y_1 ∨ Y_2 ∨ · · · ∨ Y_m. Then

q_{Fϕ} (k) ≤ P_ϕ(q_1(k), . . . , q_m(k)) = m∏ i=1 q_i(k),

where P_ϕ is the evaluation polynomial of ϕ, and where q_i(k) are the upper bounds on q_{Fi} (k) stated in (4), (5), and (6).

We claim next that even though we cannot mix different types of inequalities in Theorem 6, still a result analogous to Theorem 1 can be derived from Theorems 4 and 6.

Theorem 7 If the system of inequalities (2) consists of either m linear and/or transversal inequalities or m polymatroid inequalities, and ϕ is an arbitrary monotone ∨, ∧-formula in m propositional variables, then the inequality

q_{Fϕ} (k) ≤ P_ϕ(q_1(k), q_2(k), ..., q_m(k))

– 9 –

holds, where P_ϕ is the evaluation polynomial of ϕ, and where, as in Theorem 6, the functions q_i(k) are the upper bounds on the duality indices of the individual inequalities stated in (4), (5), and (6).

Theorems 1, 2 and 3 readily follow from Theorem 7 in view of Proposition 1 and the bounds of (4), (5) and (6).

In the next section we state the main lemmas from which Theorems 6 and 7 can be derived, and which may be of interest on their own. In the last section we list several applications of monotone systems defined by linear, transversal and polymatroid inequalities.

3 Main lemmas

Aggregating polymatroid inequalities

Let f_i : C → Z_+, be a polymatroid function, t_i ∈ Z_+ be a given positive integer threshold, and denote by F_i ⊆ C the set of all minimal feasible solutions to the polymatroid inequality f_i(X) ≥ t_i, i = 1, ..., m. Let us further define

(f_1 ∧ · · · ∧ f_m)(x) = m∑ i=1 min{f_i(x), t_i}, and (7)

(f_1 ∨ · · · ∨ f_m)(x) = m∏ i=1 t_i − m∏ i=1 (t_i − min{f_i(x), t_i}) (8)

for all x ∈ C.

Lemma 2 Both functions, g = f_1 ∧ · · · ∧ f_m and h = f_1 ∨ · · · ∨ f_m are polymatroid. Furthermore, the sets F_1 ∧ · · · ∧ F_m and F_1 ∨ · · · ∨ F_m respectively consist of all minimal feasible solutions of the polymatroid inequalities

g(x) ≥ m∑ i=1 t_i and h(x) ≥ m∏ i=1 t_i.

Proof. We have to show that the monotonically increasing functions g(x) and h(x) are polymatroid. It is well known and easy to see that if f_i(x) is polymatroid, then so is f^∗_i (x) = min{f_i(x), t_i}. Since a sum of polymatroid functions is polymatroid, we conclude that g(x) is polymatroid. To prove that h(x) is polymatroid as well, write C as the product of n chains C_1 × · · · × C_n. Then it suffices to show that for any i ∈ [n] and for any z ∈ C_i, the difference

∂(x, i, z)^{def}= h(x + e^i) − h(x) = m∏ i=1 [t_i − f^∗_i (x)] − m∏ i=1 [t_i − f^∗_i (x + e^i)]

– 10 –

is monotonically decreasing in x ∈ C_1 × . . . × C_{i−1} × {z} × C_{i+1} × . . . × C_n, where e^i is the ith unit vector. This readily follows from the representation

∂(x, i, z) = m∑ j=1 (^{m−j}∏ k=1 [t_k − f^∗_k (x + e^i)] · m∏ k=m−j+1

[t_k − f^∗_k (x)] ) [f^∗_j (x + e^i) − f^∗_j (x)]. □

Lemma 2 implies that any monotone ∨, ∧-formula of polymatroid inequalities can be replaced by an equivalent polymatroid inequality:

Corollary 2 Let ϕ be a monotone ∨, ∧-formula in m variables, f_i(x) be a polymatroid function, t_i ∈ Z_+ be non-negative integral threshold, and let F_i denote the set of all minimal feasible solutions of the polymatroid inequality f_i(x) ≥ t_i, for i = 1, ..., m. Then, F_ϕ = ϕ(F_1, F_2, ..., F_m) is the set of all minimal feasible solutions of the system Σ_ϕ, and also of the single polymatroid inequality

(ϕ(f_1, f_2, ..., f_m)) (x) ≥ P_ϕ(t_1, ..., t_m),

where P_ϕ is the evaluation polynomial of ϕ.

