DIMACS Technical Report 2004-57 December 2004

Does Wee1 inhibit the entry to M phase? by Liming Wang^1 Department of Mathematics Rutgers University New Brunswick, New Jersey 08903

1supported in part by DIMACS award programs for graduate students, summer 2004

DIMACS is a collaborative project of Rutgers University, Princeton University, AT&T Labs– Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research and Microsoft Research. DIMACS was founded as an NSF Science and Technology Center.

ABSTRACT

Active Wee1 is believed to have negative effect on the entry to M phase. It seems quite obvious since active Wee1 helps adding a phosphate to the tyrosine-15 (Tyr15) site of the active M phase promoting factor to make it inactive. But on the other hand, acitve Wee1 can also adds a phosphate to the non-phosphorylated M phase promoting factor (MPF), the product then has a great chance to become active too. In this way, Wee1 act positively on the entry to M phase. This paper addressed the question that whether Wee1 inhibits or promotes M phase through a mathematical point of view. Both assumptions, the mass action and the Michaelis-Menten, are discussed. Under the assumption of mass action Wee1 always inhibits the M phase, while under Michaelis-Menten, it depends on the certain condition of steady state concentrations of two different forms of MPF. Biological experiments suggest that the condition is hold so that Wee1 does inhibit M phase.

1 Introduction

Cell cycle consists of several phases, of which M phase exhibits the most dramatic changes. The driven factor of M phase is believed to be the active form of MPF, see [4]. MPF is a complex formed by cdc2 and cyclin B. There are two phosphorylation sites on MPF, Tyr15 and Thr161, which leads to four different forms of MPF, but MPF is active only when Thr161 site is phosphorylated, denoted as MPF-P.

Wee1 and cdc25 are the kinase and phosphatase for the phosphorylation at site Tyr15 respectively. Active Wee1 helps to add a phosphate to the Tyr15. In this way, Wee1 either makes MPF-P to be phosphorylated at both Tyr15 and Thr161 (denoted as P-MPF-P) or makes non-phosphorylated MPF (denoted as MPF) to be phosphorylated at the Tyr15 site, denoted as P-MPF. On the other hand, cdc25 removes a phosphate from the Tyr15. It activates P-MPF-P or makes MPF from P-MPF. This process can be better seen in Figure 1. Notice that the real system also has negative (respectively, positive) feedback from MPF-P to active Wee1 (respectively, active cdc25). The feedback will give rise to a very interesting bistablility phenomena, see [2]. For the purpose of this paper, we cut the feedback and focus on the open loop system.

Figure 1: The conversions between different forms for MPF. The last complex is the active form of MPF.

Biological experiments proved that active Wee1 has negative effect on the entry to M phase, see [3] and [1]. But this is not obvious at all from Figure 1. The point of this paper is to contribute a better understanding of this fact in a mathematical way. The organization of the paper is as follows. Section 2 proved the negative effect of Wee1 under the assumption of mass action. Section 3 showed that under certain condition, the same conclusion still holds with the assumption of Michaelis-Menten. A counterexample is constructed where the condition is violated. Section 4 summarized the results and discussed possible directions to go beyond this problem.

2 Negative effect under the assumption of mass action

Under the assumption of mass action, we can actually prove the result for a larger class of chemical reactions. Consider the following chemical reactions of various forms of protein C:

B_0 + C_0 ⇌ C_1^U⇌_V C_2 · · ·^U⇌_V C_n^{kn}⇌_{k−n} C_{n+1} · · ·^V⇌_U C_{2n−1}^V⇌_U C_{2n}

– 2 –

The special case of n = 2,

B_0 + C_0 ⇌ C_1^U⇌_V C_2^{k2}⇌_{k−2} C_3^V⇌_U C_4,

corresponds to Figure 1 where cdc2, cyclin B, MPF, P-MPF, P-MPF-P, MPF-P, active Wee1 and active cdc25 are denoted as B_0, C_0, C_1, C_2, C_3, C_4, U and V respectively.

