DIMACS Technical Report 2005-06 February 2005

Even-hole-free and Balanced Circulants by Diogo Andrade^1 RUTCOR, Rutgers University 640 Bartholomew Road Piscataway NJ 08854-8003 dandrade@rutcor.rutgers.edu

Endre Boros^2 RUTCOR, Rutgers University 640 Bartholomew Road Piscataway NJ 08854-8003 boros@rutcor.rutgers.edu

Vladimir Gurvich^3 RUTCOR, Rutgers University 640 Bartholomew Road Piscataway NJ 08854-8003 gurvich@rutcor.rutgers.edu

1Partially supported by DIMACS Winter Graduate Student Award of 2003. 2Partially supported by the National Science Foundation (Grant IIS-0118635). 3Partially supported by DIMACS, National Science Foundation (Grant IIS-0118635) and by American Institute of Mathematics.

DIMACS is a collaborative project of Rutgers University, Princeton University, AT&T Labs– Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research, Microsoft Research and Stevens Institute of Technology. DIMACS was founded as an NSF Science and Technology Center.

ABSTRACT

In this paper some well-known conjectures about the even-hole-free graphs and balanced graphs are verified under the additional assumption of circular symmetry. Keywords: balanced graph, circulant, circular symmetry, even hole, even-hole-free graph

1 Introduction

A circulant graph (or circulant) is a graph on n vertices where the i^{th} vertex is connected to the j^{th} vertex if |i − j| belongs to the list of edge lengths L. We denote circulants by {l_1, . . . , l_m}_n, where n is the number of vertices and {l_1, . . . , l_m} is the list of edge lengths. Such graphs have circular symmetry. Figure 1 shows the circulant {1, 2}_6: 0 1

2 3 4

5

Figure 1: Circulant {1, 2}_6.

Many standard properties can be reformulated for circulants in arithmetic terms. For example, the circulant {l_1, . . . , l_m}_n is connected iff GCD(n, l_1, . . . , l_m) = 1 and it is bipartite iff n is even, while all l_1, . . . , l_m are odd.

Such simplifications are naturally used in computer experiments allowing to study significantly larger graphs. Given a conjecture C in the form: “all graphs from a family F have a property P ”, it may be difficult to analyze C in general (for the whole family F ), but much easier for the circulants of F . For example, it was conjectured in [8] that each connected kernel-less digraph, except for odd dicycles, contains an edge which can be deleted and the remaining graph is still kernel-less (see also [3]). Yet, in [1] it was shown that the directed circulant {1, 7, 8}_{47} is a counterexample.

It can be also much easier to prove P for the circulants from F than for the whole family F ; see e.g. [2, 4, 10, 7, 9, 11], where C = SPGC, Berge’s Strong Perfect Graph Conjecture. Let us remark that two different approaches were applied: in [10] F is the family of graphs without induced odd holes and antiholes (the so-called Berge graphs) and P means that a graph is perfect, while in [2, 4, 7, 9, 11] F is the family of partitionable graphs and P means that a graph is not Berge. Respectively, the Berge and partitionable circulants are studied in [2, 4, 7, 10, 9, 11].

In this paper we consider balanced and even-hole-free circulants. We will always assume that GCD(n, l_1, . . . , l_m) = 1; in other words, we restrict ourselves to connected circulants. It is easy to see that the circulant (tl_1, . . . , tl_m)_{tn} is just t vertex disjoint copies of the circulant (l_1, . . . , l_m)_n.

– 2 –

2 Even-Hole-Free Graphs

A hole is a chordless cycle of length at least 4. A graph is even-hole-free if it contains no hole of even length.

Conjecture 2.1. (Hoàng). Every even-hole-free graph is 3-divisible.

Conjecture 2.2. (Hoàng). If G is an even-hole-free graph then χ(G) ≤ 2ω(G) − 1.

Conjecture 2.3. (Hayward and Reed). An even-hole-free graph contains a vertex whose neighborhood can be partitioned into two cliques.

