DIMACS Technical Report 2004-36 July 2004

A note on the monotonicity of matrix Riccati equations by Patrick De Leenheer^{1 ,2} Eduardo D. Sontag^{3,4}

1DIMACS Postdoctoral Fellow, email: leenheer@math.rutgers.edu 2supported in part by grants NSF DMS 0342153 and NSF EIA 03-331486 3Rutgers, email: sontag@control.rutgers.edu 4Supported in part by US Air Force Grant F49620-01-1-006, NIH grant P20 GM64375, and by NSF Grant CCR-0206789

DIMACS is a collaborative project of Rutgers University, Princeton University, AT&T Labs–Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research and Microsoft Research. DIMACS was founded as an NSF Science and Technology Center.

ABSTRACT

In this note we show that the flow of matrix Riccati equations is monotone. Consequently, many results for Riccati equations can be obtained easily using standard as well as more recent results from the theory of monotone systems.

1 Introduction

The purpose of this short note is to illustrate the use of the theory of monotone (control) systems, to derive results concerning the asymptotic behavior of matrix Riccati equations. Reid already pointed out in [10] that the flow of these equations is monotone, see for instance lemma 6.1 and theorem 6.1 in that reference. Notice that this remark precedes the development of the theory of monotone dynamical systems [4, 5, 6, 7, 8] -and [11] for an excellent review- by more than a decade. Therefore, the full power of this theory (which may be summarized very roughly by the phrase that “almost all solutions with compact forward orbit closure converge to the set of equilibria”) was not at Reid’s disposal. Monotone systems theory has recently been extended to encompass systems with inputs and outputs in [1]. Equipped with this arsenal of tools we can and will prove many of the standard results concerning Riccati equations in an almost straightforward manner. This approach, rather than the novelity of the results themselves, constitutes the contribution of this paper. We note that Theorem 1 below has also been proved in [14], but it is based on a different proof technique. As an application we consider the (infinite horizon) optimal control problem for linear systems with quadratic cost. The cost matrices will be interpreted as time-varying inputs to a Riccati equation and our aim is to provide asymptotic estimates for the solutions of the differential equation.

Although we will not pursue this issue here, we note that the theory developed in [1] -in particular the results concerning cascades and feedback connections of monotone input/output systems- is readily applicable to the Riccati equations considered here. The main ingredients for such application are monotonicity of the flow and the existence of static input-state characteristics. Both concepts will be defined and shown to hold/exist for the systems under consideration.

2 Preliminaries

Let’s start by introducing some terminology. The real, n^2-dimensional vector space of real n×n matrices is denoted by R. We assume that R is equipped with an inner product ⟨., .⟩, defined by ⟨X, Y ⟩ = tr ( XY^T ) . This inner product induces a norm (known as the Frobenius norm) and thus metric on R in the obvious way. We shall assume that all topological notions are with respect to this metric. Note that the normed vector space R is isometrically isomorphic to R^{n2} (with the usual Euclidean norm). To see this define T : R → R^{n2} by:

T (X) = (x_1x_2...x_n)^T ,

where x_i is the ith row of X. Then it is easily checked that T is an isomorphism and an isometry. Occasionally, it is useful to have this ‘equivalence’ of both spaces in mind, in particular when considering systems of differential equations or geometric objects (such as subspaces or cones which will be introduced below). The set of real symmetric matrices will be denoted by S = {S ∈ R | S = S^T }. Clearly, S is a linear subspace of R of dimension n(n + 1)/2. Recall that if S ∈ S, then the Frobenius

– 2 –

norm of S is given by:

‖S‖ = n ∑ i=1 λ^2_i (1)

where the summation runs over all eigenvalues λ_i of S. Another important property of every symmetric matrix S is the following:

∀S ∈ S, ∀x ∈ R^n : x^T (λ_{min}(S)I) x ≤ x^T Sx ≤ x^T (λ_{max}(S)I) x (2)

where λ_{min}(S) and λ_{max}(S) denote the minimal, respectively maximal eigenvalue of S. Let P(P^+) ⊂ S denote the set of symmetric positive semidefinite (definite) matrices. Then P is nonempty and closed (in R and S), R_+P ⊂ P, P + P ⊂ P and P ∩ (−P) = ∅. Equivalently, P is a cone in R and in S. Note that int(P) = P^+ in S (but obviously int(P) would be empty in R). We shall also need the concept of the dual cone. If (X, ⟨., .⟩) is a finite-dimensional real inner product space and if K ⊂ X is a cone, then the dual cone of K is denoted by K^∗ and defined by:

K^∗ = {y ∈ X | ⟨y, k⟩ ≥ 0, ∀k ∈ K}.