Let’s use the small letter for the concentration, and write down the differential equations:

ḃ_0 = −σ(b_0, c_0) + γ(c_1)

ċ_0 = −σ(b_0, c_0) + γ(c_1) ċ_1 = σ(b_0, c_0) − γ(c_1) − α_1(u)c_1 + β_2(v)c_2 ċ_2 = α_1(u)c_1 − β_2(v)c_2 − α_2(u)c_2 + β_3(v)c_3 . . . . . . ċ_i = α_{i−1}(u)c_{i−1} − β_i(v)c_i − α_i(u)c_i + β_{i+1}(v)c_{i+1} . . . . . . ċ_n = α_{n−1}(u)c_{n−1} − β_n(v)c_n − k_nc_n + k_{−n}c_{n+1} ċ_{n+1} = k_nc_n − k_{−n}c_{n+1} + α_{n−1}(u)c_{n+2} − β_n(v)c_{n+1} . . . . . . ċ_{2n−i} = −α_{i+1}(u)c_{2n−i} − β_{i+2}(v)c_{2n−i−1} + α_i(u)c_{2n−i+1} − β_{i+1}(v)c_{2n−i} . . . . . . ċ_{2n−1} = −α_2(u)c_{2n−1} + β_3(v)c_{2n−2} + α_1(u)c_{2n} − β_2(v)c_{2n−1} ċ_{2n} = −α_1(u)c_{2n} + β_2(v)c_{2n−1}.

We make the natural assumptions:

1. σ is a differentiable function [0, ∞) × [0, ∞) → [0, ∞). Its partial derivatives are both positive, and σ(0, c) = σ(b, 0) = 0 for any b, c ∈ [0, ∞).

2. γ is a differentiable function [0, ∞) → [0, ∞) with positive derivative and γ(0) = 0.

3. α_i, β_i are differentiable functions [0, ∞) → [0, ∞) with positive derivatives and α_i(0) > 0, β_i(0) > 0 for each i. Notice that if U (respectively, V) does not play a role in the reaction of C_i → C_{i+1} and C_{2n−i} → C_{2n−i+1} for some i < n, the corresponding α_i (respectively, β_{i+1}) will just be a positive constant.

4. c_0 +

∑_{2n}

i=1 c_i = c_T , b_0 +

∑_{2n} i=1 c_i = b_T . Let’s denote X as the intersection of c_0 +

∑_{2n} i=1 c_i = c_T , b_0 +

∑_{2n}

i=1 c_i = b_T with the nonnegative orthant of R^{2n+2}. Notice that X is invariant.

With the above assumptions, we have

– 3 –

Theorem 1 For any constant u, v ∈ [0, ∞), the above system has an unique steady state s = (b̄_0, c̄_0, · · · , c̄_{2n}) in X, so s as a function of u and v is well defined. The partial derivative of c̄_{2n} with respect to u (respectively, v) is negative (respectively, positive), i.e. c̄_{2n} is a strictly decreasing (respectively, increasing) function of u (respectively, v).

Proof: Setting the right hand sides of the differential equations to zero, we get:

γ(c̄_1) = σ(b̄_0, c̄_0) (1)

c̄_i = β_{i+1}(v) α_i(u) c̄_{i+1} (2)

c̄_n = k_{−n} k_n c̄_{n+1} (3)

c̄_{2n−i} = α_i(u) β_{i+1}(v) c̄_{2n−i+1}, (4)

where 1 ≤ i ≤ n − 1. If there are two steady states, say s_1 = (b̄^1_0, c̄^1_0, · · · , c̄^1_{2n}) and s_2 = (b̄^2_0, c̄^2_0, · · · , c̄^2_n), without loss of generality, we can assume c̄^1_{2n} ≥ c̄^2_n. Then it is easy to see that c̄^1_i ≥ c̄^2_i for 1 ≤ i ≤ 2n. By assumption 1 and 4,

γ(c̄^1) = σ(b̄^1_0, c̄^1_0) ≤ σ(b̄^2_0, c̄^2_0) = γ(c̄^2_1).

The equality has to hold and therefore s_1 = s_2. Since the steady state is unique, s as a function of u and v is well defined. By assumptions 1,2 and 3, s is also differentiable with respect to u and v. Next, we will show that^{∂c̄2n}_{∂u} < 0.

It follows from (2), (3) and (4) that 2n∑ i=1 c̄_i = c̄_{2n}(1 + k_{−n} k_n

)(1 + n−1∑ i=1 i∏ j=1 α_j(u) β_{j+1}(v) ).

It looks complicated, but we only need the property that

∑_{2n}

i=1 c_i is increasing in u, then the assumption 4 will give^{∂b̄0}_{∂u} < 0 and^{∂c̄0}_{∂u} < 0. Differentiating both sides of (2) with respect to u, we have ∂c̄_1 ∂u = ∂σ ∂b̄_0

∂b̄_0 ∂u + ∂σ ∂c̄_0

∂c̄_0 ∂u < 0.

Since c̄_1 =^{k−n}_{kn} c̄_{2n},^{∂c̄2n}_{∂u} < 0 also. The proof for^{∂c̄2n}_{∂v} > 0 follows the same way. □ For our special case of n = 2, theorem 1 says that the concentration of MPF-P is a strictly decreasing function of the concentration of Wee1, that is, Wee1 inhibits MPF-P. But one thing about enzyme reactions is that they do not follow the law of mass action directly, the rate of reaction reaches a maximal velocity at high substrate concentrations. In the next section the same problem is considered when we introduce saturation.

