DIMACS Technical Report 2004-19 April 2004

The Relative Clique-Width of a Graph by Vadim V. Lozin^1 RUTCOR, Rutgers University 640 Bartholomew Rd., Piscataway New Jersey 08544-8003 E-mail: lozin@rutcor.rutgers.edu

Dieter Rautenbach Forschungsinstitut für Diskrete Mathematik Universität Bonn Lennéstr. 2, D-53113 Bonn Germany E-mail: rauten@or.uni-bonn.de

1Permanent Member

DIMACS is a collaborative project of Rutgers University, Princeton University, AT&T Labs–Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research and Microsoft Research. DI- MACS was founded as an NSF Science and Technology Center.

ABSTRACT

The tree-width of graphs is a well-studied notion the importance of which is partly due to the fact that many hard algorithmic problems can be solved efficiently when restricted to graphs of bounded tree-width. The same is true for the clique-width which is a relatively young notion generalizing tree-width in the sense that graphs of bounded tree-width have bounded clique-width.

Whereas tree-decompositions that are used to define tree-width are a very intuitive and easily visualizable way to represent the global structure of a graph, the clique-width is much harder to grasp intuitively. To better understand the nature of the clique-width, we introduce the notion of relative clique-width and study two algorithmical problems related to it. In conjunction, these problems would allow to determine the clique-width.

For one of the problems, which is to determine the relative clique-width, we propose a polynomial-time factor 2 approximation algorithm and also show an exact solution in a natural special case. The study of the other problem, which is left open in the paper, has brought us to an alternative and transparent proof of the known fact that graphs of bounded tree-width have bounded clique-width.

1 Introduction

The clique-width and the tree-width of graphs are two well-known complexity measures in the sense that many hard algorithmical problems can be solved efficiently for classes of graphs where one of these two parameters is bounded [2, 4, 6, 7, 10].

The tree-width of a graph G is the minimum width of a tree-decomposition of G. Whereas a tree-decomposition is a very intuitive and easily visualizable way to represent the global structure of a graph, the clique-width is much harder to grasp intuitively^1: It relates to operations constructing labeled versions of graphs using as few labels as possible. Whenever two vertices carry the same label, they are treated equally by all subsequent operations where the term ‘subsequent’ indicates that there is some order in which the operations are executed. Therefore, the minimum number of labels seems to measure some kind of similarity of vertices with respect to a certain ordering.

The attempt to make these vague statements precise was the starting point of the present paper. Our main idea is to relate the clique-width to colorings of graphs induced by some similarity relations. Before we proceed, we collect some notation and terminology.

We consider finite, simple graphs G = (V, E) with vertex set V and edge set E. The neighbourhood of a vertex u ∈ V in the graph G is denoted by N_G(u). For a set U ⊆ V the subgraph of G induced by U is denoted by G[U]. The chromatic number of a graph G is denoted by χ(G).

For two finite sets C and V let T (C, V ) denote the set of all well-formed terms t written with the nullary symbols i(v) for i ∈ C and v ∈ V , the unary symbols η_{i,j} and ρ_{i→j} for i, j ∈ C with i ≠ j and the commutative binary symbol ⊕ such that for every v ∈ V the term t contains exactly one symbol of the form i(v) (cf. [5]).

If the symbol i(v) corresponds to the creation of a vertex v with label i, the symbol η_{i,j} corresponds to the creation of edges between every pair of vertices such that one has label i and one has label j, the symbol ρ_{i→j} corresponds to changing the label of all vertices with label i to label j and ⊕ corresponds to the disjoint union, then every term t ∈ T (C, V ) creates a labeled graph val(t) = (G, γ) with G = (V, E) and γ : V → C. Note that, in view of this interpretation, it makes sense to assume ⊕ to be commutative.