These conjecture are presented in [12] together with a short proof that Conjecture 2.3 implies Conjecture 2.2 which implies Conjecture 2.1. Indeed, let G be an even-hole-free graph, Conjecture 2.3 implies that each induced subgraph H of G has a vertex of degree at most 2ω(H) − 2, and therefore χ(G) ≤ 2ω(G) − 1. Since any graph F is^{χ(F )}_{ω(F )−1} -divisible, G is 3-divisible.

Definition 2.1. Given integers k ≥ 1 and m ≥ 0, let us introduce a graph G_E (k, m) = (V, E) with circular symmetry as follows: V = {0, ..., n − 1}, where n = k(2m + 1), and (i, j) ∈ E ⇐⇒ i − j = {−1, 0, +1} (mod (2m + 1)).

For convenience, the loops i = j are included. For example if k = 1, the circulant is an odd cycle of size 2m + 1. If m = 0 (or 1), the circulant is a complete graph of size k (or 3k). Figure 2 illustrates the example where k = 2, m = 2 then n = 10 and (i, j) ∈ E ⇐⇒ i − j (mod 5) ∈ {9, 0, 1; 4, 5, 6}. 0 1 2 3 4 5 6 7 8 9

Figure 2: Circulant {1, 4, 5}_{10}.

We now prove that graphs G_E(k, m) are even-hole-free and then verify for them the three conjectures above.

Definition 2.2. Let ℓ_−, ℓ_0, ℓ_+ be edge types of G_E(k, m) corresponding to edges (i, j) where i − j = {−1, 0, +1} + (2m + 1)t (t ∈ N), respectively.

Lemma 2.1. Given a graph G_E (k, m), any cycle of size greater than 3 that contains two consecutive edges of different types or two consecutive edges of type ℓ_0 has a chord.

– 3 –

Proof. Let l_1, l_2 be the two consecutive edges of different types (or two consecutive edges of type ℓ_0) in the cycle. Summing the lengths of these edges we have: δ + (2m + 1)α (α ∈ N), where δ is the contribution of the {−1, 0, +1} term, and (2m + 1)α is the contribution of the term (2m + 1)t.

Notice that δ ∈ {−1, 0, +1}, because the edges are of different type (or δ = 0 if both edges are of type ℓ_0). Then, l_3 = l_1 + l_2 = δ + (2m + 1)α is a chord creating a chordless cycle of size 3.

Theorem 2.1. The graph G_E (k, m) has no even holes. Moreover, every chordless cycle in G_E (k, m) is of size 3 or 2m + 1.

Proof. Assume by contradiction that there is an even-hole. By Lemma 2.1 we know that such hole cannot contain 2 consecutive edges of different type, or 2 consecutive edges of type ℓ_0, because such hole would have a chord and form a triangle.

Thus, if there is an even-hole it must consist only of edge lengths ℓ_− or only ℓ_+. So assume there is an even-hole consisting of only lengths of type ℓ_+, let H = {h_1, , h_2, . . . , h_p} (p even) be such hole, then we have:

sum of lengths of H = p∑ i=1 h_i = p + α(2m + 1), (α ∈ N)

since H is a hole, p + α(2m + 1) must be a multiple of 2m + 1, therefore p must be a multiple of 2m + 1. Moreover, since p is even, p ≥ 2(2m + 1).

Now, consider the first subgraph of H containing the first 2m edges:

sum of first 2m lengths = 2m∑ i=1 h_i = 2m + β(2m + 1) = γ(2m + 1) − 1, (β, γ ∈ N)

and then, by the definition of G_E, there is a chord of type ℓ_+ that forms an odd-hole of size 2m + 1.

The proof is analogous for a hole consisting of edges of type ℓ_−.

We now present a different way of defining the graphs G_E (k, m), as well as an alternate proof for Theorem 2.1.

Let G be a graph with vertex set V (G) = {v_1, v_2, . . . , v_n}, let G^k be a graph constructed from G by the following operations:

1. Take k copies of each vertex in V (G), i.e. V (G^k) = {v^1 , . . . , v^1_n, v^2_1 , . . . , v^2_n, . . . , v^k_1 , . . . , v^k_n};

2. For each edge (u, v) ∈ E(G), connect {u^1, . . . , u^k, v^1, . . . , v^k} in a 2k clique;

Figure 3 illustrates an example of this operation applied to a cycle of length 5 (C_5). The resulting graph is the circulant {1, 4, 5}_{10}.