Returning to the cone P ⊂ S, we determine its dual cone P^∗ ⊂ S next.

Lemma 1. P = P^∗.

Proof. First we show that P ⊂ P^∗. Pick P ∈ P. We need to show that ⟨P, Q⟩ = tr(P Q) ≥ 0 for all Q ∈ P. Since P, Q ∈ P, there exist P_{1/2}, Q_{1/2} ∈ P such that:

P = P_{1/2}P_{1/2}, Q = Q_{1/2}Q_{1/2}.

Then we get:

⟨P, Q⟩ = tr ( P_{1/2}P_{1/2}Q_{1/2}Q_{1/2} ) = tr ( (Q_{1/2}P_{1/2})(P_{1/2}Q_{1/2}) ) = tr ( (P_{1/2}Q_{1/2})^T (P_{1/2}Q_{1/2}) ) ≥ 0,

and we are done.

Next we show that P^∗ ⊂ P. Pick P^∗ ∈ P^∗, so ⟨P^∗, P ⟩ ≥ 0 for all P ∈ P. Since P^∗ is symmetric, it has n real eigenvalues λ_i with corresponding eigenvectors z_i ≠ 0: P^∗z_i = λ_iz_i for i = 1, ..., n. If we can show that all λ_i ≥ 0, then we are done. To do that, we will evaluate ⟨P^∗, P ⟩ for n particular choices P_i of P , namely P_i = z_iz^T_i , i = 1, ..., n. Note that P_i ∈ P and thus that ⟨P^∗, P_i⟩ ≥ 0 for all i = 1, ..., n. Now,

⟨P^∗, P_i⟩ = tr(P^∗z_iz^T_i ) = λ_i tr(z_iz^T_i ) ≥ 0,

from which follows that λ_i ≥ 0 for i = 1, ..., n.

Lemma 2. If P ∈ P and P^∗ ∈ P^∗ are such that ⟨P^∗, P ⟩ = 0, then P^∗P = 0 = P P^∗.

Proof. Since P ∈ P and P ∈ P^∗ = P (by lemma 1), there exist P_{1/2}, P^∗_{1/2} ∈ P such that:

P = P_{1/2}P_{1/2}, P^∗ = P^∗_{1/2}P^∗_{1/2}.

– 3 –

Now, since ⟨P^∗, P ⟩ = 0, this implies that tr(P^∗_{1/2}P^∗_{1/2}P_{1/2}P_{1/2}) = tr ( (P_{1/2}P^∗_{1/2})(P^∗_{1/2}P_{1/2}) ) = tr ( (P^∗_{1/2}P_{1/2})^T (P^∗_{1/2}P_{1/2}) ) = 0, from which follows that P^∗_{1/2}P_{1/2} = 0 = P_{1/2}P^∗_{1/2}.

But this in turn implies that P^∗P = P^∗_{1/2}(P^∗_{1/2}P_{1/2})P_{1/2} = 0 = P_{1/2}(P_{1/2}P^∗_{1/2})P^∗_{1/2} = P P^∗, which concludes the proof.