The clique-width cw(G) of a graph G = (V, E) is the minimum cardinality of a set C such that there exists a t ∈ T (C, V ) creating G, i.e. cw(G) = min{|C| | ∃t ∈ T (C, V ) and γ : V → C with val(t) = (G, γ)}. Similarly, let R(V ) denote the set of all well-formed terms r written with the nullary symbols v for v ∈ V and the commutative binary symbol ⊕ such that for every v ∈ V the term r contains exactly one symbol of the form v. Note that every term in R(V ) encodes a unique rooted binary tree whose leaves are the elements of V . Since ⊕ is commutative, the choice which of the two children of a non-leaf of this tree is the left child and which is the right child is arbitrary.

1This subjective statement is at least true for the authors.

– 2 –

We shall now relate T (C, V ) to R(V ). Therefore, let t ∈ T (C, V ). If we replace in t every symbol i(v) with the symbol v and delete all symbols η_{i,j} and ρ_{i→j}, then we obtain the reduced term red(t) ∈ R(V ) of t. Intuitively, red(t) arises from t by forgetting all information about the labeling, the creation of edges and the relabeling of vertices. The term red(t) merely retains the information about the relative order in which the vertices are created by t. The definition is best clarified with the help of an example. For the term t ∈ T ({1, 2, 3}, {v_1, v_2, ..., v_7}) with t = η_{2,3}(((ρ_{2→1}(η_{2,3}((η_{1,2}(1(v_1)⊕2(v_2)))⊕3(v_3))))⊕2(v_4))⊕(η_{1,3}(η_{1,2}(1(v_5)⊕2(v_6)))⊕3(v_7)))

we obtain

red(t) = (((((((v_1 ⊕ v_2)) ⊕ v_3))) ⊕ v_4) ⊕ (((v_5 ⊕ v_6)) ⊕ v_7)) = (((v_1 ⊕ v_2) ⊕ v_3) ⊕ v_4) ⊕ ((v_5 ⊕ v_6) ⊕ v_7).

The graph created by t and the rooted binary tree encoded by red(t) are shown in the left and right of Figure 1, respectively.

v_4 v_3 v_2 v_1

v_6 v_5

v_7 v_1 v_2 v_5 v_6 v_7 v_3 v_4

Figure 1

For a graph G = (V, E) and r ∈ R(V ) we define the relative clique-width of G with respect to r as cw(G, r) = min{|C| | ∃t ∈ T (C, V ) and γ : V → C with val(t) = (G, γ) and red(t) = r}, i.e. cw(G, r) is the minimum number of labels used by a term t with val(t) = (G, γ) which creates the vertices of G as specified by r. The following result is straightforward from the definitions.

Proposition 1 If G = (V, E) is a graph and r ∈ R(V ), then

(i) cw(G) ≤ cw(G, r) ≤ |V | and

(ii) cw(G) = min{cw(G, s) | s ∈ R(V )}.

– 3 –

In view of Proposition 1 we are naturally led to the following two optimization problems.

Determining the relative clique-width Input: A graph G = (V, E) and a term r ∈ R(V ).

Problem: Find a term t ∈ T (C, V ) for some set C with val(t) = (G, γ) and red(t) = r that minimizes |C|.

Finding a good reduced term Input: A graph G = (V, E).

Problem: Find a term r ∈ R(V ) that minimizes cw(G, r).

By Proposition 1 and the definitions, the optimum value of the problem Determining the relative clique-width is cw(G, r) and the optimum value of the problem Finding a good reduced term is cw(G).

In the next section we prove lower bounds on the relative clique-width in terms of the chromatic number. In Section 3 we use these bounds and prove — among other results — that Determining the relative clique-width can be approximately solved in polynomial time within a factor of 2. In Section 4 we consider terms of a special structure for which relative clique-width can be determined exactly in polynomial time. Finally, in Section 5, we use tree-decompositions to construct terms of bounded relative clique-width.

2 Lower Bounds on cw(G, r)

Throughout this section we assume a graph G = (V, E) and a term r ∈ R(V ) to be fixed. We introduce some notation that will be used throughout the rest of the paper.

For a subterm s of r let V_s denote the set of vertices that appear in s. Let the graph

H_s = (V (H_s), E(H_s))

be such that V (H_s) = V_s and uv ∈ E(H_s) for u, v ∈ V_s if and only if N_G(u)\V_s ≠ N_G(v)\V_s.