Theorem 2.2. A graph G is even-hole-free if and only if G^k is even-hole-free.

– 4 –

v_1

v_2

v_3 v_4 v_5 v^1 v^1_2

v^1_3

v^1_4

v^1_5 v^2_1 v^2 v^2_3 v^2_4 v^2_5

Figure 3: C_5 transformed into C^2_5 (which is the circulant {1, 4, 5}_{10}).

Proof. (⇐=) If G^k is even-hole-free, then all its induced subgraphs are even-hole-free, and G is clearly an induced subgraph of G^k.

(=⇒) Assume that G is even-hole-free but G^k is not. Then, there is an even-hole H = {v^{k1}_{i1} , v^{k2}_{i2} , . . . , v^{km}_{im} }. Clearly i_1 ≠ i_2 . . . ≠ i_m, otherwise there is a chord in H. But since i_1 ≠ i_2 . . . ≠ i_m the induced subgraph on {v^{k1}_{i1} , . . . , v^{km}_{im} } in G^k is the same as the induced subgraph on {v_{i1} , . . . , v_{im} } in G. Therefore, there is no even-hole on G^k.

Lemma 2.2. Let G be an odd cycle of length 2m + 1, then G^k is G_E(k, m).

Proof. Immediate from the definition of G_E (k, m).

It is easy to see that Theorem 2.1 follows from Theorem 2.2 and Lemma 2.2

Proposition 2.1. If m > 1 the maximum cliques of G_E(k, m) are of size 2k, otherwise if m = 0 or 1 the maximum clique is n = k(2m + 1).

Proof. If m = 0 (or 1), G_E(k, m) is a complete graph on n vertices, therefore the maximum clique is n.

Now assume m > 1. Since the graph has circular symmetry, every maximum clique has not only the same size, but also the same structure. So consider an initial vertex u: it is connected to 3k−1 vertices. Let’s divide those vertices into 3 types: v_−, v_0, v_+, corresponding to vertices connected to u by an ℓ_−, ℓ_0, ℓ_+ edge, respectively (notice also that u is a v_0 type vertex).

And by the definition of G_E(k, m), the 2k vertices v_0, v_+ form a clique (and by symmetry, so do the 2k vertices v_−, v_0). Moreover, no vertex v_− is connected to any vertex v_+, and the vertices v_0 are not connected to any other vertices on the graph. So, 2k is the maximum.

Proposition 2.2. If m ≥ 1, the maximum independent sets of G_E(k, m) are of size m.

Proof. Notice that to find the maximum independent set, it suffices to consider an interval of 2m + 1 consecutive vertices (say, from 0 to 2m), because every vertex outside this interval is equivalent^1 to some vertex within this interval.

1Equivalent in the sense that it is connected to the same set of vertices. More specifically, a vertex v (2m + 1 ≤ v < n) is equivalent to mod(v, 2m + 1).

– 5 –

Now, let H be the induced subgraph of an interval of 2m + 1 consecutive vertices of G_E . It is easy to see that H is a cycle on 2m+1 vertices, and therefore its maximum independent set is m.

Proposition 2.3. The chromatic number of G_E(k, m) is at most 2k + ⌊k/m⌋ + 2.

Proof. Follows from Proposition 2.2. For every group of 2m consecutive vertices there are two disjoint independent sets of size m, so we assign one color to each. To the next group of 2m vertices we assign two new colors, and so on.

The graph has a total of n = 2km + k vertices. Assigning the coloring proposed above, the chromatic number χ(G_E ) ≥ 2^{2km+k}_{2m} = 2k + k/m. If mod(k, 2m) = 0, χ(G_E) = 2k + k/m, if mod(k, 2m) = 1, χ(G_E) = 2k + ⌊k/m⌋ + 1, otherwise χ(G_E) = 2k + ⌊k/m⌋ + 2.

Now from Propositions 2.1 and 2.2, Conjectures 2.1 and 2.2 follow immediately. Yet, to prove all 3 conjectures, is suffices to prove Conjecture 2.3. This is done by the following theorem.

Theorem 2.3. An even-hole-free circulant G_E (k, m) contains a vertex whose neighborhood can be partitioned into two cliques.