Lemma 3. Let P, Q ∈ P^+ and Q − P ∈ P. Then P^{−1}, Q^{−1} ∈ P^+ and P^{−1} − Q^{−1} ∈ P. Proof. The claim that P^{−1}, Q^{−1} ∈ P^+ is obvious. Since Q ∈ P^+, there exists Q_{1/2} ∈ P^+ such that Q = Q_{1/2}Q_{1/2}. Multiplying Q − P ∈ P on the left and right with the inverse of Q_{1/2} yields a matrix in P: I − Q^{−1}_{1/2}P Q^{−1}_{1/2} ∈ P. (3)

Notice that Q^{−1}_{1/2}P Q^{−1}_{1/2} ∈ P^+ and therefore it can also be written as:

Q^{−1}_{1/2}P Q^{−1}_{1/2} = S_{1/2}S_{1/2}, for some S_{1/2} ∈ P^+. Multiplying the matrix in (3) on the left and on the right by the inverse of S_{1/2} yields: S^{−1}_{1/2}S^{−1}_{1/2} − I ∈ P.

Multiplying this matrix on the left and right by Q^{−1}_{1/2} finally leads to:

Q^{−1}_{1/2}S^{−1}_{1/2}S^{−1}_{1/2}Q^{−1}_{1/2} − Q^{−1} ∈ P.

The proof is concluded by noting that: Q^{−1}_{1/2}S^{−1}_{1/2}S^{−1}_{1/2}Q^{−1}_{1/2} = P^{−1}.

Lemma 4. Let C be a compact subset in P^+. Then there are λ_{min}, λ_{max} > 0 such that:

∀C ∈ C, ∀x ∈ R^n : x^T (λ_{min}I) x ≤ x^T Cx ≤ x^T (λ_{max}I) x.

Proof. Consider the functions λ_{min}(.) and λ_{max}(.), defined on S, which assign the minimal, respectively maximal eigenvalue to a symmetric matrix. It is well known -see e.g. Corollary A.4.4 on p. 458 in [13]- that both functions are continuous. Compactness of C implies that λ_{min}(.) achieves a minimum λ_{min} on C and similarly that λ_{max}(.) achieves a maximum on C. The conclusion now follows from (2).

– 4 –

3 Matrix Riccati differential equations

The matrix Riccati differential equation on R is given by the following: Ẋ = XA(t)X + B_1(t)X + XB^T_2 (t) + C(t), (4)

where X ∈ R and A(t), B_1(t), B_2(t), C(t) : R → R are continuous matrix-valued mappings.

Obviously, solutions exist and are unique for every X_0 ∈ R. We will denote the solution starting at t_0 ∈ R_+ in X_0 by X(t, t_0, X_0) with t ∈ I, where I is the maximal interval of existence. We will also consider the forward maximal interval of existence which is defined by I^+ = I ∩ [t_0, +∞).

On the other hand, this system is not necessarily (forward) complete. (Forward) completeness means that for every solution we have that I = R (I^+ = [t_0, +∞)). For instance, consider the scalar Riccati equation with A(t) = 1, B_1(t) = B_2(t) = C(t) = 0 with initial condition X(0) = 1. Then the corresponding solution is X(t, 1) = 1/(1 − t), which is of course only defined for t ∈ (−∞, 1).

We will study system (4) under the following additional constraint:

(S) A(t), C(t) ∈ S and B_1(t) = B_2(t) for all t ∈ R.

An immediate consequence is that if (S) holds, then S is an invariant set of (4). This follows from the fact that if X(t) is a solution of (4), then X^T (t) is also a solution of (4). Uniqueness of solutions then implies that if X(0) ∈ S, then X(t) = X^T (t) for all t for which the solution exists. This observation justifies the restriction of the dynamics of system (4) to the invariant set S, which will be assumed henceforth.

Our goal is to show that assuming (S), system (4) is monotone on S (see [11] and the appendix of this paper for the definition of monotonicity in the much more general setting of semiflows on subsets of Banach spaces). The partial order on S which will be preserved by the solutions is generated by the cone of positive semidefinite matrices P as follows: For X_0, Y_0 ∈ S, we say that X_0 ⪯ Y_0 if and only if Y_0 − X_0 ∈ P. We call system (4) monotone on S if:

∀X_0, Y_0 ∈ S : X_0 ⪯ Y_0 ⇒ X(t, X_0) ⪯ X(t, Y_0), ∀t ∈ I_1 ∩ I_2,

where I_1 and I_2 are the maximal intervals of existence of the solutions X(t, t_0, X_0) and X(t, t_0, Y_0).

