DIMACS Technical Report 2004-26 May 2004

Maximal induced matchings of minimum/maximum size by Yury L. Orlovich^1 Department of Mathematical Cybernetics Institute of Mathematics National Academy of Sciences of Belarus 11 Surganov Str.

Minsk 220072, Belarus e-mail: orlovich@im.bas-net.by

Igor^′ É. Zverovich^2 RUTCOR–Rutgers Center for Operations Research Rutgers, The State University of New Jersey 640 Bartholomew Rd.

Piscataway, NJ 08854-8003, U.S.A.

e-mail: igor@rutcor.rutgers.edu

1Yu. Orlovich was supported by the INTAS (Project INTAS-BELARUS 03-50-5975) and by the Institute of Mathematics of the NASB within the framework of the State Basic Research Program “Mathematical structures”.

2I. Zverovich partially supported by DIMACS 2004 Winter Award.

DIMACS is a collaborative project of Rutgers University, Princeton University, AT&T Labs– Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research and Microsoft Research. DIMACS was founded as an NSF Science and Technology Center.

ABSTRACT

Let IMatch(G) be the set of all maximal induced matchings of a graph G. We define σ(G) = min{|M| : M ∈ IMatch(G)} and Σ(G) = max{|M| : M ∈ IMatch(G)}. Stockmeyer and Vazirani [16] and Cameron [3] independently proved that the decision problem corresponding to the problem of computing Σ(G) is NP-complete. We improve this result. Then we show NP-completeness for σ(G). We prove that WEIGHTED INDUCED MATCHING Problem can be solved in polynomial time for (G_1, G_2, . . . , G_{17})-free graphs, see Figure 3. Also, INDUCED MATCHING Problem can be solved in polynomial time for (H_1, H_2, . . . , H_{30})- free graphs, see Figure 4. The latter result extends results of Kobler and Rotics [9], and Boliac and Lozin [2]. We give corollaries that generalize a result of Lozin [11] and prove a conjecture of Lozin [12] in a generalized form.

2000 Mathematics Subject Classification: 68Q15 (68Q17, 05C69, 05C70). Keywords: Induced matchings, square-line graph, triangle-free graph, independent set, NP-complete problem.

1 Introduction

We use standard graph-theoretic terminology, see for example Melnikov, Sarvanov, Tyshkevich, Yemelichev, and Zverovich [13].

An induced matching in a graph G is edge-set of a 1-regular induced subgraph. An induced matching M is maximal if M ⊈ M^′ for any other induced matching M^′ in G. Let IMatch(G) be the set of all maximal induced matchings of a graph G. We define σ(G) = min{|M| : M ∈ IMatch(G)} and Σ(G) = max{|M| : M ∈ IMatch(G)}.

Stockmeyer and Vazirani [16] and Cameron [3] independently proved that the decision problem corresponding to the problem of computing Σ(G) is NP-complete. We improve this result. Then we show NP-completeness for σ(G).

We prove that WEIGHTED INDUCED MATCHING Problem can be solved in polynomial time for (G_1, G_2, . . . , G_{17})-free graphs, see Figure 3. Also, INDUCED MATCHING Problem can be solved in polynomial time for (H_1, H_2, . . . , H_{30})-free graphs, see Figure 4. The latter result extends results of Kobler and Rotics [9], and Boliac and Lozin [2]. We give corollaries that generalize a result of Lozin [11] and prove a conjecture of Lozin [12] in a generalized form.

For a graph G = (V, E), we use notation V = V (G) and E = E(G). The subgraph of G induced by a set X ⊆ V is denoted by G(X). As usual, N_G(x) is the neighborhood of a vertex x ∈ V (G). The complete graph of order n is denoted by K_n. Also, K_3 is called a triangle. A clique in a graph is a complete subgraph.

2 Maximal induced matchings of minimum size

It is well-known that the decision problem corresponding to the problem of computing Σ(G) is NP-complete, see Stockmeyer and Vazirani [16] and Cameron [3]. In this section we show that the analogous result holds for σ(G) as well.

Recall that a clause over a set X of 0 − 1 variables is a conjunction of some literals, a literal being either a variable x_i ∈ X or a negation of a variable x_j ∈ X, denoted by x_j . A truth assignment x^0 satisfies a clause c_i if c_i(x^0) = 1. The following satisfiability problem or, simply, SAT is well known (Cook [5], see also Garey and Johnson [7]).