Proof. Since a circulant has circular symmetry, it does not matter which vertex we pick. The theorem shall work for every vertex v ∈ G_E(k, m).

Let v_−, v_0, v_+ be defined as above, and assign type v_0 to the chosen vertex v. The neighborhood of v consists of k vertices of type v_+, k vertices of type v_− and k − 1 vertices of type v_0. By definition, all vertices v_+ are connected among themselves, and so are all vertices v_−. The v_0 vertices are connected to both types.

Then, one possible partition into two cliques is: one clique contains all neighbors of type v_+ and v_0, and the other clique contains all neighbors of type v_−.

Conjecture 2.4. Every non-empty even-hole-free circulant is isomorphic to a G_E (k, m).

This conjecture was tested by computer for circulants up to 60 vertices.

3 Balanced Graphs

A graph is balanced if every induced cycle has length 0 (mod 4). Obviously, balanced graphs are bipartite.

Conjecture 3.1. (Conforti, Rao) In every balanced graph, there exists an edge that can be deleted, so that the resulting graph remains balanced.

Conjecture 3.2. (Conforti, Cornuejóls, Rao) Every balanced graph is either basic or has a 2-join or a skew-partition.

– 6 –

Recall that a balanced graph G is called basic if all its vertices on one side of the bipartition have degree at most 2 or G contains a hole H such that the vertices of G \ H induce a complete bipartite graph.

The definitions of 2-join and skew-partition can be found in literature, see e.g. [5]. In fact, they are not needed here. We will only make use of the concept of star-cutset which is a special case of skew-partition. This notion was introduced by Chvátal in [6] as follows.

A graph is a star if it has a vertex incident to all other vertices. Given a graph G = (V, E), a vertices-set S ⊆ V is a star-cutset if the induced subgraph G[S] is a star and G[V \ S] is not connected.

Definition 3.1. Given integer k ≥ 1 and m ≥ 1, let us introduce a graph G_B (k, m) = (V, E) with circular symmetry as follows: V = Z_n = {0, 1, ..., n − 1}, where n = 4km, and (i, j) ∈ E ⇐⇒ i − j = {−1, +1} (mod 4m), for some integer t.

For example, if k = 1, then the circulant is a cycle of length 4m. Figure 4 illustrates the case where k = 2, m = 1; then n = 8 and (i, j) ∈ E ⇐⇒ i − j (mod 8) ∈ {1, 3, 5, 7}. 0 1

2

3 4 5

6

7

Figure 4: Circulant {1, 3}_8.

First, we will prove that graphs G_B (k, m) are balanced and then verify for them the above 2 conjectures.

Definition 3.2. Let ℓ_−, ℓ_+ be edge types of G_B(k, m) corresponding to edges (i, j) where i − j = {−1, +1} + (4m)t (t ∈ N), respectively.

Lemma 3.1. Any cycle of size greater than 4 in a given graph G_B(k, m) that contains two consecutive edges of different types has a chord.

Proof. Let l_1, l_2 be the two consecutive edges of different type in the cycle. Summing the lengths of this edges we have: +1 − 1 + 4mα (α ∈ N), where 4mα is the contribution of the term (4m)t.

Let l_3 be an edge of any type following l_2, summing up l_1 + l_2 + l_3 we have δ + 4mβ (β ∈ N). Notice that δ ∈ {−1, +1}, therefore l_4 = l_1 + l_2 + l_3 is a chord, closing a hole of length 4 in the cycle.

– 7 –

Theorem 3.1. The graph G_B (k, m) is balanced. Moreover, every hole in G_B (k, m) has size 4 or 4m.

Proof. Assume for contradiction that the graph is not balanced. By Lemma 3.1 we know that such hole cannot contain edges of different types, since there will be a chord forming a hole of size 4.

Thus, if there is a cycle of length different than 0 (mod 4), it contains only edges of type ℓ_−, or only of type ℓ_+. Assume it contains only ℓ_+edges, let H = {h_1, . . . , h_p} (p ≠ 0 (mod 4)) be the hole, then we have:

sum of lengths of H = p∑ i=1 h_i = p + 4αm, (α ∈ N)

but since H is a hole, p + 4αm must be a multiple of 4km, which implies that p must be 0 (mod 4m).