Lemma 1 If s is a subterm of r, then H_s is a complete multipartite graph and cw(G, r) ≥ χ(H_s).

Proof: If u, v, w ∈ V_s with N_G(u) \ V_s = N_G(v) \ V_s and N_G(v) \ V_s = N_G(w) \ V_s, then N_G(u) \ V_s = N_G(w) \ V_s. This implies that the complement of H_s is P_3-free and thus a union of cliques. Therefore, H_s is a complete multipartite graph.

Let t ∈ T (C, V ) be such that val(t) = (G, γ) and red(t) = r. Let t^′ be the smallest subterm of t such that red(t^′) = s. If |C| < χ(H_s), then there are two vertices u, v ∈ V_s with uv ∈ E(H_s) that will permanently bear the same label after the operations prescribed by t^′ have been carried out. This immediately implies the contradiction N_G(u) \ V_s = N_G(v) \ V_s and the proof is complete. □

– 4 –

By Lemma 1, the chromatic number of H_s equals just the number of partite sets of H_s. We denote these partite sets by U(H_s, 1), U(H_s, 2), ..., U(H_s, χ(H_s)). Lemma 2 If s = s_1 ⊕ s_2 is a subterm of r, then every partite set of H_s is the union of partite sets of H_{s1} and H_{s2} .

Proof: This follows immediately from the observation that all these graphs are complete multipartite graphs and H_s arises from the disjoint union H_{s1} ∪ H_{s2} by deleting edges totally within V_{s1} and V_{s2} and adding new edges between V_{s1} and V_{s2} . □

Let s = s_1 ⊕ s_2 be a subterm of r. We define the graph

H̃_s = (V (H̃_s), E(H̃_s))

such that V (H̃_s) = V_s and uv ∈ E(H̃_s) for u, v ∈ V_s with u ≠ v if and only if

(i) either u ∈ U(H_s′ , i) and v ∈ U(H_s′ , j) for some s^′ ∈ {s, s_1, s_2} and 1 ≤ i, j ≤ χ(H_s′ ) with i ≠ j

(ii) or u ∈ U(H_{s1} , j), v ∈ U(H_{s2} , k), U(H_{s1} , j) ∪ U(H_{s2} , k) ⊆ U(H_s, i) for some 1 ≤ i ≤ χ(H_s), 1 ≤ j ≤ χ(H_{s1} ) and 1 ≤ k ≤ χ(H_{s2} ) and

((N_G(u) ∩ V_{s2} ) \ N_G(v)) ∪ ((N_G(v) ∩ V_{s1} ) \ N_G(u)) ≠ ∅.

Lemma 3 If s = s_1 ⊕ s_2 is a subterm of r, then cw(G, r) ≥ χ(H̃_s) and

max{χ(H_s), χ(H_{s1} ), χ(H_{s2} )} ≤ χ(H̃_s) ≤ χ(H_{s1} ) + χ(H_{s2} ).

Proof: Let t ∈ T (C, V ) be such that val(t) = (G, γ) and red(t) = r. Let t^′ be the smallest subterm of t such that red(t^′) = s_1 ⊕ s_2.

For contradiction, we assume that |C| < χ(H̃_s). This implies that there are two vertices u, v ∈ V_s with uv ∈ E(H̃_s) that will permanently bear the same label after the operations prescribed by t^′ have been carried out. Note that, by the choice of t^′, none of the edge between V_{s1} and V_{s2} has been created by the operations prescribed by t^′.

If uv corresponds to an edge as in (i) of the definition of H̃_s, then we obtain a similar contradiction as in the proof of Lemma 1. If uv corresponds to an edge as in (ii) of the definition of H̃_s, then the operations following those prescribed by t^′ cannot create the correct adjacencies between V_{s1} and V_{s2} . This contradiction completes the proof of the first statement.

The edges as in (i) of the definition of H̃_s imply χ(H̃_s) ≥ max{χ(H_s), χ(H_{s1} ), χ(H_{s2} )}. The inequality χ(H̃_s) ≤ χ(H_{s1} ) + χ(H_{s2} ) follows by combining optimal colorings of H_{s1} and H_{s2} that use disjoint sets of colors. This completes the proof. □

– 5 –

3 Determining the Relative Clique-Width

The following is the main result of this section.