Decision Problem 1 (SAT)

Instance: A collection C = {c_1, c_2, . . . , c_m} of clauses over a set X = {x_1, x_2, . . . , x_n} of 0 − 1 variables.

Question: Is there a truth assignment for X that satisfies all the clauses in C?

Given an instance C = {c_1, c_2, . . . , c_m} and X = {x_1, x_2, . . . , x_n} to SAT, we may assume without loss of generality that no clause in C contains a variable x_i and its negation x_i

– 2 –

simultaneously, since such a clause is satisfied by any truth assignment and therefore can be eliminated.

The satgraph S_{C,X} corresponding to (C, X) is defined by the following: • V (S_{C,X} ) = L ∪ C, where L = {x_i, x_i : i = 1, 2, . . . , n} and C = {c_1, c_2, . . . , c_m} are disjoint sets, • the set C induces a clique, • the set L induces a matching M = {x_ix_i : i = 1, 2, . . . , n}, and • a vertex l ∈ L is adjacent to a vertex c_j ∈ C if and only if the clause c_j contains the literal l, see Chvátal and Slater [4] and Zverovich [17]. We refer to M as the literal matching of S_{C,X} .

Definition 1 We subdivide each edge x_ix_i of the literal matching of S_{C,X} with new vertices y_i and y_i so that the resulting 4-path P^i contains edges x_iy_i, y_iy_i and y_ix_i. The resulting graph is called msatgraph M_{C,X} .

We are now ready to prove the main result of this section.

Theorem 1 The decision problem corresponding to the problem of computing σ(G) is NPcomplete within msatgraphs.

Proof. It is clear that the problem is in NP. We construct a polynomial-time reduction from SAT. For that we consider the msatgraph G = M_{C,X} corresponding to an instance (C = {c_1, c_2, . . . , c_m}, X = {x_1, x_2, . . . , x_n}) to SAT. Without loss of generality we may assume that m = |C| ≥ 2.

For a set U ⊆ V (G), let EN_G(U) be the set of all edges in G that have at least one end-vertex in U. We denote X_i = {x_i, y_i, y_i, x_i} for i = 1, 2, . . . , n.

Claim 1 For an arbitrary maximal induced matching M in G, (i) |EN_G(C) ∩ M| ≤ 1, (ii) EN_G(X_i) ∩ M ≠ ∅ for each i = 1, 2, . . . , n, and (iii) |M| ∈ {n, n + 1}.

Proof. (i) Since C induces a clique, each induced matching in EN_G(C) has at most one edge, i.e., |EN_G(C) ∩ M| ≤ 1.

(ii) If M is disjoint from EN_G(X_i) for some i, then we can add the edge y_iy_i to M, contradicting to maximality of M.

– 3 –

(iii) By (i), |EN_G(C) ∩ M| ≤ 1. Also, M contains at most n edges of G(L). Thus, |M| ≤ n + 1. As it follows from (ii), |M| ≥ n. �

Note that G always has a maximum induced matching of size n + 1, for example {c_1c_2} ∪ {y_iy_i : 1, 2, . . . , n}. Recall that m = |C| ≥ 2.

We show that C is satisfiable if and only if σ(G) = n. First, suppose that there exists truth assignment ϕ satisfying C. We construct an induced matching M ⊆ {x_iy_i, y_ix_i : i = 1, 2, . . . , n} choosing the n edges that correspond to true literals under ϕ. That is, if ϕ(x_i) = 1, we include x_iy_i into M, otherwise y_ix_i ∈ M. Since ϕ satisfies C, each vertex of C is incident to an end-vertex of an edge in M. It implies that we cannot extend M by adding an edge e ∉ E(G(L)). Indeed, such an edge is always incident to a vertex of C. Thus, M is a maximal induced matching, and σ(G) ≤ |M| = n. Then Claim 1 implies that σ(G) = n.

Conversely, suppose that σ(G) = n. Let M be a maximal induced matching in G of size n. Claim 2 M ⊆ E(G(L)).

Proof. Claim 1(ii) and |M| = n imply that M contains exactly one edge from each set EN_G(X_i). Moreover, M cannot have an edge connecting a vertex of L with a vertex of C. To see that, suppose that an edge x_ic_j is in M. By Claim 1(i), M \ {x_ic_j} ⊆ E(G(L)). The vertex x_i is non-adjacent to both x_i and c_j , since the clause cannot contain both x_i and x_i. Also, y_i is non-adjacent to both x_i and c_j . It follows that M ∪{y_ix_i} is an induced matching, a contradiction to maximality of M. �

We say that a vertex c_j ∈ C is dominated by M if c_j is adjacent to an end-vertex of an edge in M.