– 4 –

3 Negative effect under the assumption of Michaelis- Menten

Unfortunately, the same conclusion does not always hold when the saturation appears. Here is an example:

ḃ_0 = −b_0c_0 + c_1 ċ_0 = −b_0c_0 + c_1 ċ^′_1 = b_0c_0 − c_1 − 1 2 (u + 1) c_1 1 + c_1 + c_2 1 + c_2 ċ_2 = 1 2 (u + 1) c_1 1 + c_1 − c_2 1 + c_2

− c_2 + 4c_3

ċ_3 = c_2 − 4c_3 − c_3 1 + c_3 + 1 2 (u + 1) c_4 1 + c_4 ċ_4 = c_3 1 + c_3 − 1 2 (u + 1) c_4 1 + c_4

with c_0 + c_1 + c_2 + c_3 + c_4 = 10 = b_0 + c_1 + c_2 + c_3 + c_4. (5) The system satisfies all the assumptions in section 2, replacing the law of mass action by Michaelis-Menten. Solving the steady state, we get

b̄_0c̄_0 = c̄_1

c̄_1 =

−4c̄_4 −^3_2 (u + 1)c̄_4 − 1 + 3c̄_4 c̄_2 = 4c̄_3

c̄_3 =

−^1_2 (u + 1)c̄_4 −1 − c̄_4 +^1_2 (u + 1)c̄_4 . At u = 1, it follows from (5) that c̄_4(1) = 1. So

∂(c̄_1 + c̄_2 + c̄_3) ∂u |_{u=1} = −1. (6)

Differentiating both sides of b̄_0c̄_0 = c̄_1 with respect to u and using (6), one can get^{∂c̄4}_{∂u} |_{u=1} > 0, see Figure 2 for the simulation of this system.

This example tells us that we need more conditions for^{∂c̄4}_{∂u} < 0 to hold when there is

– 5 –

Figure 2: This is the simulation of the system above. At the beginning, the steady state of c̄_4 is increasing with respect to u, which contradicts the result of section 2 that c̄_4 is a strictly decreasing function of u.

saturation in the system. Consider ḃ_0 = −σ(b_0, c_0) + γ(c_1) ċ_0 = −σ(b_0, c_0) + γ(c_1) ċ_1 = σ(b_0, c_0) − γ(c_1) − α(u) c_1 1 + c_1

+ β(v) c_2 1 + c_2 ċ_2 = α(u) c_1 1 + c_1

− β(v) c_2 1 + c_2

− δ(c_2) + η(c_3)

ċ_3 = δ(c_2) − η(c_3) − β(v) c_3 1 + c_3

+ α(u) c_4 1 + c_4 ċ_4 = β(v) c_3 1 + c_3

− α(u) c_4 1 + c_4 , with the assumptions:

1. σ is a differentiable function [0, ∞) × [0, ∞) → [0, ∞) × [0, ∞). Its partial derivatives are both positive, and σ(0, c) = σ(b, 0) = 0 for any b, c ∈ [0, ∞).

2. γ, δ, η are differentiable functions [0, ∞) → [0, ∞) with positive derivatives and γ(0) = δ(0) = η(0) = 0.

3. α, β are differentiable functions [0, ∞) → [0, ∞) with positive derivatives and α(0) > 0, β(0) > 0.

4. c_0 +

∑_4 i=1 c_i = c_T , b_0 +

∑_4 i=1 c_i = b_T . Let’s denote X as the intersection of c_0 +

∑_4 i=1 c_i = c_T , b_0 +

∑_4

i=1 c_i = b_T with the nonnegative orthant of R^6.

Theorem 2 For any constant u, v ∈ [0, ∞), the above system has an unique steady state s = (b̄_0, c̄_0, · · · , c̄_4) in X, so s as a function of u and v is well defined. The partial derivative

– 6 –

of c̄_4 with respect to u (respectively, v) is negative (respectively, positive) if η^′c̄_3(c̄_3 + 1) > δ^′c̄_2(c̄_2 + 1). (7) Proof: At the steady state we have γ(c̄_1) = σ(b̄_0, c̄_0)

c̄_1 = β(v)c̄_2 α(u) + α(u)c̄_2 − β(v)c̄_2 δ(c̄_2) = η(c̄_3)

c̄_3 = α(u)c̄_4 β(v) + β(v)c̄_4 − α(u)c̄_4

. (8)

Let’s think c̄_4 as an independent variable for now, c̄_i (i = 0, 1, 2, 3) and b_0 are functions of u, v and c̄_4. It is easy to see that^{∂c̄i}_{∂c̄4} > 0 for i = 0, 1, 2, 3. Using the same argument in theorem 1, one can prove the uniqueness of s.