Now, taking the sum of the lengths of 4m − 1 edges of type ℓ_+, we have: 4m − 1 + 4mβ = −1 + 4mβ (β ∈ N), then, by definition of G_B, there is and ℓ_+ edge e such that e + −1 + 4mβ = t(4km) (t ∈ N), which implies that p = 4m.

The proof is analogous for a hole consisting of edges of type ℓ_−.

Theorem 3.2. Every balanced circulant G_B (k, m) is either basic or has a star-cutset.

Proof. If k = 1, then G_B is a cycle of length 4m which is basic. If k > 1, G_B is not basic, however it has a star-cutset. Indeed, pick any vertex u in G_B , and partition all other vertices in three sets V_−, V_0, V_+, respectively, v ∈ V_−, V_0, V_+ if u − v = {−1, 0, +1} (mod 4m).

Then S = {u} ∪ V_− ∪ V_+ is a star-cutset. Indeed, clearly S is a star with the center u and S is a cutset, since G[V_0] consists of isolated vertices.

Clearly, this theorem implies Conjecture 3.2, since star-cutset is a special case of skewpartition. u v_+

v_− v_0 v_+ v_−

Figure 5: Illustration of Theorem 3.2 on Circulant {1, 3}_8.

Figure 5 illustrates Theorem 3.2 on Circulant {1, 3}_8. The star cutset consists of u and the four vertices of type v_− and v_+. The vertex v_0 is disconnected after the removal of the cutset.

– 8 –

Lemma 3.2. Given a graph G_B(k, m), we have:

(i) Every cycle of length 4i + 2 has at least two chords.

(ii) A (4i + 2)-cycle has exactly two chords if and only if m > 1, i = 1, that is the cycle is of length 6, and the edge type sequence is ℓ_+, ℓ_+, ℓ_+, ℓ_−, ℓ_−, ℓ_−.

Proof. Notice that a (4i + 2)-cycle must contain at least one edge of each type, otherwise, the sum of the edge lengths will not be a multiple of n = 4km (in other words, it would not be a cycle).

Let l_1, l_2 be the consecutive edges of different type, l_0 be the edge preceding l_1, and l_3 be the edge following l_2 in the cycle. Then, by Lemma 3.1, c_1 = l_0 + l_1 + l_2 is a chord, and c_2 = l_1 + l_2 + l_3 is a chord. This proves (i).

To prove (ii), we start by proving that no (4i + 2)-cycle of length greater than 6 can have 2 chords. Let us split into 2 cases:

1. There is 1 edge of one type and 4i + 1 edges of the other. Assume the 1 edge is of type ℓ_− and the remaining of type ℓ_+. Let l_0, l_1, l_2, l_3, l_4 be consecutive edges of type ℓ_+, ℓ_+, ℓ_−, ℓ_+, ℓ_+, respectively. By Lemma 3.1, c_1 = l_0 + l_1 + l_2, c_2 = l_1 + l_2 + l_3 and c_3 = l_2 + l_3 + l_4 are chords. The same reasoning can be applied with the edge types reverted. The graph on the left on Figure 6 illustrates this case.

2. There are at least 2 different edges of each type. This implies that there are 2 distinct pairs of consecutive edges with different types. Each of these pairs causes the cycle to have 2 chords. Furthermore, those chords do not coincide because the cycle has length greater than 6. So in this case, there are at least 4 chords in the cycle. The graph on the right on Figure 6 illustrates this case. . . .

ℓ_− ℓ_+ ℓ_+ ℓ_+ ℓ_+ c_1

c_2 c_3

. . .

. . .

ℓ_+

ℓ_− ℓ_+

ℓ_−

Figure 6: Illustration of cases (1) and (2) above.

Assume now that we have a 6-cycle. First, notice that there are only 3 distinct chords that divided the 6-cycle into two 4-cycles. We split into 4 cases:

1. There is 1 edge of one type (say ℓ_−) and 5 of the other (ℓ_+). Notice that this case can only happen when m = 1, because if we sum the edge lengths we have

∑_6 i=1 l_i = 4mα + 4, (α ∈ N) and this can only be a multiple of 4mk if m = 1. Then it is easy to see that the 6-cycle has 3 chords. The graph on the left on Figure 7 illustrates this case.