Monotone composition of transversal inequalities

Let us associate to a system of nonnegative weights w(i, z), i = 1, ..., n, z = 0, ..., c_i a separable function f_w : C −→ R_+ defined by

f_w(x) = n∑ i=1 x_i∑

z=0 w(i, z). (9)

Clearly, the mapping f_w is a special, separable transversal function.

Denote by N the set of positive integers, and start with an elementary lemma, which we shall need later.

Lemma 3 If a, b, m ∈ N, p, q ∈ N^m, and w ∈ R^m_+ , such that w^T p ≥ a and w^T q ≤ b then max 1≤i≤m

p_i q_i ≥ w^T p w^T q ≥ a b . □

– 11 –

Lemma 4 Let f_w be a nonnegative separable mapping as in (9), and let t ∈ R_+. Assume further that X , Y ⊆ C are subsets of vectors for which X ≠ ∅, (0, ..., 0) ∉ X , and which satisfy the following separation constraints:

(i) f_w(x) ≥ t holds for all x ∈ X ;

(ii) f_w(y) < t for all y ∈ Y.

Then, there exists a subfamily Y^′ ⊆ Y such that x ≰ y ∨ y^′ for all y, y^′ ∈ Y^′ and x ∈ X , and

|Y^′| ≥ |Y| (∑ x∈X ν(x) ) ≥ |Y| n|X | , where ν(x) denotes the number of nonzero entries of x ∈ C.

Proof. Let L = {(i, z) | i ∈ V, z ∈ C_i \ {ℓ_i}}, and let us prove the claim by induction on the size of L. Clearly, if |L| ≤ 1, then |X | = 1 and |Y| ≤ 1, and thus the claim holds trivially.

For (i, z) ∈ L let us define

X (i, z) = {x ∈ X | x_i < z} and Y(i, z) = {y ∈ Y | y_i < z},

and let U = {(i, z) | X (i, z) = ∅}.

Let us observe first that if x ≤ y ∨ y^′ for some x ∈ X , and y, y^′ ∈ Y(i, z) for some (i, z) ∈ L, then we must have x ∈ X (i, z).

This observation implies first of all that (b) holds for all families Y(i, z) ⊆ Y with (i, z) ∈ U.

Let us also observe that the sets X (i, z) ⊆ C and Y(i, z) ⊆ C satisfy the conditions (i) and (ii) for every (i, z) ∈ L \ U with a smaller i-th chain C^′_i = C_i \ {z^′ | z^′ ≥ z}, i.e., for which the associated set L^′ = L \ {(i, z^′) | z^′ ∈ C_i, z^′ ≥ z} satisfies |L^′| < |L|. Thus, by our inductive hypothesis, there exists a subset Y(i, z)^′ ⊆ Y(i, z) which satisfies (b) by our first observation, and for which we have

|Y(i, z)^′| ≥

|Y(i, z)| ∑ x∈X (i,z) ν(x) . Thus, we can prove the claim by induction, if we can show that max { max (i,z)∈U

|Y(i, z)|, max_{(i,z)∈L\U}

|Y(i, z)| ∑ x∈X (i,z) ν(x) } ≥ |Y| ∑ x∈X ν(x) .

If we have |Y(i, z)| ≥^{|Y|P}_{x∈X ν(x)} for some (i, z) ∈ U, then we are ready, with Y^′ = Y(i, z). Let us assume next that U ≠ ∅ and that

|Y(i, z)| < |Y| ∑ x∈X ν(x) for all (i, z) ∈ U.

