DIMACS Technical Report 2004-18 April 2004

The number of spanning trees in circulant graphs with non–fixed jumps^1 by Yuanping Zhang^{,2} College of Mathematics and Computer Science Hunan Normal University Changsha, 410081, Hunan P.R.China ypzhang@hunnu.edu.cn

Zhiyong Zhang Center of Networks Hunan Normal University Changsha, 410081, Hunan P. R. China zyzhang@hunnu.edu.cn

Xuerong Yong^3 DIMACS CoRE Building Rutgers University 96 Frelinghuysen Road Piscataway, New Jersey 08854

1The work was supported in part by DIMACS and Hong Kong UST. 2P. Zhang is the corresponding author.

3Xuerong Yong is also at the Dept. of Computer Science, The Hong Kong University of Science and Technology, Hong Kong

DIMACS is a collaborative project of Rutgers University, Princeton University, AT&T Labs– Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research and Microsoft Research. DIMACS was founded as an NSF Science and Technology Center.

ABSTRACT

Let 1 ≤ s_1 < s_2 < · · · < s_k, and q < p be given integers. An undirected circulant graph, C^{s1,s2,···,sk} n , has n vertices labelled 0, 1, 2, · · ·, n − 1, and for each s_i (1 ≤ i ≤ k) and j (0 ≤ j ≤ n−1) there is an edge between j and j+s_i mod n. Let T (C^{s1,s2,···,sk}_n ) be the number of spanning trees of C^{s1,s2,···,sk}_n . We proved in [16] that T (C^{s1,s2,···,sk}_n ) = na^2_n where a_n satisfies a linear recurrence relation of order 2^{sk−1}. In this paper we show that T (C^{s1,s2,···,sk,qn}_{pn} ) can be splitted into the products of T (C^{s1,s2,···,sk}_n ) and^1_p c^2_{n,p,q}, where c_{n,p,q} satisfies a linear recurrence relation for some p, q. As examples of its use, we describe the method and, for certain p, q, we provide the recurrence relations and the asymptotics of T (C^{s1,s2,···,sk,qn}_{pn} ).

Key Words: Circulant graphs; number of spanning trees; recurrence relations; asymptotics

1 Introduction

The study of the number of spanning trees in a graph G (network) has been very active due to the reason that it characterizes the reliability of a network in communications [6]. In this framework, a well-known and classic result is the so called Matrix Tree Theorem [8] which expresses the number of spanning trees T (G) of G in terms of the determinant of a matrix that is constructed from G’s incidence matrix. However, this method of counting spanning trees by calculating determinants is practically infeasible for large graphs.

Nevertheless, for some special classes of graphs it is possible to derive explicit, simple formulas for the number of spanning trees. If G is the complete graph K_n, then Cayley’s tree formula [7] states that T (K_n) = n^{n−2}. Other special cases can be found in [4, 11, 12]. In this paper we restrict our problems to the class of circulant graphs with some non-fixed jumps.

Let s_1, s_2, · · ·, s_k be integers with 1 ≤ s_1 < s_2 < · · · < s_k. The undirected circulant graph, C^{s1,s2,···,sk} n , has n vertices labelled 0, 1, 2, · · ·, n − 1, and for each s_i (1 ≤ i ≤ k) and j (0 ≤ j ≤ n − 1) there is an edge between j and j + s_i mod n. So C^{s1,s2,···,sk}_n is a 2k-regular graph. Multiple edges and self-loops are permitted for the reasoning that the multiple connections between two work-stations are often used in real designing of networks and the self-loops have no contribution to the spanning trees.

Recently, the recurence formulas for T (C^{s1,s2,···,sk}_n ) have been studied extensively. The formula T (C^{1,2}_n ) = nF^2_n , F_n the Fibonacci numbers, was originally conjectured by Bedrosian [2] and subsequently proven by Kleitman and Golden [9]. The same formula was also conjectured by Boesch and Wang [5] (without the knowledge of [9]). Different proofs can been found in [1, 4, 12]. The formulas for T (C^{1,3}_n ) and T (C^{1,4}_n ) are provided in [11]. A general result is provided in [16], that is, if gcd(s_1, s_2, · · · , s_k) = 1 then T (C^{s1,s2,···,sk}_n ) = na^2_n where a_n satisfies a recurrence relation of order 2^{sk−1}. The initial conditions of a_n can be obtained by the Matrix Tree Theorem. Note that T (C^{s1,s2,···,sk}_n ) = 0 when gcd(s_1, s_2, · · · , s_k) ≠ 1. But unfortunately, that method does not, though, provide a general recurrence relation or formula for the case T (C^{s1,s2,···,sk}_n ) when some s_i are permitted to vary as n. This is an original motivation of this work.