Theorem 1. Let (S) hold. Then system (4) is monotone on S.

Proof. Since S is convex, (hence in particular p-convex) it suffices by Theorem 1.1 and 1.2 in [9] to verify that:

∀(P, Q) ∈ ∂P × P^∗ : ⟨Q, P ⟩ = 0 ⇒ ⟨Q, DF_X (P, t)⟩ ≥ 0, ∀t ∈ R, (5)

where DF_X (Y, t) = XA(t)Y + Y A(t)X + B_1(t)Y + Y B^T_1 (t), the linearization of system (4) at X.

Now if the pair (P, Q) ∈ ∂P × P^∗, satisfies ⟨Q, P ⟩ = 0, then lemma 2 implies that QP = P Q = 0. From this we get:

⟨Q, DF_X (P )⟩ = tr ( Q[XA(t)P + P A(t)X + B_1(t)P + P B^T_1 (t)] ) = 0,

which concludes the proof.

– 5 –

The cone P does not only induce a partial order on S, it is also a forward invariant set for system (4) whenever C(t) is positive semidefinite. This constitutes a first simple application of monotone systems theory, based on a comparison result for solutions of differential equations due to Kamke, see for instance [14] or Appendix B in [12].

Theorem 2. Let (S) hold and assume that C(t) ∈ P for all t ∈ R. Then for all (t_0, X_0) ∈ R × P, X(t, t_0, X_0) ∈ P, for all t ∈ I^+.

Proof. Since 0 ⪯ C(t) for all t ∈ R, it follows that:

G(X, t) := XA(t)X+B_1(t)X+XB^T_1 (t) ⪯ F (X, t) := XA(t)X+B_1(t)X+XB^T_1 (t)+C(t), ∀t ∈ R.

Since F (X, t) satisfies (5) and X(t, t_0, 0) = 0 is a solution of the equation Ẋ = G(X, t), the result follows from proposition 1.7 and remark 1.8 in [14].

The following is an auxiliary result concerning boundedness of solutions and is needed later. It does not rely on monotone systems theory.

Lemma 5. Let (S) hold, assume that B_1(t) and C(t) are bounded, and assume that C(t) ∈ P for all t ∈ R. Suppose there exists α > 0 such that:

A(t) ⪯ −αI, ∀t ∈ R. (6)

Then every forward solution of (4) starting in P remains in P and is bounded.

Proof. By theorem 2, forward solutions starting in P remain in P. Consider the following function, defined on P:

V (X) = ‖X‖^2

We will show that for all X ∈ P having sufficiently large ‖X‖: V̇ := 2 tr [X (XA(t)X + B_1(t)X + XB^T_1 (t) + C(t))] < 0,

from which the result follows.

Recall that every X ∈ P can be factored as X = X_{1/2}X_{1/2} for a unique X_{1/2} ∈ P. From this and using the fact that P is a forward invariant set (by theorem 2), we get:

V̇ = 2 tr (X_{1/2}XA(t)XX_{1/2}) + 4 tr (B_1(t)X^2) + 2 tr (XC(t))

≤ −2α‖X_{1/2}X‖^2 + 4β‖X^2‖ + 2γ‖X‖,

where we used the Cauchy-Schwarz inequality for obtaining the last two terms -and β and γ are the bounds for ‖B_1(t)‖ respectively ‖C(t)‖- and where we used (6) to obtain the estimate of the first term.

Now recalling the formula for the Frobenius norm of a symmetric matrix (1) and by equivalence of norms on R^n, there exist α^∗ > 0 and β^∗ > 0 (in fact β^∗ = 1 works) such that:

‖XX_{1/2}‖^2 ≥ α^∗‖X‖^3, ‖X^2‖ ≤ β^∗‖X‖^2 This implies that:

V̇ ≤ −α̃‖X‖^3 + β̃‖X‖^2 + γ̃‖X‖

for suitable positive constants α̃, β̃ and γ̃. From this, the conclusion of the theorem is straightforward.