Claim 3 At most one vertex in C is not dominated by M.

Proof. Suppose that c_1, c_2 are not dominated by M. Then M ∪{c_1c_2} is an induced matching, contradicting to maximality of M. �

Claim 4 There exists a maximal induced matching M^′ ⊆ E(G(L)) that dominates all vertices in C.

Proof. If M dominates all vertices in C, then we may set M^′ = M, since M ⊆ E(G(L)) according to Claim 2. Otherwise, by Claim 3, we may assume that c_1 is the only vertex in C that is not dominated by M. Without loss of generality, let c_1 = x_1 ∨ x_2 ∨ · · · ∨ x_k. By maximality of M, we cannot add the edge x_iy_i to M for each i = 1, 2, . . . , k. Since M ⊆ E(G(L)), the edges y_iy_i are in M, i = 1, 2, . . . , k. Now we define M^′ = (M \{y_1y_1})∪{x_1y_1}. Since both y_1 and y_1 do not dominate any vertices in C, the induced matching M^′ dominates all vertices in C. In particular, M^′ is maximal. �

– 4 –

The matching M^′ of Claim 4 covers at most one of the vertices x_i, x_i for each i = 1, 2, . . . , n. Hence we can define a partial truth assignment ϕ^′ satisfying C. It remains to extend ϕ^′ to a full assignment. This completes the proof of Theorem 1. �

A graph G is bi-size matched if there exists n ≥ 1 such that |M| ∈ {n, n + 1} for every maximal induced matching M in G. Theorem 1 implies that it is NP-hard to compute σ(G) even for bi-size matched graphs.

3 Maximal induced matchings of maximum size

Computing Σ is hard for some narrow classes of graphs. First Stockmeyer and Vazirani [16] and Cameron [3] proved that it is NP-hard to compute Σ for bipartite graphs. This result was essentially improved by Ko and Shepherd [8].

Theorem 2 (Ko and Shepherd [8]) For each k ≥ 1, Σ is NP-hard to compute for the class of planar, bipartite graphs of maximum degree 4 with one side of the bipartition consisting only of degree two vertices and with each cycle having length ≡ 0 (mod 2^k).

Recall that a dominating set D is a subset of V (G) such that each vertex in V (G) \ D is adjacent to a vertex of D. The domination number γ(G) of a graph G is the minimum cardinality of a dominating set. Note that Theorem 2 is also valid for the problem of computing the domination number γ(G). A 3-regular graph is called cubic.

Theorem 3 (Duckworth, Manlove, and Zito [6]) Computing Σ(G) in the class of planar cubic graphs is NP-hard.

We give a common generalization of both Theorem 2 and Theorem 3.

Definition 2 (Korobitsyn [10]) A Korobitsyn transformation of a graph G is any graph G^′ that can be obtained from G with the following procedure:

(KOR1) choose a vertex u ∈ V (G),

(KOR2) arbitrarily subdivide the neighborhood of u: N_1 ∪ N_2 = N_G(u),

(KOR3) delete u from G, add a 4-path (u_1, v_1, v_2, u_2), and

(KOR4) connect u_i with all vertices in N_i for i = 1, 2.

– 5 –

It is easy to show that the Korobitsyn transformation always produces a graph G^′ with γ(G^′) = γ(G) + 1, see Korobitsyn [10]. Lozin [11] noted that the Korobitsyn transformation also has the property that Σ(G^′) = Σ(G) + 1. In particular, if G^′ is obtained from G with a 3-subdivision of an edge, then Σ(G^′) = Σ(G)+1. A 3-subdivision of an edge uv is the result of replacing uv with a path of length four (u, x, y, z, v). Indeed, the Korobitsyn transformation with |N_1| = 1 is just a 3-subdivision of an edge.

Let Sub(G) be the set of all subgraphs of a graph G. A class of graphs P is called strongly hereditary if Sub(G) ⊆ P for each graph G ∈ P. A graph F is a minimal forbidden subgraph for a strongly hereditary class P if Sub(F )\P = {F }. Let Z(P) denote the set of all minimal forbidden subgraphs for a strongly hereditary class of graphs P. A strongly hereditary class P is finitely generated if Z(P) is a finite set.