In this paper, for given integers s_1, s_2, · · · , s_k, 1 ≤ s_1 < s_2 < · · · < s_k, and q < p. we will provide a method for determining the recurrence relations for T (C^{s1,s2,···,sk,qn}_{pn} ). Its asymptotic properties will also be investigated. Several recurrence relations will be given for applications of the method.

2 Basic lemmas

From Biggs [[3], Proposition 3.5 and Corollary 6.5], or [13], we know the following simpler product formula in the circulant graph case:

– 2 –

Lemma 1 T (C^{s1,s2,···,sk} n ) = 1 n n−1∏ j=1 (2k − ε^{−s1j} − ε^{−s2j} − · · · − ε^{−skj} −ε^{s1j} − ε^{s2j} − · · · − ε^{skj}) = 1 n n−1∏ j=1 (_k ∑ i=1 (2 − 2 cos 2js_iπ n ) ) ,

where ε^{−j} is the conjugate of ε^j, ε = e^{2πi}n .

We should point out that even though Lemma 1 expresses the number of spanning trees for the circulant graphs exactly, it is really difficult to use it in practice because these cos^{2jsiπ}_n are involved in and the computation is ill-conditioned. Therefore we need to manipulate the above formula into a more convenient form. Lemma 2 Let g_{s1,s2,···,sk;λ}(x) = λ − x^{−s1} − x^{−s2} − · · · − x^{−sk} − x^{s1} − x^{s2} − · · · − x^{sk} , (1) and f_{s1,s2,···,sk;λ}(x) = −x^{sk} g_{s1,s2,···,sk;λ}(x). (2) If λ > 2k, f_{s1,s2,···,sk;λ}(α) = 0, then |α| ≠ 1; even more, f_{s1,s2,···,sk;λ}(1/α) = 0 and, α and 1/α have the same multiplicity as roots of f_{s1,s2,···,sk;λ}(x) = 0. Proof. For any α with |α| = 1, suppose that α = e^{iϕ} = cos ϕ + i sin ϕ for some ϕ. Thus f_{s1,s2,···,sk;λ}(α) −α^{sk} = k∑ i=1 (2 − α^{−si} − α^{si} ) + (λ − 2k)

= k∑ i=1 (2 − 2 cos s_iϕ) + (λ − 2k).

From this equation, if λ > 2k, then^{fs1,s2,···,sk;λ(α)}_{−α}s_k > 0 always holds for any α with |α| = 1. So f_{s1,s2,···,sk;λ}(x) has no roots with modulus 1. It is easy to see that f_{s1,s2,···,sk;λ}(1/x) = 1 x^{2sk} f_{s1,s2,···,sk;λ}(x),

– 3 –

so for any α (≠ 0), α and 1/α are roots of f_{s1,s2,···,sk;λ}(x) simultaneously, or not. Going further, set f_{s1,s2,···,sk;λ}(x) = f_{s1,s2,···,sk;λ}(x) (x − α)(x − 1/α) . Then f_{s1,s2,···,sk;λ}(1/x) = 1 x^{2sk−2} f_{s1,s2,···,sk;λ}(x). Continuing in this fashion shows that α and 1/α always have same multiplicity as roots of f_{s1,s2,···,sk;λ}(x). □ From Lemma 2 we infer that, for any given λ ≠ 0, f_{s1,s2,···,sh;λ}(x) has roots α_1, α_2, · · ·, α_{sh} , 1/α_1, 1/α_2, · · ·, 1/α_{sh} with |α_i| ≥ 1 for each i, 1 ≤ i ≤ s_h. It is possible that some α_i repeats.

Now we return to Lemma 1 to derive the following lemma.