Theorem 1 If G = (V, E) is a graph and r ∈ R(V ), then there exists a term t(r) ∈ T (C, V ) for some set C with

|C| = max{χ(H_{s1} ) + χ(H_{s2} ) | s_1 ⊕ s_2 is a subterm of r} (1)

such that val(t(r)) = (G, γ) and red(t(r)) = r.

Furthermore, t(r) can be constructed in polynomial time given the graph G = (V, E) and the term r as input.

Proof: Let G = (V, E) and r be as in the statement of the theorem. We describe a recursive construction for t(r). Therefore, let s be an arbitrary subterm of r. As in the last section, let V_s denote the set of vertices that appear in s. We assume that for every proper subterm s^′ of s we are given a term t(s^′) ∈ T (C, V_s′ ) such that

(i) val(t(s^′)) = (G[V_s′ ], γ_{t(s}′_)),

(ii) red(t(s^′)) = s^′ and

(iii) γ_{t(s}′_) assigns the same label to two vertices in V_s′ if and only if they lie in the same partite set of H_s′ , i.e. |γ_{t(s}′_)(V_s′ )| = χ(H_s′ ).

Now, we construct a term t(s) ∈ T (C, V_s) satisfying the conditions (i) to (iii) as follows.

If s = v for some v ∈ V , let t(s) = i(v) for some i ∈ C.

If s = s_1 ⊕s_2, then, by (1), we may assume that t(s_1) ∈ T (C, V_{s1} ) and t(s_2) ∈ T (C, V_{s2} ) are such that — additionally to conditions (i) to (iii) —

γ_{t(s1)}(V_{s1} ) ∩ γ_{t(s2)}(V_{s2} ) = ∅. (2)

The term t(s) will be of the form

t(s) = β_l(β_{l−1}(...β_1(α_k(α_{k−1}(...α_1(t(s_1) ⊕ t(s_2)))))))

where α_1, α_2, ..., α_k are of the form η_{i,j} for i, j ∈ C with i ≠ j and β_1, β_2, ..., β_l are of the form ρ_{i→j} for i, j ∈ C with i ≠ j.

The operations α_1, α_2, ..., α_k will create all edges with one endpoint in V_{s1} and one endpoint in V_{s2} . Note that this is clearly possible in view of condition (iii), (2) and the definition of the graphs H_{s1} and H_{s2} .

After all such edges have been created, the operations β_1, β_2, ..., β_l will ensure condition (iii) for t(s). Note that this is possible in view of condition (iii), (2) and Lemma 2. Conditions (i) and (ii) for t(s) follow immediately.

The construction of the graphs H_s can clearly be done in polynomial time. Furthermore, by Lemma 1, their partite sets — and thus optimal colorings — can easily be determined in

– 6 –

polynomial time. Since r has exactly (2|V | − 1) subterms, we obtain an overall polynomial running time and the proof is complete. □

Let G = (V, E) and r ∈ R(V ) be an instance of Determining the relative cliquewidth. Lemma 1 and Theorem 1 imply

cw(G, r) ≤ max{χ(H_{s1} ) + χ(H_{s2} ) | s_1 ⊕ s_2 is a subterm of r} ≤ 2 max{χ(H_s) | s is a subterm of r} ≤ 2cw(G, r). Thus Theorem 1 immediately implies the following.

Corollary 1 There is a polynomial-time factor 2 approximation algorithm for Determining the relative clique-width.

4 A Special Case: Caterpillar Terms

A term r ∈ R(V ) is called a caterpillar term if min{|V_{s1} |, |V_{s2} |} = 1 for every subterm s_1 ⊕ s_2 of r. The term ‘caterpillar’ clearly refers to the structure of the binary tree encoded by r. Intuitively, a term t ∈ T (C, V ) with val(t) = (G, γ) for which red(t) is a caterpillar term adds the vertices of G one by one to the part of G that has been constructed so far.

