DIMACS Technical Report 2004-50 November 2004

On the Realizability of Point Processes with Specified One and Two Particle Densities by Joel L. Lebowitz O. Costin T. Kuna E.R. Speer

DIMACS is a collaborative project of Rutgers University, Princeton University, AT&T Labs– Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research and Microsoft Research. DIMACS was founded as an NSF Science and Technology Center.

ABSTRACT

We investigate and give partial answers to the following question: given a one particle and pair density, ρ_1(r_1) and ρ_2(r_1, r_2), r_1, r_2 ∈ R^d (or Z^d), does there exist a point process, i.e. a probability measure on points in R^d (Z^d), having these densities?

The microscopic structure of macroscopic systems, such as fluids, is best described by the joint n-particle densities ρ_n(r_1, ...r_n), where the r_1, ..., r_n are position vectors in R^d. The most important of these are the one particle density ρ_1(r_1) and the pair density ρ_2(r_1, r_2). For spatially homogeneous systems, the only ones we shall consider here, ρ_1(r_1) = ρ and ρ_2(r_1, r_2) = ρ^2g(r_1 − r_2) with g(r) = g(−r); thus ρg(r) is the density of particles at a displacement r from the position of a specified particle. For pure fluid phases g(r) → 1 as |r| → ∞.

The theory of classical equilibrium fluids is based in large part on finding good approximations to g(r). This leads to an interesting and important question: given a density ρ > 0 and a candidate g(r), obtained via some approximate theory or just invented for capturing a certain behavior, do these arise from some actual distribution of particles in d-dimensional space? That is, does there exist a point process—a probability measure on sets of points in R^d—with density ρ and with pair density corresponding to the proposed g(r)? More generally, what are necessary and sufficient conditions on ρ and g(r) for this to be true? For more background on the long history of this realizability problem, see [1] and references therein.

One may also consider the realizability problem on the lattice Z^d. We assume the exclusion condition that each lattice site contains at most one particle. Now ρ is the probability that there is a particle on any fixed site and ρ^2g(r_1 − r_2) the probability that there are particles at r_1 and r_2; the exclusion condition corresponds formally to g(0) = 0. In what follows we will frequently state results for the continuum case, making some comment on the translation to the lattice when that is more complicated than simply replacing integrals by sums.

There are some obvious conditions which ρ and g(r) must satisfy [1]:

ρ > 0 and g(r) ≥ 0; (1) Ŝ(k) ≡ ρ + ρ^2 ∫ R^d

e^{ik·r} [g(r) − 1] dr ≥ 0; (2)

V_Λ ≡ ρ|Λ| + ρ^2 ∫ ∫ Λ [g(r_1 − r_2) − 1] dr_1dr_2 ≥ θ(1 − θ). (3)

In (3), V_Λ is the variance of the number N_Λ of particles in a region Λ ⊂ R^d and θ is the fractional part of the mean ρ|Λ| of N_Λ: ρ|Λ| = k + θ with k = 0, 1, . . . and 0 ≤ θ < 1. These conditions may, however, be only the tip of the iceberg. Necessary and sufficient conditions for realizability can be given in the form of an uncountable number of positivity conditions on ρ and g(r) [2]: Given any functions f_2(r_1, r_2) and f_1(r) such that, for any n points r_1, . . . , r_n, ∑ i≠j f2(ri, rj ) + ∑ i f_1(r_i) + 1 ≥ 0, we must have

ρ^2 ∫ ∫ Λ g(r_1, r_2)f_2(r_1, r_2)dr_1dr_2 + ρ ∫ Λ f_1(r)dr + 1 ≥ 0 (4)

for all Λ ⊂ R^d. Conditions (1)–(3) may be obtained from (4) by appropriate choices of f_1 and f_2, but clearly represent just a very small subset of the latter equations. Nevertheless, we must confess that we do not have at the present time any example which satisfies (1)–(3)

– 2 –

and not (4) in R^d. We do however have such an example on the lattice Z, which we shall now describe. (The conditions for Z^d corresponding to (1)–(4) are obtained in the obvious way.)