– 9 –

2. There are 3 edges of each type, and 3 distinct pairs of consecutive edges of different types. Notice that there are 2 ways (w.l.o.g.) that it can happen: (ℓ_+, ℓ_−, ℓ_+, ℓ_−, ℓ_+, ℓ_−) or (ℓ_+, ℓ_−, ℓ_−, ℓ_+, ℓ_−, ℓ_+). In both cases, it can be seen that the 6-cycle has 3 chords, by arguments similar to those on Lemma 3.1. The graph in the middle on Figure 7 illustrates this case.

3. There are 3 edges of each type, and the edge type distribution is (ℓ_+, ℓ_+, ℓ_+, ℓ_−, ℓ_−, ℓ_−).

Here there are only two distinct pairs of consecutive edges of different types. This gives 2 chords. The third chord exists if and only if m = 1, and the argument is the same as presented on case (1). The graph on the right on Figure 7 illustrates this case, the dashed edge is the chord that may or may not exist (depending if m = 1 or m > 1).

ℓ_−

ℓ_+

ℓ_+ ℓ_+ ℓ_+ ℓ_+ ℓ_−

ℓ_+

ℓ_− ℓ_+ ℓ_− ℓ_+ ℓ_+

ℓ_+

ℓ_+ ℓ_− ℓ_− ℓ_−

Figure 7: Illustration of cases (1), (2) and (3) above.

This concludes the proof of (ii).

Theorem 3.3. In every balanced circulant G_B (k, m), there exists an edge that can be deleted, so that the resulting graph remains balanced.

Proof. Every balanced graph is bipartite and obviously remains bipartite after deleting an edge. Further, according to Lemma 3.2 (i) every (4i + 2)-cycle has at least two chords, hence it cannot become chordless after deleting only one edge.

Conjecture 3.3. Every balanced circulant is isomorphic to a G_B(k, m).

This conjecture was tested by computer for circulants up to 60 vertices.

References

[1] A. Apartsin, E. Ferapontova, and V. Gurvich. A circular graph – counterexample to the duchet kernel conjecture. Discrete Mathematics, 178:229–231, 1998.

[2] Gábor Bacsó, Endre Boros, Vladimir Gurvich, Frédéric Maffray, and Myriam Preissmann. On minimal imperfect graphs with circular symmetry. Journal of Graph Theory, 29:209–225, 1998.

– 10 –

[3] C. Berge and P. Duchet. Recent problems and results about kernels in directed graphs.

Discrete Mathematics, 86:27–31, 1990.

[4] Endre Boros and Vladimir Gurvich. When is a circular graph minimally imperfect?

RUTCOR Research Report, 22-93, 1993.

[5] M. Chudnovsky, N. Robertson, P. Seymour, and R. Thomas. Progress in perfect graphs.

Math. Programming.

[6] V. Chvátal. Star-cutsets and perfect graphs. J. Combin. Theory Ser. B, 39(3):189–199, 1985.

[7] V. Chvátal, R. L. Graham, A. F. Perold, and S. H. Whitesides. Combinatorial designs related to the perfect graph conjecture. Discrete Mathematics, 26:83–92, 1979.

[8] P. Duchet. Graphs noyaux parfaits. Annals of Discrete Mathematics, 9:93–101, 1980.

(North-Holland, Amsterdan).

[9] C. Grinstead. On circular critical graphs. Discrete Mathematics, 51:11–24, 1984.

[10] V. Gurvich, A. Shapovalov, A. Temkin, and V. Udalov. Rotable graphs without odd holes and odd anti-holes. Dokl. Akad. Nauk, 329:411–415, 1990. (in Russian); also: Russian Acad. Sci. Dokl. Math. (in English).

[11] V. Gurvich and M. Temkin. Berge’s conjecture is true for rotatable graphs. Doklady Akad. Nauk, 332:144–148, 1993. (in Russian).

[12] Chinh Hoàng. Even-Hole-Free Graphs contribution to the American Institute of Math Perfect Graph Web Page - http://www.aimath.org/WWN/perfectgraph/articles/html/26a/.