Lemma 4 Let G = (V, E) be a graph and let r ∈ R(V ) be a term. If s = s_1 ⊕ s_2 is a subterm of r with V_{s2} = {v}, then

(i) χ(H̃_s) ∈ {χ(H_{s1} ), χ(H_{s1} ) + 1}.

(ii) There is a coloring ϕ of H̃_s using χ(H̃_s) colors that assigns the same color to two vertices in V_{s1} if and only if they lie in the same partite set of H_{s1} .

(iii) If χ(H̃_s) = χ(H_{s1} ) + 1, then ϕ assigns a color to v not used in V_{s1} , i.e. ϕ(v) ∉ ϕ(V_{s1} ), and if χ(H̃_s) = χ(H_{s1} ), then ϕ assigns the same color to v as to the vertices in the unique partite set U(H_{s1} , j), 1 ≤ j ≤ χ(H_{s1} ) of H_{s1} with U(H_{s1} , j) ∪ {v} ⊆ U(H_s, i) for some 1 ≤ i ≤ χ(H_s) and U(H_{s1} , j) ∩ N_G(v) = ∅.

Proof: By Lemma 3, χ(H_{s1} ) ≤ χ(H̃_s) ≤ χ(H_{s1} ) + χ(H_{s2} ) = χ(H_{s1} ) + 1 which implies (i).

If χ(H̃_s) = χ(H_{s1} ) + 1, then the statement is obvious. Therefore, we assume χ(H̃_s) = χ(H_{s1} ). Let ϕ : V_s → {1, 2, ..., χ(H̃_s)} be an optimal coloring of H̃_s.

By the definition of H̃_s and Lemma 1, |{ϕ(u) | u ∈ V_{s1} }| ≥ χ(H_{s1} ) and ϕ assigns the same color to two vertices in V_{s1} if and only if they lie in the same partite set of H_{s1} . Thus ϕ(v) ∈ {ϕ(u) | u ∈ V_{s1} }. Let 1 ≤ i ≤ χ(H_s) and 1 ≤ j ≤ χ(H_{s1} ) be such that ϕ(v) = ϕ(u) for all u ∈ U(H_{s1} , j) and U(H_{s1} , j) ∪ {v} ⊆ U(H_s, i).

By the definition of H̃_s, U(H_{s1} , j) ∩ N_G(v) = ∅. If there is some 1 ≤ j^′ ≤ χ(H_{s1} ) such that U(H_{s1} , j^′) ⊆ U(H_s, i), then the definition of H_{s1} implies that U(H_{s1} , j^′) ⊆ N_G(v). Therefore, the index j defined above is uniquely determined and the proof is complete. □

– 7 –

Now, let G = (V, E) be a graph and let r ∈ R(V ) be a caterpillar term. In view of the simple structure of the optimal coloring of H̃_s for every subterm s = s_1 ⊕ s_2 of r whose existence is guaranteed by Lemma 4, one can clearly find such a coloring in polynomial time.

Furthermore, some small obvious modifications of the construction in the proof of Theorem 1 yield a term t(r) ∈ T (C, V ) for some C with

|C| = max{χ(H̃_s) | s = s_1 ⊕ s_2 is a subterm of r}.

such that val(t(r)) = (G, γ) and red(t(r)) = r. Altogether, using Lemma 3, we obtain the following result.

Theorem 2 If G = (V, E) and r ∈ R(V ) is an instance of Determining the relative clique-width such that r is a caterpillar term, then

cw(G, r) = max{χ(H̃_s) | s = s_1 ⊕ s_2 is a subterm of r} (3)

and Determining the relative clique-width can be solved exactly in polynomial time.

We do not believe that (3) can hold without any further restrictions such as the condition min{|V_{s1} |, |V_{s2} |} = 1. The main problem for a construction of a term t(r) defining G using this smaller number of labels is that for every subterm s = s_1 ⊕ s_2 of r one has to find optimal colorings of H̃_{s1} and H̃_{s2} that may be transformed into an optimal coloring of H̃_s by operations of the form ρ_{i→j}.

For the rest of the section we investigate how much the smallest possible value of cw(G, r) for a caterpillar term r can differ from cw(G). We need the following technical lemma about binary trees.