Next we claim that^{∂c̄1}_{∂u} > 0, keeping in mind that we think c̄_1 as a function of u, v and c̄_4. By a straightforward calculation, ∂c̄_1 ∂u = β(v) (α(u) + c̄_2α(u) − c̄_2β(v))^2

(α(u) η^′ δ^′

∂c̄_3 ∂u − α^′(u)c̄_2 − α^′(u)c̄^2).

It is positive if α(u) η^′ δ^′

∂c̄_3 ∂u > α^′(u)c̄_2 + α^′(u)c̄^2. (9)

Because of (8), α(u)

∂c̄_3 ∂u = α^′(u)(c̄_3 + c̄^2_3),

and (9) is equivalent to η^′ δ^′

(c̄_3 + c̄^2_3) > c̄_2 + c^2.

That is exactly (7).

From (9), we also get^{∂c̄3}_{∂u} > 0, therefore^{∂c̄2}_{∂u} > 0 also. Differentiating both sides of γ(c̄_1) = σ(b̄_0, c̄_0) with respect to u, we get

γ^′(

∂c̄_1 ∂u + ∂c̄_1 ∂c̄_4

∂c̄_4 ∂u ) + ( ∂σ ∂b̄_0 + ∂σ ∂c̄_0 )( ∂(c̄_1 + c̄_2 + c̄_3) ∂u + ∂(c̄_1 + c̄_2 + c̄_3)

∂c̄_4

∂c̄_4 ∂u + ∂c̄_4 ∂u ) = 0.

It can be written in the form A + B^{∂c̄4}_{∂u} = 0, where

A = γ^′

∂c̄_1 ∂u + ( ∂σ ∂b̄_0 + ∂σ ∂c̄_0 ) ∂(c̄_1 + c̄_2 + c̄_3) ∂u , B = γ^′

∂c̄_1 ∂c̄_4 + ( ∂σ ∂b̄_0 + ∂σ ∂c̄_0 )( ∂(c̄_1 + c̄_2 + c̄_3) ∂c̄_4

+ 1).

Since A > 0, B > 0, A + B^{∂c̄4}_{∂u} = 0, therefore^{∂c̄4}_{∂u} < 0. The proof for^{∂c̄4}_{∂v} > 0 follows the same way.

– 7 – □ Let’s try to understand biological meaning of condition (7). Since the reaction between C_2 and C_3 does not involve with U or V , we take δ(c_2) = k_2c_2, η(c_3) = k_3c_3 for simplicity. Then (7) is equivalent to c̄_3 > c̄_2, which make sense intuitively. Because the reaction C_1^U⇌_V C_2

is symmetric to C_3^V⇌_U C_4, c̄_3 > c̄_2 means more C_4 than C_1, therefore the negative effect of U is stronger than the positive effect. But is this what really happens in the reality? The experiment carried out by Solomon, see [6], demonstrated clearly that the steady state concentration of P-MPF-P is significantly larger than P-MPF, i.e. c̄_3 > c̄_2. So the condition (7) is satisfied and Theorem 2 will guarantee that Wee1 does inhibit the entry to M phase.

Theorem 2 can be easily generalized to the reactions involving cooperativity:

ḃ_0 = −σ(b_0, c_0) + γ(c_1) ċ_0 = −σ(b_0, c_0) + γ(c_1)

ċ_1 = σ(b_0, c_0) − γ(c_1) − α(u) c^{n1}_1 K^{n1}_1 + c^{n1}_1

+ β(v) c^{n2}_2 K^{n2}_2 + c^{n2}_2

ċ_2 = α(u) c^{n1}_1 K^{n1}_1 + c^{n1}_1

− β(v) c^{n2}_2 K^{n2}_2 + c^{n2}_2

− δ(c_2) + η(c_3)

ċ_3 = δ(c_2) − η(c_3) − β(v) c^{n3}_3 K^{n3}_3 + c^{n3}_3

+ α(u) c^{n4}_4 K^{n4}_4 + c^{n4}_4

ċ_4 = β(v) c^{n3}_3 K^{n3}_3 + c^{n3}_3

− α(u) c^{n4}_4 K^{n4}_4 + c^{n4}_4 . Using a change of variable

c^∗_1 = (c_1/K_1)^{n1} , c^∗_2 = (c_2/K_2)^{n2} , c^∗_3 = (c_3/K_3)^{n3} , c^∗_4 = (c_4/K_4)^{n4} ,

the equations become

b^′_0 = −σ(b_0, c_0) + γ(K_1(c^∗_1)^{1/n1} ) c^′_0 = −σ(b_0, c_0) + γ(K_1(c^∗_1)^{1/n1} )