– 12 –

Clearly, if z, z^′ ∈ C_i, and z ≥ z^′, then Y(i, z) ⊇ Y(i, z^′). Thus, by defining z_i = max{z | (i, z) ∈ U} for i ∈ V , setting z = (z_1, z_2, ..., z_n) and introducing

τ = ν(z) = ∑ i∈V zi>ℓi

1 and ~Y = Y \ ⋃ (i,z)∈U

Y(i, z),

we have | ~Y| ≥ ( 1 − τ ∑ x∈X ν(x) ) |Y|. (10)

Defining further ~C_i = {z^′ ∈ C_i | z^′ ≥ z_i} for i ∈ V , and setting ~C = ⨂ i∈V ~C_i, we can see that

the the sets X ⊆ ~C and ~Y ⊆ ~C satisfy (i) and (ii) with an associated set ~L = L \ U, i.e., for which |~L| < |L| in this case (we assumed U ≠ ∅). Thus, by our inductive hypothesis there exists a subset Y^′ ⊆ ~Y for which (b) holds and for which we have

|Y^′| ≥

| ~Y| ∑ x∈X ~ν(x)

(11)

where ~ν(x) =

∑_{i∈V}

xi>zi 1 (note that z

i = min ~C_i).

Let us also note that ∑ x∈X ~ν(x) ≤ ∑ x∈X ν(x) − τ. (12)

This is because X (i, z) ≠ ∅ for all z > z_i, by the definition of z_i, and thus for all i ∈ V there exists a vector x^i ∈ X for which x^i = z_i, and therefore ~ν(x^i) ≤ ν(x^i) − 1 for all indices for which z_i > ℓ_i.

From inequalities (10), (11) and (12) we can conclude that

|Y^′| ≥ ( 1 −^{τP}_{x∈X ν(x)} ) |Y| ∑ x∈X ~ν(x) = (∑_{x∈X}

ν(x) − τ ∑ x∈X ~ν(x) ) |Y| ∑ x∈X ν(x) ≥ |Y| ∑ x∈X ν(x) , implying that the set Y^′ satisfies both (a) and (b).

Let us finally assume that U = ∅, and prove max (i,z)∈L

|Y(i, z)| ∑ x∈X (i,z) ν(x) ≥ |Y| ∑ x∈X ν(x)

(13)

by Lemma 3, using the weights^{w(i,z)}_{W −t} for (i, z) ∈ L, where W = ∑ (i,z)∈L w(i, z). Observe

that due to the strict inequality in (ii), we may assume that W > t.

Let us note first that ∑ (i,z)∈L

w(i, z) W − t

|Y(i, z)| = ∑ y∈Y ∑ (i,z)∈L yi<z

w(i, z) W − t = ∑ y∈Y W − f_w(y) W − t

> |Y|, (14)

– 13 –

is implied by the inequalities W − f_w(y) > W − t for all y ∈ Y, which follow by (ii).

Let us note next that ∑ (i,z)∈L

w(i, z) W − t ∑ x∈X (i,z)

ν(x) = ∑ x∈X ∑ (i,z)∈L xi<z

w(i, z) W − t ν(x)

= ∑ x∈X W − f_w(x) W − t ν(x) ≤ ∑ x∈X ν(x),

(15)

is implied by the inequalities W − f_w(x) ≤ W − t for all x ∈ X , which follow by (i).

Thus, (14) and (15) imply (13) by Lemma 3, and thus conclude our proof. □

Corollary 3 Assume that f^i_{wi} is a nonnegative separable mapping as in (9), and that t_i ∈ R_+, for i = 1, ..., m. Assume further that X , Y ⊆ C are nonempty collections of vectors satisfying the following separation condition:

(i) For all x ∈ X we have f^i_{wi} (x) ≥ t_i for at least one of the indices i ∈ {1, ..., m}.