– 6 –

4 Inputs

We specialize next to a particular Riccati equation which is studied in linear optimal control theory. There, the objective is to, given the linear time-invariant system:

ẋ = F x + Gu

and initial condition x ∈ R^n, find a control u : R_+ → R^m, such that the cost: J = ∫_∞ 0 [ x^T (t)Q(t)x(t) + u^T (t)R(t)u(t) ] dt is minimized (of course, x(t) denotes the solution starting at x at time 0, subject to the input u(t)). The cost matrices Q(t) and R(t) are assumed to be continuous on R_+ and (C) (Q(t), R(t)) ∈ P × P^+, ∀ t ∈ R_+.

It is well-known that this problem leads to the following Riccati equation:

Ẋ = −XGR^{−1} (t)G^T X + F^T X + XF + Q(t) := H(X, (Q(t), R(t))), (7)

where X ∈ S. The cost matrices Q(t) and R(t) will be interpreted as input signals for this equation. Usually, a single solution -namely the one corresponding to an initial condition 0 at time 0- is of interest in this context. Here, we will not make this assumption.

Note that system (7) is of the form (4) and that (S) holds. Thus solutions exist and are unique in S. The forward solution starting in X_0 ∈ S at t = 0 and corresponding to the input pair (Q(t), R(t)) will be denoted by X(t, X_0, (Q(t), R(t))), t ∈ I^+ or simply by X(t) when no confusion is possible.

We will assume that inputs are partially ordered in the following way: (Q_1, R_1) ⪯ (Q_2, R_2) if Q_2 − Q_1, R_2 − R_1 ∈ P. Input signals are then partially ordered in the obvious way: (Q_1(t), R_1(t)) ⪯ (Q_2(t), R_2(t)) if Q_2(t) − Q_1(t), R_2(t) − R_1(t) ∈ P for all t ∈ R_+.

Following the definition in [1], we call system (7) monotone if for all X_0 ⪯ Y_0 holds that:

(Q_1(t), R_1(t)) ⪯ (Q_2(t), R_2(t)), ∀ t ⇒ X(t, X_0, (Q_1(t), R_1(t))) ⪯ X(t, X_0, (Q_2(t), R_2(t))), ∀ t ∈ I^+_1 ∩I^+_2 .

Theorem 3. Let (C) hold. Then system (7) is monotone on S.

Proof. From Theorem 1 and the remark following Theorem 2 in [1], it follows that it is sufficient to verify that:

∀X ∈ S, (Q_1, R_1), (Q_2, R_2) ∈ P×P^+ with (Q_1, R_1) ⪯ (Q_2, R_2) : H(X, (Q_1, R_1)) ⪯ H(X, (Q_2, R_2)).

Notice that:

H(X, (Q_2, R_2)) − H(X, (Q_1, R_1)) = XB(R^{−1}_1 − R^{−1}_2 )B^T X + (Q_2 − Q_1).

Since R_2, R_1 ∈ P^+ and R_2 − R_2 ∈ P, it follows from lemma 3 that R^{−1}_1 − R^{−1}_2 ∈ P, which implies that:

H(X, (Q_2, R_2)) − H(X, (Q_1, R_1)) ∈ P.

This concludes the proof.

– 7 –

Next we consider the asymptotic behavior of system (7) under some additional conditions for the case where inputs are assumed to be constant.

Theorem 4. Let (Q(t), R(t)) = (Q̄, R̄) ∈ P^+ × P^+ for all t ∈ R_+ and assume that the pair (F, G) is controllable. Then P is forward invariant and all solutions in P remain bounded. Moreover, there is a unique steady state X̄ ∈ P, and X̄ ∈ P^+ is a global attractor.