Suppose that for r ∈ Z we define

g(r) = { 0, for r = 0, ±1, 1, for |r| ≥ 2. (5) This g describes a model with on-site and nearest neighbor exclusion and with no correlation, on the pair level, for sites separated by two or more lattice spacings. It is then easy to check that (1)–(3) are satisfied for for ρ ≤ 1/3, but a simple argument shows that in fact there is a critical density ρ_c < 1/3 such that the process is not realizable for ρ > ρ_c (a numerical calculation indicates that ρ_c < 0.3287). On the other hand it is easy to construct explicitly a realization of (5) for ρ ≤ 1/4: Start with a Bernoulli measure on Z with density λ and then remove any particle from an occupied site x if and only if site x + 1 is also occupied. This will yield a translation invariant state with density ρ = λ(1 − λ) ≤ 1/4 and with g(r) given by (5). Whether (5) is realizable for any ρ > 1/4 (i.e., whether or not ρ_c > 1/4) is a complete mystery to us at present. We can show, however, that the state constructed above corresponds to a renewal process, for which the sequence of interparticle distances is Markovian, and that such a renewal process with g(r) given by (5) cannot exist for ρ > 1/4. (The corresponding result on R is discussed in [1], where it is shown that a renewal process exists with g(r) = { 0, for |r| ≤ 1, 1, for |r| > 1. (6)

if and only if ρ ≤ 1/e. Here the maximum ρ consistent with (1)–(3) is 1/2.)

Let us now state a general theorem about realizability of a given ρ and g(r), r ∈ R^d.

Theorem: Let g(r) = { 0, |r| ≤ D, exp(−φ(r)), |r| > D,

where for some Φ ≥ 0, n∑ i=1 φ(r_i) ≥ −2Φ whenever |r_i − r_j | ≥ D, 1 ≤ i < j ≤ n. (7)

Then ρ and g(r) are realizable whenever ρ ≤ ( e^{1+2Φ} ∫ R^d

|g(r) − 1| dr

)_{−1}

. (8)

Note that condition (7) is satisfied for any D ≥ 0 (and Φ = 0) if φ(r) ≥ 0 for all r, and for D > 0 (i.e., with a hard core) if φ(r) decays faster than |r|^{−(d+ϵ)} for |r| → ∞ [3]. A similar theorem holds in the lattice case Z^d; the integral has to be replaced by a sum and the hard core condition is automatically satisfied because at most one particle can occupy any

– 3 –

site. The theorem is a generalization of a result of R. V. Ambartzumian and H. S. Sukiasian (A-S) [4], who considered only the case φ ≥ 0 (g ≤ 1). For the example (5) the theorem gives existence only for ρ ≤ (3e)^{−1}, so it is clearly not optimal. Readers with a statistical mechanics background will recognize the right hand side of (8) as the Ruelle-Penrose lower bound for the radius of convergence of the fugacity expansion for an equilibrium system with pair potential φ given by g(r) = e^{−φ(r)} [3].

The construction by A-S of the point process corresponding to ρ and g(r), which we follow, does not in general yield a Gibbs measure. The existence of a Gibbs measure with a decaying pair potential which realizes a given ρ and g(r) was proven by L. Koralov for lattice gases when ρ is sufficiently small and ∑ r |g(r) − 1| < 2 [5]. In general, if any measure realizes ρ and g(r) then we can ask for the measure which maximizes the entropy subject to the constraint of the given ρ and g; this should “formally” be a Gibbs measure with some pair potential [6]. There is no guarantee, however, that this potential would have any good decay property.

Acknowledgments:

We thank S. Goldstein and S. Torquato for many useful discussions.

References

[1] O. Costin and J. L. Lebowitz. On the Construction of Particle Distribution with Specified Single and Pair Densities. Preprint: Los Alamos cond-mat/0405519. To appear in Journal of Physical Chemistry.

[2] T. Kuna, J. L. Lebowitz, and E. Speer, in preparation.

[3] D. Ruelle, Statistical Mechanics: Rigorous Results (World Scientific, Imperial College Press, London, 1999).

[4] R. V. Ambartzumian and H. S. Sukiasian. Inclusion-Exclusion and Point Processes.

Acta Appl. Math. 22, (1991).

[5] L. Koralov. The existence of Pair Potential Corresponding to Specified Density and Pair Correlation. Preprint, Princeton University, 2004.

[6] S. R. S. Varadhan, private communication.