(ii) For all y ∈ Y we have f^i_{wi} (y) < t_i for all indices i ∈ {1, ..., m}.

Then, there exists a subset Y^′ ⊆ Y such that x ≰ y ∨ y^′ for all x ∈ X and y, y^′ ∈ Y^′, and

|Y^′| ≥ |Y| (n|X |)^m . Proof. We shall show the claim by induction on m. If m = 1, then the statement follows from Lemma 4, and the fact that ν(x) ≤ n for all x ∈ C (note that 0 ∉ X since otherwise Y would be empty). In the general case, let us consider a partition of X , X = ⋃ i∈[m]

X^i

such that f^i_{wi} (x) ≥ t_i for all x ∈ X^i and for all i ∈ [m]. Assume without loss of generality that cX^i ≠ ∅ for i = 1, . . . , m^′, for some m^′ ≤ m. Then for the sets Y and X^{m′} together with the separable mapping f^{m′} and threshold t_m′ , the conditions of Lemma 4 hold. Thus there exists a subfamily ~Y ⊆ Y for which x ≰ y ∨ y^′ for all y, y^′ ∈ ~Y and x ∈ X^m holds and for which | ~Y| ≥ |Y| ∑ x∈X^{m′} ν(x) . Let us next consider the families ~Y, X^1 ∪ · · · ∪ X^{m′−1}, together with f^i_{wi} and t_i for i ∈ [m^′ −1]. Then conditions (i) and (ii) hold for this input, and thus we can apply our inductive

– 14 –

hypothesis, and conclude that there exists a subfamily Y^′ ⊆ ~Y such that x ≰ y ∨ y^′ for all y, y^′ ∈ Y^′ and x ∈ X^1 ∪ · · · ∪ X^{m′−1} hold, and for which

|Y^′| ≥

| ~Y| ∏_m′_{−1} i=1 (∑ x∈X^i ν(x) ). Putting these together completes the proof of the claim. □

Let us remark that the bound in Corollary 3 cannot be improved by more than a factor of O(m^{2m}), i.e., it is tight whenever m is constant. Let us add that this bound, and consequently all bounds in our previous theorems can be improved by a factor of m^m: In our claims the evaluation polynomial P_ϕ associated to a Boolean expression ϕ could be replaced by Q_ϕ obtained from ϕ by replacing conjunctions by arithmetic addition, and disjunctions by the arithmetic ⋄ operation defined by a_1 ⋄ a_2 ⋄ · · · ⋄ a_r = a_1a_2 · · · a_r/r^r.

Proof of Theorem 6. Let X ⊆ F_ϕ be an arbitrary subfamily of minimal feasible solutions of the system of size k, and let Y = I(X ) ∩ I(F_ϕ). Clearly, if the functions f_1, . . . , f_m are polymatroid, then the statement follows immediately from Corollary 2. Assume next that the functions f_1, . . . , f_m are linear and/or transversal. In this case we apply Lemma 4 as follows. Let X^1 ∪ . . . ∪ X^m = X be a partition of X such that f_i(x) ≥ t_i for x ∈ X^i and i ∈ [m]. Let I ⊆ [m] be the set of indices i for which the function f_i is linear. For i ∈ I, if the function f_i(x) =

∑_n j=1 a_{ij} x_j for x ∈ C, where a_{ij} ≥ 0 for all j = 1, . . . , n, we define the non-negative weight w^i(j, z) = a_j for j ∈ [n] and z ∈ C_j . Then clearly, for all x ∈ C, f_i(x) ≥ t_i if and only if f^i_{wi} (x) ≥ t_i. Now if ∪_{i∈I} X^i ≠ ∅, we apply Corollary 3 to conclude that there is a subset ~Y ⊆ Y of size