Lemma 3 For given integers s_1, s_2, · · ·, s_k, 1 ≤ s_1 < s_2 < · · · < s_k, and p > q, T (C^{s1,s2,···,sk,qn} pn ) = 1 p c^2_{n,p,q}T (C^{s1,s2,···,sk} n ), where ∀q, we have a_{n,p} ≤ c_{n,p,q} ≤ b_{n,p}, and both a_{n,p}, b_{n,p} satisfy linear recurrence relations of order p^{sk} .

Proof. Let ε = e^{2πi}n and ε_p = e^{2πipn} . Notice that cos(^{2πsij}_{pn} ) = cos(^{2πsil}_n ), and cos(^{2πqnl}_{pn} ) = 1 when j = pl, 0 ≤ l ≤ n − 1. From Lemma 1, we have the following product expression of T (C^{s1,s2,···,sk,qn} pn ):

T (C^{s1,s2,···,sk,qn} pn ) = 1 pn pn−1∏

j=1 g_{s1,s2,···,sk,qn;2k+2}(ε^j_p)

= 1 pn pn−1∏ j = 1 p ∤ j g_{s1,s2,···,sk,qn;2k+2}(ε^j_p) n−1∏ j=1 g_{s1,s2,···,sk;2k}(ε^j)

= 1 p c^2_{n,p,q}T (C^{s1,s2,···,sk} n ), where c^2_{n,p,q} = ∏_{pn−1} j = 1 p ∤ j g_{s1,s2,···,sk,qn;2k+2}(ε^j_p). Note that we have

b^2_{n,p} = ∏_{pn−1} j=1 g_{s1,s2,···,sk;2k}(ε^j_p) ∏_{n−1} j=1 g_{s1,s2,···,sk;2k}(ε^j) ≤ c^2_{n,p,q} ≤ ∏_{pn−1} j=1 g_{s1,s2,···,sk;2k+4}(ε^j_p) ∏_{n−1} j=1 g_{s1,s2,···,sk;2k+4}(ε^j) = a^2_{n.p}.

– 4 –

Now f_{s1,s2,···,sk;2k+4}(x) have roots α_1, α_2, · · ·, α_{sk} , 1/α_1, 1/α_2, · · ·, and 1/α_{sk} , where |α_i| ≥ 1

for each i, 1 ≤ i ≤ s_k. Therefore making use of the relations: n−1∏ j=1 (−ε^{−skj} ) = (−1)^{(sk−1)(n−1)}, n∏ j=1 (ε^j − x) = (−1)^{n−1}(1 − x^n) for any x, we have n−1∏ j=1 g_{s1,s2,···,sk;2k+4}(ε^j) = n−1∏ j=1 (−ε^{−skj} )f_{s1,s2,···,sk;2k+4}(ε^j )

= (−1)^{(sk−1)(n−1)} ∏_n j=1 ∏_{sk} i=1(ε^j − α_i)(ε^j − 1/α_i) ∏_{sk} i=1(1 − α_i)(1 − 1/α_i)

= (−1)^{(sk−1)(n−1)} ∏_{sk} i=1 ∏_n j=1(ε^j − α_i)(ε^j − 1/α_i) ∏_{sk} i=1(1 − α_i)(1 − 1/α_i)

= (−1)^{(sk−1)(n−1)} ∏_{sk} i=1(1 − α^n_i )(1 − 1/α^n_i ) ∏_{sk} i=1(1 − α_i)(1 − 1/α_i) , where if there is a α = 1, we view^{1−αn}_{1−α} = lim_{r→+0}^{1−(α+r)n}_{1−(α+r)} = n. Similarly, pn−1∏

j=1 g_{s1,s2,···,sk;2k+4}(ε^j_p) = (−1)^{(sk−1)(pn−1)} ∏_{sk} i=1(1 − α^{pn}_i )(1 − 1/α^{pn}_i ) ∏_{sk} i=1(1 − α_i)(1 − 1/α_i) . Thus,

a^2_{n,p} = (−1)^{(sk −1)n} (_{sk} ∏ i=1 (1 + α^n_i + · · · + α^{p(n−1)}_i )(1 + 1/α^n_i + · · · + 1/α^{p(n−1)}_i ) )

= (−1)^{(sk −1)n} ∏_{sk} i=1(1 + α^n_i + · · · + α^{p(n−1)}_i )^2 ∏_{sk} i=1 α^{p(n−1)} i .