Proof. Forward invariance of P and boundedness of solutions follow from theorem 2 and lemma 5 respectively and thus (7) with constant inputs (Q̄, R̄) generates a continuous semiflow Φ on P. The existence of a steady state in P will follow from theorem 6 in the Appendix. That result is applicable here, since obviously X = P is convex and the order boundedness condition for omega limit sets follows immediately from remark 2. Suppose now that Π ∈ P is a steady state. We claim that Π ∈ P^+. Suppose not, then there is some 0 ≠ x_0 ∈ R^n such that x^T_0 Πx_0 = 0. Also, by lemma 8.4.7 in [13] (and this lemma remains valid under the assumption that Π ∈ P, rather than the stronger assumption that Π ∈ P^+) it follows that −(A^T_{cl}Π + ΠA_{cl}) ∈ P^+, where A_{cl} := A − GR^{−1}G^T Π. Then for h > 0 and small we obtain that:

(x_0 + hA_{cl}x_0)^T Π(x_0 + hA_{cl}x_0) = 0 + hx_0(A^T_{cl}Π + ΠA_{cl})x_0 + O(h^2) < 0,

which contradicts that Π ∈ P. Every steady state in P therefore belongs to P^+. Corollary 8.4.9 in [13] implies that there is exactly one steady state in P^+. Let’s denote it by X̄ ∈ P^+. Again by theorem 6, it follows that every solution of (7) starting in S converges to X̄, concluding the proof of this theorem.

From theorem 4 follows that we can construct a map K : P^+ × P^+ → P^+ which maps an input pair (Q̄, R̄) ∈ P^+ × P^+ to the corresponding X̄ mentioned in the theorem: K (¯ Q, R̄ ) := X̄.

Using the terminology of [1], we call K a static input-state characteristic, or characteristic for short. A slight difference with [1] is that there, in addition to the requirement that K (¯ Q, R̄ ) is a global attractor, it should also be stable for each input pair (¯ Q, R̄ ) . Although we don’t need a stability assumption for what follows, we do need to establish that K is continuous, a fact which we prove next, following the arguments in remark V.3 and proposition V.4 in [1].

Lemma 6. Under the conditions of theorem 4, the map K : P^+ × P^+ → P^+ is continuous.

Proof. The conclusion will follow once we establish that:

1. The graph of K is closed.

2. K is locally bounded, i.e. for every compact set C ⊂ P^+ × P^+, K(C) is bounded.

The closedness of the graph follows immediately from the fact that for all (Q̄, R̄) ∈ P^+ × P^+, there holds that: H ( K (¯ Q, R̄ ) , (¯ Q, R̄ )) = 0

– 8 –

and since H is continuous.

To show local boundedness of K, pick an arbitrary compact set C ⊂ P^+ × P^+. Then by lemma 4, there exist λ_{min,1}, λ_{min,2} > 0 and λ_{max,1}, λ_{max,2} > 0 such that:

(λ_{min,1}I, λ_{min,2}I) ⪯ C ⪯ (λ_{max,1}I, λ_{max,2}I) .

Choose an arbitrary initial state X_0 ∈ P. Monotonicity of system (7) (by theorem 3) implies that for all t ∈ R_+ (by theorem 4):

X (t, X_0, (λ_{min,1}I, λ_{min,2}I)) ⪯ X(t, X_0, C) ⪯ X (t, X_0, (λ_{max,1}I, λ_{max,2}I)) ,

where -slightly abusing notation- X(t, X_0, C) denotes the solution correspondng to an arbitrary fixed input in C.

Taking limits as t → ∞ -and these limits exist by theorem 4- we arrive at:

K ((λ_{min,1}I, λ_{min,2}I)) ⪯ K(C) ⪯ K ((λ_{max,1}I, λ_{max,2}I)) .

This shows that K(C) is bounded and concludes the proof.

Remark 1. Delchamp’s lemma -see for instance Excercise 8.4.12 on p. 389 in [13]- yields the much stronger conclusion that the map K is real analytic. That proof is based on the implicit function theorem, while the proof above is based on monotonicity of the flow.