| ~Y| ≥ |Y| ∏ i∈I q_i(k) ,

such that x ≰ y ∨ y^′ for all x ∈ X and y, y^′ ∈ ~Y. If ∪_{i∈I} X^i = ∅, we let ~Y^{def}= Y. For i ∈ [m] \ I, if the function f_i is transversal with respect to the family of vectors H_i ⊆ C, and corresponding weight w^i : H_i → R_+, then we define a non-negative weight function w^i(a, z) over a ∈ H_i and z ∈ {0, 1} as follows: w^i(a, z) = 0 if z = 0, and w^i(a, z) = w^i(a) if z = 1. For x ∈ C, define the vector η^i(x) ∈ {0, 1}^{Hi} whose a-component, for a ∈ H_i, is given by η^i_a(x) = 1 if and only if a ≱ x. Note that for x ∈ C, we have f_i(x) ≥ t_i if and only if f^i_{wi} (η^i(x)) ≥ t_i, for x ∈ C. Thus, if X^i ≠ ∅, we can apply Lemma 4 to the families η^i(X )^{def}= {η^i(x) | x ∈ X^i} and η^i( ~Y)^{def}= {η^i(y) | y ∈ ~Y} to conclude that there exists a subset Y^i ⊆ ~Y of size |η^i(Y^i)| ≥ |η^i( ~Y)|/q_i(k), such that η^i(x) ≰ η^i(y) ∨ η^i(y^′) for all y, y^′ ∈ Y^i and x ∈ X^i. Note that, since η^i(y) ∨ η^i(y^′) = η^i(y ∨ y^′) for all y, y^′ ∈ C and η^i(x) is monotone mapping in x ∈ C, we get that x ≰ y ∨ y^′ for all x ∈ X^i and y, y^′ ∈ Y^i. Continuing this way, for all i ∈ [m] \ I, we get finally a subfamily Y^′ ⊆ Y of size at least |Y|/

∏_m i=1 q_i(k), such that x ≰ y ∨ y^′ for all x ∈ X and y, y^′ ∈ Y^′. Note, however, that X ⊆ F and Y ⊆ I(F) imply

– 15 –

that, for any distinct y, y^′ ∈ Y, there exists an x ∈ X , such that y ∨ y^′ ≥ x. Consequently, there cannot be more than one element in Y^′, i.e. |Y^′| ≤ 1, and the theorem follows. □

Proof of Theorem 7. First, we observe that if P_ϕ is the evaluation polynomial for a monotone formula ϕ, and P^′_ϕ is the evaluation polynomial for the conjunctive normal form (CNF) representation of ϕ then

P^′_ϕ(x_1, . . . , x_m) ≤ P_ϕ(x_1, . . . , x_m),

for all positive integers x_1, . . . , x_m. Thus we may assume without loss of generality that the formula ϕ(Y_1, . . . , Y_m) =

⋀_r j=1 ⋁ i∈I_j Yj is given in CNF form, i.e. Fϕ = F1 ∧ · · · ∧ Fr,

where F_1, . . . , F_r are minimal feasible solutions satisfying monotone disjunctions of linear/transversal or polymatroid inequalities. From Theorem 6, we conclude that

q_{Fj} (k) ≤ ∏ i∈I_j

q_i(k), for j = 1, . . . , r.

Form Theorem 4, we conclude that

q_F (k) ≤ r∑ j=1 q_{Fj} (k) = r∑ j=1 ∏ i∈I_j

q_i(k) = P_ϕ(q_1(k), . . . , q_m(k)).

□ 4 Applications

Disjunctive Programming. Let A_1 ∈ R^{r1×n}_+ , . . . , A_m ∈ R^{rm×n}_+ be non-negative real matrices, and b^1 ∈ R^{r1}_+ , . . . , b^m ∈ R^{rm}_+ be positive real vectors. Consider the following disjunctive normal form (DNF) of linear monotone inequalities [5]: m⋁ i=1 (A_ix ≥ b_i), x ∈ R^n_+. (16)

It follows from Theorem 1 that, if m is bounded by a constant then all minimal integer solutions of (16) can be enumerated in incremental quasi-polynomial time. In contrast, when m is unbounded but max{r_1, . . . , r_m} ≤ const, Theorem 1 implies a quasi-polynomial incremental algorithm for enumerating all maximal infeasible vectors for (16).