Consequently, we may let a_{n,p} = ∑_ps_k t=1 r^n_t for some numbers r_t, 1 ≤ t ≤ 2^{sk} . Then from the

generatingfunctionology [10], a_{n,p} satisfies a linear recurrence relation of order p^{sk} . Analogi-

cally, we can prove the similar result for b_{n,p}. □

From the proof we note that in general the formula for c_{n,p,q} is not easy to derive. Never-

theless, this lemma produces the following corollary which states that c_{n,p,q} satisfies a linear

recurrence relation for some p, q.

– 5 –

Corollary 1 For given integers s_1, s_2, · · ·, s_k, 1 ≤ s_1 < s_2 < · · · < s_k, we have (1) T (C^{s1,s2,···,sk,n} 2n ) = 1 2 c^2_nT (C^{s1,s2,···,sk} n ), where c_n = c_{n,2,1} satisfies a linear recurrence relation of order 2^{sk} . and (2) T (C^{s1,s2,···,sk,n} 3n ) = 1 3 c^2_nT (C^{s1,s2,···,sk} n ), where c_n = c_{n,3,1} satisfies a linear recurrence relation of order 3^{sk} .

Proof. (1) This is the case that p = 2, q = 1. Noticing that cos(jπ) = −1 when j is odd and cos(jπ) = 1 when j is even, therefore from Lemma 3, we have c_{n,2,1} = a_{n,2}. (2) This is the case that p = 3, q = 1. Noticing that for any integer j, cos(2jπ/3) = cos(4jπ/3) = −1/2 if j is not divisible by 3 and cos(2jπ/3) = 1 otherwise, therefore, it is seen that

c^2_{n,3,1} = ∏_{3n−1} j=1 g_{s1,s2,···,sk;2k+3}(ε^j_3) ∏_{n−1} j=1 g_{s1,s2,···,sk;2k+3}(ε^j) . The rest of the proof follows similarly from the proof of Lemma 3. □

Note that Lemma 3 gives an estimation of T (C^{s1,s2,···,sk,qn;n}_{pn} ) using T (C^{s1,s2,···,sk}_n ). Corollary 1 provides a method for calculating T (C^{s1,s2,···,sk,n}_{2n} ) and T (C^{s1,s2,···,sk,n}_{3n} ) for fixed integers s_1, s_2, · · ·, s_k where 1 ≤ s_1 < s_2 < · · · < s_k are given. The T (C^{s1,s2,···,sk}_n ) are known already [16]. The initial conditions of c_n can be obtained exactly from the Matrix Tree Theorem. Hence, by solving a system of linear equations, we can establish the exact recurrence relation for c_n. The method is applied to several examples in the following section.

3 Recurrence relations and asymptotic properties

Following theorems provide recurrence formulas for some special cases of Corollary 1.

Theorem 4 T (C^{1,n}_{2n} ) = 1 2 c^2_nT (C^1_n) = n 2 c^2_n,

where c_n satisfies the recurrence relation c_n = 2 √ 2c_{n−1}−c_{n−2} with initial conditions c_1 = 2 √ 2 and c_2 = 6.

Proof. Notice that T (C^1_n) = n.

From Corollary 1, T (C^{1,n}_{2n} ) has the form in the theorem, where c_n satisfies a linear recurrence relation of order 2. The initial conditions of c_n can be derived by using the Matrix Tree Theorem. We have c_1 = 2 √ 2, c_2 = 6, and c_3 = 10 √ 2. By letting c_n = d_1c_{n−1} + d_2c_{n−2}, d_1 and d_2 can be obtained easily by plugging the initial c_i into the formula and solving a system of linear equations. □

– 6 –

Theorem 5 T (C^{1,2,n}_{2n} ) = 1 2 c^2_nT (C^{1,2}_n ),

where c_n satisfies the recurrence relation c_n = 2 √ 2c_{n−1} + c_{n−2} − 2 √ 2c_{n−3} − c_{n−4} with initial conditions c_1 = 2 √ 2, c_2 = 10, c_3 = 16 √ 2 and c_4 = 62.