Lemma 5 Let T = (V (T ), E(T )) be a binary tree and let n(u) denote the number of leaves of the subtree of T rooted in some vertex u ∈ V (T ). For every non-leaf u ∈ V (T ) with left child u_l and right child u_r let n(u_l) ≥ n(u_r).

If P : v_0v_1v_2...v_l is a path in T from the root r = v_0 ∈ V (T ) to a vertex v = v_l ∈ V (T ) and ν = |{i | 1 ≤ i ≤ l, v_i is the right child of v_{i−1}}|,

then n(r) ≥ 2^ν n(v) + (l − ν). Proof: Let u ∈ V (T ) be a non-leaf and let u_l and u_r be the left and right child of u, respectively. Since 1 ≤ n(u_r) ≤ n(u_l), we have

n(u) = n(u_l) + n(u_r) ≥ max{2n(u_r), n(u_l) + 1}.

Hence n(r) is at least a number that arises from n(v) by ν multiplications with 2 and (l − ν) additions of 1 which easily implies the desired result. □

– 8 –

Theorem 3 If G = (V, E) is a graph and r ∈ R(V ), then there is a caterpillar term r̃ ∈ R(V ) such that

max{χ(H_{s̃}) | s̃ is a subterm of r̃} ≤ (⌊log_2(|V |)⌋ + 1) max{χ(H_s) | s is a subterm of r}.

Proof: Let T = (V (T ), E(T )) be the binary tree encoded by r. Let V (u) denote the set of leaves of the subtree of T rooted in some vertex u ∈ V (T ). Let n(u) = |V (u)| for u ∈ V (T ). Clearly, if n = |V | and r denotes the root of T , then n(r) = n.

We may assume that n ≥ 4. Furthermore, since ⊕ is commutative, we may assume that n(u_l) ≥ n(u_r) for every non-leaf u ∈ V (T ) with left child u_l and right child u_r. Let v_1, v_2, ..., v_n be the ordering of the leaves of T (= the vertices of G) ‘from left to right’, i.e. for 1 ≤ i < j ≤ n there is a vertex u ∈ V (T ) such that v_i lies in the subtree rooted in the left child of u and v_j lies in the subtree rooted in the right child of u.

Claim. For every 1 ≤ i ≤ n there are l ≤ ⌊log_2(n)⌋ + 1 vertices u_1, u_2, ..., u_l ∈ V (T ) such that {v_1, v_2, ..., v_i} = l⋃ j=1 V (u_j). Proof of the claim: Let P : w_0w_1w_2...w_k be the path in T from the root r = w_0 ∈ V (T ) to the vertex v_i = w_k ∈ V (T ). Let ν = |{i | 1 ≤ i ≤ k, w_i is the right child of w_{i−1}}|. By Lemma 5, n ≥ 2^ν n(v_i) + (k − ν) ≥ 2^ν . It is easy to see that there are l ≤ ν + 1 vertices u_1, u_2, ..., u_l ∈ V (T ) such that {v_1, v_2, ..., v_i} = ⋃_l j=1 V (u_j). In Figure 2 we indicate how such vertices can be chosen. The encircled vertices form the set {u_1, u_2, ..., u_l}. Since l ≤ ν + 1 ≤ ⌊log_2(n)⌋ + 1 the proof of the claim is complete. □

v_i r

v_i r v_i r

Figure 2 Examples for ν = 3, 1 and 4.

– 9 –

Let r̃ = (...((v_1 ⊕ v_2) ⊕ v_3)...) ⊕ v_n. If s̃ is a subterm of r̃, then the above claim and the definition of the graphs H_s in Section 2 imply that the graph H_{s̃} is a subgraph of the disjoint union of at most ⌊log_2(n)⌋ + 1 graphs H_s where s is a subterm of r. This immediately implies the desired result and the proof is complete. □

Combining previous results implies the following.

Corollary 2 If G = (V, E) is a graph, then

min{cw(G, t) | t ∈ R(V ) is a caterpillar term} ≤ 2(⌊log_2(|V |)⌋ + 1)cw(G).