Data mining. Given a binary database D ⊆ {0, 1}^n, an integer threshold t, a subset X ⊆ [n] is said to be t-frequent if s(X) = |{Y ∈ D : Y ⊇ X}| ≥ t and t-infrequent if s(X) < t. It is easy to see that the function f(X) = |D|−s(X) is the transversal function for

– 16 –

the hypergraph H = {[n] \ Y : Y ∈ D}. Let D_1, . . . , D_m be m binary databases, t_1, . . . , t_m be real thresholds, and consider the family

F = min{X ⊆ [n] | ∃i ∈ [m] : X is t_i-infrequent with respect to D_i}.

For instance, each database D_i may represent the set of items purchased in each weekday i = 1, . . . , m = 7, with F representing the family of minimal collections of items that lie below a specified purchase threshold in at least one of the 7 days of the week. Clearly, F is the family of minimal true vectors for the disjunction of transversal inequalities, and thus, for constant m, the elements of F can be enumerated in incremental quasi-polynomial time by Theorem 2. The generation of maximal frequent and minimal infrequent sets arises in the generation of association rules in data mining applications, see e.g. [2, 3, 20]. Sparse boxes. Another notion related to data mining applications is that of sparse boxes. Let S be a set of points in n dimensions, and t ≤ |S| be a given integer. A maximal t-box is a closed n-dimensional interval which contains at most t points of S in its interior, and which is maximal with respect to this property (i.e., cannot be extended in any direction without strictly enclosing more points of S). Typically, the set of points S represents the set of records in a quantitative database, and maximal sparse boxes correspond to empty or nearly empty regions in the data space [4, 15, 17, 23, 24]. It is not difficult to see that the family F_{S,t} of maximal sparse boxes, with respect to a given set of n-dimensional points S and a given threshold t ∈ Z_+, can be represented as the set of minimal feasible vectors of a transversal inequality over a 2n-dimensional box C [10]. Given m databases S_1, . . . , S_m, and thresholds t_1, . . . , t_m, one may be interested in finding all maximal regions in space which are sparse with respect to at least one of the databases, i.e. finding the disjunction F = ⋁_m

i=1 F_{Si,ti} . Theorem 2 implies that the family F can be generated in quasi-polynomial time if the number of databases m is constant. In contrast, mining all maximal boxes that are sparse for all m databases can be done in incremental quasi-polynomial time regardless of m. Let us add that only exponential algorithms were previously known in the literature for mining sparse boxes.

Matroid intersections. Given m matroids M_1, . . . , M_m, defined on the common ground set V by m independence oracles, Lawler, Lenstra and Rinnooy Kan [22] considered the problem of enumerating all maximal sets X ⊆ V independent in all the matroids. They gave an exponential-time enumeration algorithm whose running time is O(|V |^{m+2}) per each generated maximal independent set. Since a set X ⊆ V is independent in a matroid if and only if rank^∗(V \ X) ≥ rank^∗(V ), where rank^∗(·) is the rank function for the dual matroid, Theorem 3 implies that the above problem can be solved in incremental quasi-polynomial time regardless of m. (Specifically, k maximal sets independent in M_1, . . . , M_m can be generated in K^{o(log K)} time and poly(K) independence tests, where K = max{k, |V |, m}.) When m is fixed, Theorem 3 also implies an incremental quasi-polynomial-time for generating all maximal sets X independent in at least one of the matroids M_1, . . . , M_m. Our next example deals with graphic matroids.