Let S_{i,j,k} be the graph shown in Figure 1, where i ≥ 0, j ≥ 0 and k ≥ 0.

Figure 1: The graph S_{i,j,k}. Figure 2: The graph H_v.

The class S consists of all graphs G such that each connected component in G is of the form S_{i,j,k}, where i ≥ 0, j ≥ 0 and k ≥ 0 depend on a component.

Theorem 4 Let P be a finitely generated strongly hereditary class of graphs. If Z(P)∩S = ∅, then computing Σ is an NP-hard problem for graphs in P satisfying the following conditions:

(SIGMA1) G is planar,

(SIGMA2) G is bipartite graphs with parts A and B,

(SIGMA3) deg_G a = 2 for each a ∈ A, and deg_G b ∈ {2, 3} for each b ∈ B, and

(SIGMA4) each cycle in G has length ≡ 0 (mod 4^k).

Proof. Let G be a planar cubic graph with n vertices and m edges. We apply a 3-subdivision to every edge of G to produce a graph G_1 satisfying the conditions (SIGMA1), (SIGMA2) and

– 6 –

(SIGMA3). We have |V (G_1)| = n + 3m and Σ(G_1) = Σ(G) + m. According to Theorem 3, computing Σ(G) is NP-hard for planar cubic graphs, then so is computing Σ(G_1). Applying 3-subdivisions to all edges of G repeatedly k times produces a graph G_k that also satisfies (SIGMA4).

Let Z(P) = {F_1, F_2, . . . , F_t}. We denote by c the length of the longest cycle in graphs F_i, i = 1, 2, . . . , t. Also, p is the length of the longest path connecting two vertices of degrees at least three in graphs F_i, i = 1, 2, . . . , t. The condition Z(P) ∩ S = ∅ implies that each graph F_i ∈ Z(P) either has a cycle, or a path connecting two vertices of degrees at least three, or a vertex of degree at least four. We consider the graph G_k defined above with k > max{log_4(c/3), log_4 p}. It is easy to see that G_k is a Z(P)-free graph, i.e., G_k ∈ P, and the theorem follows. �

Kobler and Rotics [9] proved that computing Σ(G) is NP-hard on r-regular graphs for each fixed r ≥ 5. Their construction cannot be extended to r = 4. The following theorem implies that the problem is NP-hard for any fixed r ≥ 3.

Theorem 5 Computing Σ(G) is NP-hard on r-regular graphs for each fixed r ≥ 3.

Proof. By Theorem 3, the result holds for r = 3. Let G be an r-regular graph for some r ≥ 3. The following polynomial-time transformation produces an (r + 1)-regular graph H. Let G^′ be the copy of the graph G with V (G^′) = {v^′ : v ∈ V (G)}. For each vertex v of G, the pairs of vertices v and v^′ are connected by a component H_v shown in Figure 2.

It is not difficult to see that the resulting graph H is (r +1)-regular and Σ(H) = 2Σ(G)+ 2|V (G)|. �

4 Maximum induced matchings and square-line graphs

Recall that an independent set in a graph G is a set of pairwise non-adjacent vertices. The INDEPENDENT SET Problem is to find an independent set of G with maximum cardinality. The INDUCED MATCHING Problem is that of finding an induced matching in G with Σ(G) edges.

As usual, L(G) is the line graph of a graph G. For a graph H, the square-graph H^2 is defined by V (H^2) = V (H), and distinct vertices u and v are adjacent in H^2 if and only if d_H (u, v) ≤ 2, where d_H (∗, ∗) is the distance function of H. We denote (L(G))^2 by L^2(G), the square-line graph of G.

Cameron [3] observed that a set M is an induced matching in a graph G if and only if M is an independent set in the graph L^2(G).

Let Z be a set of graphs. A graph G is called Z-free if G does not contain any member of Z as an induced subgraph. A Claw is the star K_{1,3} = S_{1,1,1}.

Theorem 6 (Minty [14], and Nakamura and Tamura [15]) WEIGHTED INDEPEN- DENT SET Problem can be solved in polynomial time for Claw-free graphs.

– 7 –

Note that the class of all Claw-free graphs is not closed under the transformation G → L^2(G), and therefore we cannot apply known algorithms for INDEPENDENT SET Problem within Claw-free graphs to finding maximum induced matchings from this class.