As a final application of monotone systems theory, we consider (7) and obtain asymptotic estimates of its solutions. But first we introduce some terminology. The omega limit set of a function f : R_+ → A, where A is a topological space, is the (possibly empty) set Ω[f] := {a ∈ A | ∃{t_k}, t_k → ∞ as k → ∞ : f(t_k ) → a}. We will be interested in omega limit sets of solutions of the nonautonomous system (7). If in addition a partial order ⪯ on A has been defined, then we define L_⪯[f] and L_⪰[f] (both possibly empty) as follows:

L_⪯[f] := {m ∈ A | ∃{t_k}, t_k → ∞, ∃{m_k} ⊂ A, m_k → m as k → ∞ : m_k ⪯ f(t), ∀ t ≥ t_k} and L_⪰[f] := {M ∈ A | ∃{t_k}, t_k → ∞, ∃{M_k} ⊂ A, M_k → M as k → ∞ : M_k ⪰ f(t), ∀ t ≥ t_k}.

Then we obtain the following estimates.

Theorem 5. Let (Q(t), R(t)) ∈ P^+ × P^+ be a given pair of input signals which are assumed to be continuous for all t ∈ R_+ and suppose that (F, G) is a controllable pair. Then every forward solution X(t) of (7), starting in P at t = 0 satisfies:

K (L_⪯[(Q, R)]) ⪯ Ω[X] ⪯ K (L_⪰[(Q, R)]) .

Proof. By theorem 3 and since the characteristic K is continuous (by lemma 6), the conclusion of this theorem follows immediately from Proposition V.7 in [1].

– 9 –

5 Appendix

Here we review a result by Dancer [2] for monotone maps, but slightly taylor it to our needs by stating it for monotone semiflows on subsets of finite dimensional Euclidean spaces.

The setting is Euclidean space R^n and a closed cone K ⊂ R^n which induces a partial order ⪯ on R^n (x ⪯ y iff y − x ∈ K). When int(K) ≠ ∅, we can define a stronger notion as follows: for x, y ∈ R^n, x ≺≺ y iff y − x ∈ int(K). If x ∈ R^n and A ⊂ R^n, we will write x ⪯, ≺≺ A to denote that x ⪯, ≺≺ y for all y ∈ A. For every pair x, y ∈ R^n, we define the order interval [x, y] := {z ∈ R^n | x ⪯ z ⪯ y}. Let X be a subset of R^n. We will say that a set A ⊂ X is order bounded in X if there are x, y ∈ X such that A ⊂ [x, y]_X := [x, y] ∩ X.

A semiflow Φ : R_+ × X → X is a continuous map, satisfying Φ_0 = id and Φ_t ∘ Φ_s = Φ_{s+t} for all t, s ∈ R_+ (for each t ∈ R_+, the map Φ_t : X → X is defined by Φ_t(x) := Φ(t, x)).

For x ∈ X, we denote the orbit through x by O(x) := {Φ_t(x) | t ∈ R_+} and its omega limit set by ω(x) := {p ∈ X | ∃{t_k}, t_k → ∞ as k → ∞ : Φ_{tk} (x) → p}. It is well-known that if O(x) is precompact, then ω(x) is a nonempty, compact and invariant set (i.e. Φ_t (ω(x)) = ω(x) for all t ∈ R_+) and d(Φ_t(x), ω(x)) → 0 as t → ∞, where d(x, A) := inf_{a∈A} d(x, a) and d denotes the Euclidean metric on R^n. An equilibrium of Φ is a point e ∈ X such that Φ_t(e) = e for all t ∈ R_+.

A semiflow is called monotone if:

∀x, y ∈ X : x ⪯ y ⇒ Φ_t(x) ⪯ Φ_t(y), t ∈ R_+.

Theorem 6. Let Φ be a monotone semiflow on X, a convex set in R^n, such that O(x) is precompact for all x ∈ X. If ω(x) is order bounded in X, then there are equilibria e_1 and e_2 of Φ such that:

e_1 ⪯ ω(x) ⪯ e_2.