Reliability. Let R be a finite set of vertices, R_1, . . . , R_m ⊆ R be m possibly intersecting subsets of R, and E_1, . . . , E_n ⊆

(_R 2 ) be a collection of n sets of edges on R. Given a set

– 17 –

X ⊆ [n] and i ∈ [m], define c_i(X) to be the number of connected components of the graph (R_i, ⋃ i∈X (E_i ∩

(_{Ri} 2 ) )). Then for any integral threshold t_i, the inequality f_i(X) = |R_i| − c_i(X) ≥ t_i is polymatroid. In particular, if t_i = |R_i| − 1 and c_i([n]) = 1 then the family F_i is the set of all minimal collections of the input sets of edges E_1, . . . , E_n which interconnect all vertices in R_i. In network reliability applications (see e.g., [1, 14, 16, 26]), the sets of edges E_1, . . . , E_n correspond to relays, each controlled by a single switch which may work or fail, and the sets of vertices R_1, . . . , R_m correspond to regions, or sets of nodes in the network, whose connectivity is to be observed. It may be the case that the connectivity of the whole network is measured by the connectivity of these regions, e.g. the network is considered working properly if at least one of the regions R_i is connected, or more generally if a certain monotone Boolean expression ϕ on the connectivity of these regions is satisfied. It follows from Theorem 3 that if the number of prime implicants of ϕ is bounded by a constant, then all minimal collections of relays maintaining the connectivity of the network, as defined by the Boolean expression ϕ, can be enumerated in incremental quasi-polynomial time.

Statistics. Let (S, 2^S , μ_1), . . . , (S, 2^S, μ_m) be m probability spaces defined on some finite sample space S. Given a set H ⊆ 2^S of events, we are interested in finding all minimal collections X ⊆ H of events the probability of the union of which exceeds some threshold t, with respect to at least one of the measures μ_1, . . . , μ_m, i.e. ( Pr_{μ1} [ ⋃ X∈X X] ≥ t ) ∨ · · · ∨ ( Pr_{μm} [ ⋃ X∈X X] ≥ t ) . The above condition is an example of the disjunction of transversal functions, and for constant m, the family of minimal such collections can be enumerated in quasi-polynomial time. This is also true for arbitrary monotone ∨, ∧ -conditions of bounded ∨-degree.

References

[1] U. Abel and R. Bicker, Determination of All Cutsets Between a Node Pair in an Undirected Graph, IEEE Transactions on Reliability 31 (1986) pp. 167–171.

[2] R. Agrawal, T. Imielinski and A. Swami, Mining association rules between sets of items in massive databases, in Proc. the 1993 ACM-SIGMOD Int. Conf. Management of Data, pp. 207–216.

[3] R. Agrawal, H. Mannila, R. Srikant, H. Toivonen and A. I. Verkamo, Fast discovery of association rules, in Advances in Knowledge Discovery and Data Mining (U. M. Fayyad, G. Piatetsky-Shapiro, P. Smyth and R. Uthurusamy, eds.), pp. 307–328, AAAI Press, Menlo Park, California, 1996.

– 18 –

[4] M. J. Atallah and G. N. Fredrickson, A note on finding a maximum empty rectangle, Discrete Applied Mathematics 13 (1986) pp. 87–91.

[5] E. Balas, Disjunctive Programming, Annals of Discrete Mathematics 5, (1979) pp. 3–51.

[6] E. Balas and E. Zemel, All the facets of zero-one programming polytopes with positive coefficients. Management Science Research Report 374, Carnegie Mellon University, Pittsburgh, 1975.

[7] J. C. Bioch and T. Ibaraki, Complexity of identification and dualization of positive Boolean functions, Information and Computation 123 (1995) pp. 50–63.

[8] E. Boros, K. Elbassioni, V. Gurvich and L. Khachiyan, An inequality for polymatroid functions and its applications, Discrete Applied Mathematics 131 (2)(2003), pp. 255–281.

[9] E. Boros, K. Elbassioni, V. Gurvich, L. Khachiyan and K. Makino, Dual-bounded generating problems: All minimal integer solutions for a monotone system of linear inequalities, SIAM Journal on Computing, 31 (5) (2002) pp. 1624–1643.