Now we consider maximum weight induced matchings in S_{2,2,2}-free graph G, assuming that a non-negative weight function is given on E(G).

Theorem 7 WEIGHTED INDUCED MATCHING Problem can be solved in polynomial time for (G_1, G_2, . . . , G_{17})-free graphs, see Figure 3.

Figure 3: Graphs G_1, G_2, . . . , G_{17}.

Proof. Let G be a (G_1, G_2, . . . , G_{17})-free graph. We show that H = L^2(G) is a Claw-free graph. Suppose that a set {a, b_1, b_2, b_3} ⊆ V (H) induces in H a Claw centered at a. In G, there are edges a, b_1, b_2 and b_3 such that {b_1, b_2, b_3} is an induced matching, but {a, b_i} is not an induced matching for each i = 1, 2, 3. Let b_i = u_iv_i, i = 1, 2, 3. We distinguish between two cases.

Case 1. The edge a is adjacent to some edge b_i.

By symmetry, we may assume that a = v_1w. Since {a, b_2} and {a, b_3} are not induced matchings, we may assume that the vertex w is adjacent to both v_2 and v_3. It follows that

– 8 –

the subgraph of G induced by {u_1, u_2, u_3, v_1, v_2, v_3, w} is one of G_1, G_2, G_3 or G_4, see Figure 3, a contradiction.

Case 2. The edge a is non-adjacent to b_1, b_2 and b_3.

Let a = wx, where w, x ∉ {u_1, u_2, u_3, v_1, v_2, v_3}. If w is adjacent to a vertex of {u_i, v_i} for each i = 1, 2, 3, then we essentially have Case 1, which was show to be impossible. Therefore we may assume that w is non-adjacent to both u_3 and v_3. Since {a, b_3} is not an induced matchings, we may assume that x is adjacent to v_3. Similarly, x is non-adjacent to both u_1 and v_1, while w is adjacent to v_1. Finally, there is an edge between {u_2, v_2} and {w, x}, say v_2 is adjacent to w.

Table 1 shows all possible variants for the undefined edges u_2w, u_2x and v_2x. We denote U = {u_1, u_2, u_3, v_1, v_2, v_3, w, x}.

Table 1

u_2w u_2x v_2x Forbidden induced subgraphs No No No U \ {u_3} induces G_1 or G_2 No No Yes U induces G_8, G_9 or G_{10} No Yes No U induces G_5, G_6 or G_7 No Yes Yes U induces G_{11}, G_{12}, G_{13} or G_{14} Yes No No U \ {u_3} induces G_2 or G_3 Yes No Yes U induces G_{11}, G_{12}, G_{13} or G_{14} Yes Yes No U induces G_{11}, G_{12}, G_{13} or G_{14} Yes Yes Yes U induces G_{15}, G_{16} or G_{17}

Since we have contradictions in all cases, the result follows. �

The only triangle-free graphs in Figure 3 are G_1 and G_5.

Corollary 1 WEIGHTED INDUCED MATCHING Problem can be solved in polynomial time for (G_1, G_5, K_3)-free graphs, see Figure 3.

In particular, WEIGHTED INDUCED MATCHING Problem can be solved in polynomial time for (S_{1,2,2}, K_3)-free graphs. A Chair is the graph S_{1,1,2}.

Theorem 8 (Alekseev [1]) INDEPENDENT SET Problem can be solved in polynomial time for Chair-free graphs.

Note that Theorem 8 was proved for unweighted graphs.

Theorem 9 INDUCED MATCHING Problem can be solved in polynomial time for (H_1, H_2, . . . , H_{30})- free graphs, see Figure 4.

– 9 –

Proof. Let G be an (H_1, H_2, . . . , H_{30})-free graphs, see Figure 4. We show that H = L^2(G) is a Chair-free graph. Suppose that a set {a, b_1, b_2, b_3, c} ⊆ V (H) induces a Chair in H, see Figure 5.

The graph G has edges a = wx, b_1 = u_1v_1, b_2 = u_2v_2, b_3 = u_3v_3 and c = yz. We denote by F the subgraph of G induced by {u_1, v_1, u_2, v_2, u_3, v_3, w, x, y, z}. The sets {b_1, b_2, b_3}, {b_1, b_2, c} and {a, c} are maximal induced matchings in F .

Claim 5 An end-vertex of the edge a ∈ E(F ) cannot be adjacent to three pairwise nonadjacent vertices in {u_1, v_1, u_2, v_2, u_3, v_3}.