Proof: By Proposition 1, there is some r ∈ R(V ) with cw(G) = cw(G, r). By Theorem 3, there is a caterpillar term r̃ ∈ R(V ) with

max{χ(H_{s̃}) | s̃ is a subterm of r̃} ≤ (⌊log_2(|V |)⌋ + 1) max{χ(H_s) | s is a subterm of r}.

By Lemma 1 and Theorem 1, we obtain

min{cw(G, t) | t ∈ R(V ) is a caterpillar term} ≤ cw(G, r̃) ≤ 2 max{χ(H_{s̃}) | s̃ is a subterm of r̃} ≤ 2 (⌊log_2(|V |)⌋ + 1) max{χ(H_s) | s is a subterm of r} ≤ 2 (⌊log_2(|V |)⌋ + 1) cw(G, r) = 2 (⌊log_2(|V |)⌋ + 1) cw(G)

and the proof is complete. □

5 Finding a Good Reduced Term

A polynomial time approximation algorithm for Finding a good reduced term and Corollary 1 would yield a polynomial time approximation algorithm for the clique-width. Unfortunately, we don’t know such an algorithm.

In this final section we show that a tree-decomposition leads to a ‘good’ reduced term r in the sense that cw(G, r) is at least bounded by a function of the width of the treedecomposition. This is interesting in view of the fact that tree-decompositions of small width can be determined efficiently [1, 8, 9] but it clearly does not imply that cw(G, r) is somewhere close to cw(G).

We need the exact definitions of a tree-decomposition and of the tree-width of a graph. A tree-decomposition of a graph G = (V, E) is a pair (T, W) such that T = (V (T ), E(T )) is a tree and W = (W_t | t ∈ V (T )) is a collection of sets W_t ⊆ V of vertices of G such that

(i) V = ⋃ t∈V (T ) W_t,

– 10 –

(ii) for every edge uv ∈ E of G there exists a t ∈ V (T ) such that u, v ∈ W_t and

(iii) for every vertex u ∈ V of G the set {t ∈ V (T ) | u ∈ W_t} induces a subtree of T .

The width of the tree-decomposition (T, W) is max{|W_t|−1 | t ∈ V (T )} and the tree-width tw(G) of G is the minimum width of a tree-decomposition of G.

For simplicity we will assume that all tree-decompositions (T, W) additionally satisfy that

(iv) for every edge st ∈ E(T ) of T we have W_t ≠ W_s

which can always be ensured without increasing the width of (T, W) by contracting edges of T .

The following simple lemma plays a key-role for us.

Lemma 6 Let G = (V, E) be a graph and let (T, W) be a tree-decomposition of G. Let T be rooted at some vertex r ∈ V (T ). For some t_0 ∈ V (T ) and some children t_1, t_2, ..., t_l of t — not necessarily all — let

Ṽ = (_l ⋃ i=1 ⋃ s≤t_i W_s ) \ W_{t0} where “s ≤ t_i” means that either s = t_i or s is a descendant of t_i.

Then N_G(u) \ Ṽ ⊆ W_{t0} for all u ∈ Ṽ and thus there are at most 2^{|Wt0 |} different sets in {N_G(u) \ Ṽ | u ∈ Ṽ }. Proof: This follows immediately from conditions (ii) and (iii) in the definition of a treedecomposition and the fact that every path in T from a vertex in {s | s ≤ t_i for some 1 ≤ i ≤ l} to a vertex in V (T ) \ {s | s ≤ t_i for some 1 ≤ i ≤ l} includes t_0. □

We proceed to the main result of this section.

Theorem 4 If G = (V, E) is a graph and (T, W) is a tree-decomposition of G of width k, then there exists a term r ∈ R(V ) with χ(H_s) ≤ 2^{k+1} for every subterm s of r.

Furthermore, r can be constructed in polynomial time given the graph G = (V, E) and the tree-decomposition (T, W) as input.

Proof: Let G = (V, E), (T, W) and k be as in the statement of the theorem.