[10] E. Boros, K. Elbassioni, V. Gurvich, L. Khachiyan and K. Makino, An Intersection Inequality for Discrete Distributions and Related Generation Problems, in Automata, Languages and Programming, 30-th International Colloquium, ICALP 2003, Lecture Notes in Computer Science (LNCS) 2719 (2003) pp. 543–555.

[11] E. Boros, K. Elbassioni, V. Gurvich, and L. Khachiyan, Extending the Balas-Yu bounds on the number of maximal independent sets in graphs to hypergraphs and lattices, Math. Programming, Ser. B 98 (2003), 355-2003.

[12] E. Boros, V. Gurvich, L. Khachiyan and K. Makino, Dual-bounded generating problems:

partial and multiple transversals of a hypergraph, SIAM Journal on Computing 30 (6) (2001) 2036-2050. (DIMACS Technical Report 1999-62, Rutgers University).

[13] E. Boros, V. Gurvich, L. Khachiyan and K. Makino, Generating weighted transversals of a hypergraph, Dual-Bounded Generating Problems: Weighted Transversals of a Hypergraph, Discrete Applied Mathematics 142(1-3) (2004) pp. 1–15.

[14] V.K. Bansal, K.B. Misra and M.P. Jain, Minimal Pathset and Minimal Cutset Using Search Technique, Microelectr. Reliability 22 (1982) pp. 1067–1075.

[15] B. Chazelle, R. L. (Scot) Drysdale III and D. T. Lee, Computing the largest empty rectangle, SIAM Journal on Computing, 15(1) (1986) pp. 550–555.

[16] C. J. Colburn, The Combinatorics of Network Reliability, Oxford Univ. Press, New York, 1987.

– 19 –

[17] J. Edmonds, J. Gryz, D. Liang and R. J. Miller, Mining for empty rectangles in large data sets, in Proc. 8th Int. Conf. on Database Theory (ICDT), Jan. 2001, Lecture Notes in Computer Science 1973, pp. 174–188.

[18] T. Eiter and G. Gottlob, Identifying the minimal transversals of a hypergraph and related problems, SIAM Journal on Computing, 24 (1995) pp. 1278–1304.

[19] M. L. Fredman and L. Khachiyan, On the complexity of dualization of monotone disjunctive normal forms, Journal of Algorithms, 21 (1996) pp. 618–628.

[20] D. Gunopulos, R. Khardon, H. Mannila, and H. Toivonen, Data mining, hypergraph transversals and machine learning. In: Proceedings of the 16th ACM-SIGACT- SIGMOD-SIGART Symposium on Principles of Database Systems, (1997) pp. 12-15.

[21] V. Gurvich and L. Khachiyan, On generating the irredundant conjunctive and disjunctive normal forms of monotone Boolean functions, Discrete Applied Mathematics, 96-97 (1999) pp. 363–373.

[22] E. Lawler, J. K. Lenstra and A. H. G. Rinnooy Kan, Generating all maximal independent sets: NP-hardness and polynomial-time algorithms, SIAM Journal on Computing, 9 (1980) pp. 558–565.

[23] B. Liu, L.-P. Ku and W. Hsu, Discovering interesting holes in data, In Proc. IJCAI, pp.

930–935, Nagoya, Japan, 1997.

[24] B. Liu, K. Wang, L.-F. Mun and X.-Z. Qi, Using decision tree induction for discovering holes in data, In Proc. 5th Pacific Rim International Conference on Artificial Intelligence, pp. 182-193, 1998.

[25] M. Pfetsch, The Maximum feasible Subsystem Problem and Vertex-Facet Incidences of Polyhedra, Dissertation, TU Berlin, 2002.

[26] J. S. Provan and M. O. Ball, Computing Network Reliability in Time Polynomial in the Number of Cuts, Operations Research 32 (1984) pp. 516–526.

[27] F. Stork and M. Uetz, On the Generation of Circuits and Minimal Forbidden Sets, Mathematical Programming, Series A, to appear, 2004.