Proof. Suppose w is adjacent to v_1, v_2 and v_3. The edge c cannot be incident to each of the vertices u_1, v_1, u_2, v_2, v_3 or w, since the sets {b_1, b_2, c} and {a, c} are induced matchings in F . Therefore either y = u_3 [i.e., c = u_3z] or c = yz with u_3 ∉ {y, z}. In any case, y and z are non-adjacent to u_1, v_1, u_2, v_2 and w.

If c = u_3z then w is non-adjacent to u_3, and F − x ∈ {H_1, H_2, . . . , H_6}, a contradiction. Hence c = yz with u_3 ∉ {y, z}. Since the vertices b_3 and c are adjacent in Chair, there is an edge connecting {u_3, v_3} and {y, z}. Suppose that y and w are adjacent to the same vertex of {u_3, v_3}, say to v_3. Then we delete u_3 from F − x, and obtain one of the graphs H_1, H_2, . . . , H_6, a contradiction. Therefore we may assume that u_3 is adjacent to y, and u_3 is non-adjacent to w. Then we delete z from F − x, and obtain one of the graphs H_1, H_2 or H_3, a contradiction. �

Claim 5 implies that the end-vertices of a are not in the set {u_1, v_1, u_2, v_2, u_3, v_3}. Indeed, if w = v_1, then the vertex x must be adjacent to a vertex of {u_2, v_2} and to a vertex of {u_3, v_3}. As a result the vertex x is adjacent to three pairwise non-adjacent vertices in {u_1, v_1, u_2, v_2, u_3, v_3} contrary to Claim 5.

Without loss of generality we may assume that x is adjacent to v_3. According to Claim 5, x is non-adjacent to both u_i and v_i for some i ∈ {1, 2}. By symmetry, let i = 1. Then w is adjacent to a vertex of {u_1, v_1}, say to v_1. If x is non-adjacent to both u_2 and v_2, then we may assume that w is adjacent to v_2. By Claim 5, w is non-adjacent to both u_3 and v_3. We see that the set {u_1, v_1, u_2, v_2, u_3, v_3, w, x} induces H_1, H_2, H_3, H_4, H_5 or H_6, a contradiction. Thus, we may assume that x is adjacent to v_2.

Claim 6 {y, z} ∩ {u_3, v_3} = ∅.

Proof. Suppose that {y, z} ∩ {u_3, v_3} ≠ ∅, say z ∈ {u_3, v_3}. Since vertices c and a are non-adjacent in Chair, z = u_3, and u_3 is non-adjacent to both w and x.

If w is adjacent to v_3, then Claim 5 implies that w is non-adjacent to both u_2 and v_2. Then F ∈ {H_7, H_8, H_9, H_{10}}, a contradiction. Thus, w is non-adjacent to v_3, and either

– 10 –

F ∈ {H_{11}, H_{12}, . . . , H_{30}} or F contains one of H_1, H_2, H_4, or H_5 as an induced subgraph, a contradiction. �

By Claim 6, {y, z} ∩ {u_3, v_3} = ∅. Since the vertices b_3 and c are adjacent in Chair, there is an edge e connecting {u_3, v_3} and {y, z}. If e = yv_3, then we delete the vertex u_3. If e = yu_3 and u_3 is non-adjacent to both w and x, then we delete the vertex z. If e = yu_3 and u_3 is adjacent to a vertex in {w, x}, then we delete the vertex v_3. It is not hard to see that the resulting graph contains one of H_1, H_2, . . . , H_{30} as an induced subgraph, a contradiction. � Theorem 9 extends a result of Kobler and Rotics [9] that the INDUCED MATCHING problem on (Bull, Chair)-free graphs can be solved in polynomial time, see Bull in Figure 5. Indeed, each graph in Figure 4 has either a Chair or a Bull as an induced subgraph.

Boliac and Lozin [2] proved that given a (S_{2,2,2}, A)-free bipartite graph G with n vertices, one can find a maximum induced matching in G in time O(n^2). The graph A is shown in Figure 5. Theorem 7 and Theorem 9 imply a more general result.

The only triangle-free graphs in Figure 4 are H_1 = S_{2,2,3} and H_{11}. The graph H_{11} contains S_{1,3,3} as an induced subgraph.

Corollary 2 INDUCED MATCHING Problem can be solved in polynomial time for (S_{2,2,3}, S_{1,3,3}, K_3)- free graphs.