(c^∗_1)^′ = n_1 K_1

(c^∗_1)^{(n1−1)/n1} (σ(b_0, c_0) − γ(K_1(c^∗_1)^{1/n1} ) − α(u) c^∗_1 1 + c^∗_1

+ β(v) c^∗_2 1 + c^∗_2 ) (c^∗_2)^′ = n_2 K_2

(c^∗_2)^{(n2−1)/n1} (α(u) c^∗_1 1 + c^∗_1

− β(v) c^∗_2 1 + c^∗_2

− δ(K_2(c^∗_2)^{1/n2} ) + η(K_3(c^∗_3)^{1/n3} ))

(c^∗_3)^′ = n_3 K_3

(c^∗_3)^{(n3−1)/n3} (δ(K_2(c^∗_2)^{1/n2} ) + η(K_3(c^∗_3)^{1/n3} ) − β(v) c^∗_3 1 + c^∗_3

+ α(u) c^∗_4 1 + c^∗_4 ) (c^∗_4)^′ = n_4 K_4

(c^∗_4)^{(n4−1)/n4} (β(v) c^∗_3 1 + c^∗_3

− α(u) c^∗_4 1 + c^∗_4 ). Since^{∂c̄4}_{∂u} > 0 is equivalent to^{∂c̄∗4}_{∂u} > 0, we have

– 8 –

Theorem 3 For any constant u, v ∈ [0, ∞), the above system has an unique steady state s = (b̄_0, c̄_0, · · · , c̄_4) in X, so s as a function of u and v is well defined. The partial derivative of c̄_4 with respect to u (respectively, v) is negative (respectively, positive) if

η^′ n_3 c̄_3(( c̄_3 K_3

)^{n3} + 1) > δ^′ n_2 c̄_2(( c̄_2 K_2

)^{n2} + 1). (10)

As before, if we assume that δ(c_2) = k_2c_2, η(c_3) = k_3c_3, (10) is equivalent to ((^{c̄3}_{K3} )^{n3} +1)/n_3 > ((^{c̄2}_{K2} )^{n2} + 1)/n_2. The biological mechanism for cdc25 to dephosphorylate P-MPF or P-MPF- P is similar, so we can take n_2 = n_3 and K_2 = K_3. Then (10) is equivalent to c̄_3 > c̄_2, which is consistent with the experiments by Solomon.

4 Conclusion and discussion

In this paper we discussed the question that whether active Wee1 has negative effect on the entry to M phase. Modeling the system directly by mass action, we get the conclusion that active Wee1 always inhibits the entry to M phase. While modeling the system through Michaelis-Menten, certain relation between the amount of P-MPF-P at the steady state and the amount of P-MPF at the steady state has to be satisfied to guarantee the same conclusion.

The result that active Wee1 has negative effect on MPF-P can be used to get further information about the dynamics of the system when we add the feedback from MPF-P to active Wee1 and active cdc25. If the closed-loop system is monotone, there are very powerful tools to analyze such system, see [5]. But of course the difficulty is how to prove the monotonicity.

I want to thank Prof. Eduardo D. Sontag for guiding me to this problem, and I have benefited greatly from the discussion with him.

References

[1] S. A. Walter, S. N. Guadagno and J. E. Ferrell. Activation of Wee1 by p42 MAPK in vitro and in cycling Xenopus egg extracts. Mol. Biol. of the Cell, 2000, 11, 887-896.

[2] J. R. Pomerening, E. D. Sontag and J. E. Ferrell. Building a cell cycle oscillator: hysteresis and bistability in the activation of Cdc2. Nat. Cell Biol., 2003,5(4), 346-351.

[3] P. Russell and P. Nurse. Negative regulation of mitosis by wee1+, a gene encoding a protein kinase homolog. Cell, 1987, 49(4), 559-567.

[4] P. Nurse. Universal control mechanism regulating onset of M-phase. Nature, 1990, 344, 503-508.

[5] E. Sontag. Multistability in monotone I/O systems,” Syst. and Control Lett., 2004, 51, 185-202.

– 9 –

[6] M. J. Solomon, M. Glotzer, T. H. Lee, M. Philippe and M. W. Kirschner. Multistability in monotone I/O systems,” Syst. and Control Lett., 2004, 51, 185-202.