Let T be rooted at some vertex r ∈ V (T ). Let U_r = W_r and let U_t = W_t \ W_s for every vertex t ∈ V (T ) \ {r} with parent s. It follows immediately from the definition of a tree-decomposition that the sets U_t for t ∈ V (T ) form a partition of V .

Let the term r ∈ R(V ) be such that for every vertex t_0 ∈ V (T ) there is a subterm r_0 of r such that

V_{r0} = ⋃ s≤t_0 U_s. (4)

– 11 –

(Remember that V_{r0} denotes the set of all vertices that appear in the term r_0.)

Furthermore, if t_1, t_2, ..., t_{l−1} and t_l are the children of t_0 and l ≥ 1, then we require that there are subterms r_1 and r_2 of r such that

V_{r1} = U_{t0} and V_{r2} = ( ⋃ s≤t_0 U_s ) \ U_{t0} = l⋃ i=1 ⋃ s≤t_i U_s. (5)

It is easy to see that such a term r ∈ R(V ) exists and that it can be constructed in polynomial time in a bottom-up fashion starting at the leaves of T . (See Figure 3 which shows a rooted tree T and the overall structure of a rooted binary tree encoded by a possible term r where a leaf labeled U_i corresponds to an arbitrary term in R(U_i).) We leave the notationally tedious but very straightforward details of this claim as an exercise to the reader.

7 8 9 10 11 12 4 5 6 2 3 1

U_7

U_8

U_9

U_5

U_{10}

U_{11}

U_4

U_{12}

U_6

U_2

U_3

U_1

Figure 3

Now let s be a subterm of r. It follows from (4) and (5) that the set V_s is either V or a subset of a set U_t for some t ∈ V (T ) or has the form of the set Ṽ as considered in Lemma 6. In the first case χ(H_s) ≤ 1, in the second case |V_s| ≤ k + 1 which implies χ(H_s) ≤ k + 1 and in the third case Lemma 6 implies χ(H_s) ≤ 2^{k+1}. This completes the proof. □

As an immediate consequence of Theorem 1 and Theorem 4 we obtain the following corollary.

Corollary 3 If G = (V, E) is a graph, then cw(G) ≤ 2^{tw(G)+2}.

Note that Courcelle and Olariu [5] proved cw(G) ≤ 2^{tw(G)+1} + 1 and that Corneil and Rotics [3] proved cw(G) ≤ 3 · 2^{tw(G)−1}.

– 12 –

References

[1] H.L. Bodlaender, A linear-time algorithm for finding tree-decompositions of small treewidth, SIAM J. Comput. 25 (1996), 1305–1317.

[2] H.L. Bodlaender, Treewidth: algorithmic techniques and results, in Lect. Notes Comput. Sci. 1295, pages 19–36, Springer, Berlin, 1997.

[3] D.G. Corneil and U. Rotics, On the Relationship between Clique-Width and Treewidth (Extended Abstract), Lecture Notes in Computer Science 2204 (2001), 78-90.

[4] B. Courcelle, The monadic second-order logic of graphs. III. Tree-decompositions, minors and complexity issues, RAIRO Inform. Théor. Appl. 26 (1992), 257–286.

[5] B. Courcelle and S. Olariu, Upper bounds to the clique-width of a graph, Discrete Appl. Math. 101 (2000), 77–114.

[6] B. Courcelle, J.A. Makowsky and U. Rotics, Linear time solvable optimization problems on graphs of bounded clique-width, Theory Comput. Syst. 33 (2000), 125–150.

[7] B. Courcelle, J.A. Makowsky and U. Rotics, On the fixed parameter complexity of graph enumeration problems definable in monadic second-order logic, Discrete Appl. Math. 108 (2001), 23–52.

[8] L. Perković and B. Reed, An improved algorithm for finding tree decompositions of small width, Internat. J. Found. Comput. Sci. 11 (2000), 365–371.

[9] B. Reed, Tree width and tangles: a new connectivity measure and some applications, in London Math. Soc. Lecture Note Ser. 241, pages 87–162, Cambridge Univ. Press, Cambridge, 1997.

[10] N. Robertson and P.D. Seymour, Graph minors. II. Algorithmic aspects of tree-width, J. Algorithms 7 (1986), 309–322.