Also, S_{1,2,4} is an induced subgraph of H_{11}.

Corollary 3 INDUCED MATCHING Problem can be solved in polynomial time for (S_{2,2,3}, S_{1,2,4}, K_3)- free graphs.

Corollary 3 generalizes a result of Lozin [11] that INDUCED MATCHING is a polynomialtime solvable problem for (S_{1,2,3}, Sun_4)-free bipartite graphs. Here Sun_4 is a particular bipartite graph of order eight, see Figure 5. In fact, Corollary 3 implies that this graph can be omitted and we may extend bipartite graphs to triangle-free graphs, i.e., the problem can be solved in polynomial time within S_{1,2,3}-free triangle-free graphs.

Lozin [12] conjectured that his result can be extended to the entire class of S_{1,2,3}-free bipartite graphs. Corollary 3 implies that this conjecture is true even for wider classes.

References

[1] V. E. Alekseev, A polynomial algorithm for finding the largest independent sets in fork-free graphs, Diskretn. Anal. Issled. Oper. Ser. 1 6 (4) (1999) 3–19 (in Russian); translated in Discrete Appl. Math. 135 (2004) 3–16

– 11 –

[2] R. Boliac and V. V. Lozin, An attractive class of bipartite graphs, Discuss. Math. Graph Theory 21 (2) (2001) 293–301

[3] K. Cameron, Induced matchings, in: First Montreal Conference on Combinatorics and Computer Science, 1987, Discrete Appl. Math. 24 (1-3) (1989) 97–102

[4] V. Chvátal and P. J. Slater, A note on well-covered graphs, in: Quo vadis, graph theory?

(North-Holland, Amsterdam, 1993) 179–181

[5] S. A. Cook, The complexity of theorem proving procedure, in: Proceedings 3rd Annual ACM Symposium on Theory of Computing (ACM, New York, 1971) 151–178

[6] W. Duckworth, D. Manlove, and M. Zito, On the approximability of the maximum induced matching problem, Technical Report no. TR-2000-56 (Department of Computing Science of Glasgow University, April 2000)

[7] M. R. Garey and D. S. Johnson, Computers and intractability. A guide to the theory of NP-completeness (W. H. Freeman and Co., San Francisco, Calif., 1979) x+338 pp.

[8] C. W. Ko and F. B. Shepherd, Bipartite domination and simultaneous matroid covers, SIAM J. Discrete Math. 16 (4) (2003) 517–523

[9] D. Kobler and U. Rotics, Finding maximum induced matchings in subclasses of clawfree and P_5-free graphs, and in graphs with matching and induced matching of equal maximum size, Algorithmica 37 (4) (2003) 327–346

[10] D. V. Korobitsyn, On the complexity of determining the domination number in monogenic classes of graphs, Discret. Mat. 2 (3) (1990) 90–96 (in Russian)

[11] V. V. Lozin, On maximum induced matchings in bipartite graphs, Inform. Process. Lett.

81 (1) (2002) 7–11

[12] V. V. Lozin, Bipartite graphs without a skew star, Discrete Math. 257 (2002) 83–100

[13] O. Melnikov, V. Sarvanov, R. Tyshkevich, V. Yemelichev, and I. Zverovich, Exercises in graph theory, Kluwer Texts in the Mathematical Sciences 19 (Kluwer Academic Publishers Group, Dordrecht, 1998) viii+354 pp.

[14] G. J. Minty, On maximal independent sets of vertices in claw-free graphs, J. Combin.

Theory Ser. B 28 (3) (1980) 284–303

[15] D. Nakamura and A. Tamura, A revision of Minty’s algorithm for finding a maximum weight stable set of a claw-free graph, J. Oper. Res. Soc. Japan 44 (2) (2001) 194-204

[16] L. J. Stockmeyer and V. V. Vazirani, NP-completeness of some generalizations of the maximum matching problem, Inform. Process. Lett. 15 (1982) 14–19

– 12 –

[17] I. E. Zverovich, Satgraphs and independent domination, (to appear); available online as RUTCOR Research Report RRR 27-2003 (Rutgers University, 2003), 31 pp. at http://rutcor.rutgers.edu/∼rrr/

– 13 –

Figure 4: Graphs H_1, H_2, . . . , H_{30}.

– 14 –

Figure 5: The graphs Chair, Bull, A and Sun_4.