Proof. Since ω(x) is order bounded in X, there is some p ∈ X such that ω(x) ⪯ p. By monotonicity of Φ and invariance of ω(x), we obtain that ω(x) ⪯ Φ_t(p) for all t ∈ R_+. This implies that ω(x) ⪯ ω(p). Repeating this argument yields some q ∈ X such that ω(x) ⪯ ω(p) ⪯ ω(q). Now define S = {z ∈ X | ω(x) ⪯ z ⪯ ω(q)}. Note that S is nonempty since ∅ ≠ ω(p) ⊂ S. Moreover, S is bounded -being the intersection of order intervals with X- and closed, hence compact. And S is convex, being the intersection of order intervals (which are convex) and the convex set X. Finally, by invariance of ω(x) and ω(q), we see that S is forward invariant, i.e. Φ_t(S) ⊂ S for all t ∈ R_+. Brouwer’s fixed point theorem then implies the existence of an equilibrium e_2 ∈ S of Φ. Notice that e_2 ∈ S implies that ω(x) ⪯ e_2, as desired. The existence of e_1 is proved similarly.

Remark 2. We claim that if X = K and int(K) ≠ ∅, then every bounded set C ⊂ X is order bounded in X. In this case, the condition imposed in the statement of the previous theorem that omega limit set must be order bounded in X, is trivially satisfied since omega limit sets of precompact orbits are compact, hence bounded. For instance, this happens for our particular application where X = K = P because clearly int(P) ≠ ∅ (relative to S).

– 10 –

To verify the claim, pick a bounded set C ⊂ K. Then there is some M > 0 such that C ⊂ B_M (0) := {x ∈ R^n | d(0, x) ≤ M}. We will show that an x^∗ ∈ int(K) exists such that B_M (0) ≺≺ x^∗. To see this, pick an arbitrary x̃ ∈ int(K) (such an x̃ exists because int(K) ≠ ∅) and an ϵ > 0 such that B_ϵ(x̃) ⊂ int(K). Equivalently, 0 ≺≺ B_ϵ(x̃) or B_ϵ(−x̃) ≺≺ 0. This implies that B_ϵ(0) ≺≺ x̃ and thus by scaling that B_M (0) ≺≺ (M/ϵ)x̃ ∈ int(K). Denoting (M/ϵ)x̃ by x^∗, we obtain that C ⊂ B_M (0) ≺≺ x̃. Since we assumed that X = K and C ⊂ X, it is obvious that 0 ⪯ C and hence we have shown that C ⊂ [0, x̃]_X .

References

[1] D. Angeli and E.D. Sontag, Monotone control systems, Trans. Autom. Contr.

48, 1684-1698 (2003).

[2] E.N. Dancer, Some remarks on a boundedness assumption for monotone dynamical systems, Proc. Amer. Math. Soc. 126, 801-807 (1998).

[3] P. De Leenheer, D. Angeli and E.D. Sontag, Monotone chemical reaction networks, submitted (also DIMACS Tech report 2004-16).

[4] M.W. Hirsch, Systems of differential equations which are competitive or cooperative I: limit sets, SIAM J. Appl. Math. 13, 167-179 (1982).

[5] M.W. Hirsch, Systems of differential equations which are competitive or cooperative II: convergence almost everywhere. SIAM J. Math. Anal. 16, 423-439 (1985).

[6] M.W. Hirsch, Systems of differential equations which are competitive or cooperative III: competing species, Nonlinearity 1, 51-71 (1988).

[7] M.W. Hirsch, Systems of differential equations which are competitive or cooperative IV: Structural stability in three dimensional systems, SIAM J. Math. Anal. 21, 1225-1234 (1990).

[8] M.W. Hirsch, Systems of differential equations which are competitive or cooperative V: Convergence in 3-dimensional systems, J. Diff. Eqns. 80, 94-106 (1989).

[9] M.W. Hirsch and H.L. Smith, Competitive and cooperative systems: a minireview, Lecture Notes in Control and Information Sciences, 294, 183-190 (2003).

[10] W.T. Reid, Riccati Differential Equations, Academic Press, New York, 1972.

[11] H.L. Smith, Monotone Dynamical Systems, AMS, Providence, 1995.

[12] H.L. Smith and P. Waltman, The Theory of the Chemostat, Cambridge University Press, Cambridge, 1995.

[13] E.D. Sontag, Mathematical Control Theory, Springer, New York, 1998.

[14] S. Walcher, On cooperative systems with respect to arbitrary orderings, J.

Math. Anal. Appl. 263, 543-554 (2001).