Proof. From Corollary 1, T (C^{1,2,n}_{2n} ) = 1 2 c^2_nT (C^{1,2}_n ),

where c_n satisfies a linear recurrence relation of order 4. Suppose that c_n = d_1c_{n−1} +d_2c_{n−2} + d_3c_{n−3} + d_4c_{n−4} for some d_1, d_2, d_3 and d_4. The initial conditions can be derived by using the Matrix Tree Theorem, they are c_1 = 2 √ 2, c_2 = 10, c_3 = 16 √ 2, c_4 = 62, c_5 = 118 √ 2, c_6 = 460, c_7 = 898 √ 2 and c_8 = 3518. After plugging these c_i into the relation and solving the linear equations, we have d_1 = 2 √ 2, d_2 = 1, d_3 = −2 √ 2 and d_4 = −1. □

It is already known that T (C^{1,2}_n ) = na^2_n, where a_n are Fibonacci numbers. So Theorem 5 provides a easy method to calculate T (C^{1,2,n}_{2n} ), which is in linear time of n in the sense of the analysis of algorithms.

Similarly we have the following recurrence formulas. We would like to omit their proofs here.

Theorem 6 T (C^{1,2,3,n}_{2n} ) = 1 2 c^2_nT (C^{1,2,3}_n ),

where c_n satisfies the recurrence relation c_n = 2 √ 3c_{n−1} −11c_{n−4} +2 √ 3c_{n−7} −c_{n−8} with initial conditions c_1 = 2 √ 3, c_2 = 24, c_3 = 24 √ 3, c4 = 100, c_5 = 178 √ 3, c_6 = 936, c_7 = 1622 √ 3 and c_8 = 8636.

Theorem 7 T (C^{1,n}_{3n} ) = 1 3 c^2_nT (C^1_n) = n 3 c^2_n,

where c_n satisfies the recurrence relation c_n = 6c_{n−1} − 6c_{n−2} + c_{n−3} with initial conditions c_1 = 6, c_2 = 24 and c_3 = 111.

Theorem 8 T (C^{1,2,n}_{3n} ) = 1 3 c^2_nT (C^{1,2}_n ),

where c_n satisfies the recurrence relation c_n = 9c_{n−1} − 9c_{n−2} − 55c_{n−3} + 63c_{n−4} + 63c_{n−5} − 55c_{n−6} − 9c_{n−7} + 9c_{n−8} − c_{n−9} with initial conditions c_1 = 9, c_2 = 63, c_3 = 321, c4 = 2079, c_5 = 13239, c_6 = 86991, c_7 = 573057, c_8 = 3794175 and c_9 = 25152441.

Lemma 3 and Corollary 1 have given us more information than the recurrence relations. From their proofs it is easy to see the asymptotic properties of T (C^{s1,s2,···,sk,n}_{2n} ) and T (C^{s1,s2,···,sk,n} 3n ). We have the following theorems.

– 7 –

Theorem 9 Let s_1, s_2, · · ·, s_k be fixed positive integers such that 1 ≤ s_1 < s_2 < · · · < s_k. Suppose f_{s1,s2,···,sk;2k+4}(x) have roots α_1, α_2, · · ·, α_{sk} , 1/α_1, 1/α_2, · · ·, 1/α_{sk} with |α_i| > 1 for each i. Then for the c_n in the formula T (C^{s1,s2,···,sk,n}_{2n} ) =^1_2 c^2_nT (C^{s1,s2,···,sk}_n ), c_n ∼ | √∏_{sk} i=1 α_i|^n.

Theorem 10 Let s_1, s_2, · · ·, s_k be fixed positive integers such that 1 ≤ s_1 < s_2 < · · · < s_k. Suppose f_{s1,s2,···,sk;2k+3}(x) have roots β_1, β_2, · · ·, β_{sk} , 1/β_1, 1/β_2, · · ·, 1/β_{sk} with |β_i| > 1 for each i. Then for the c_n in the formula T (C^{s1,s2,···,sk,n}_{3n} ) =^1_3 c^2_nT (C^{s1,s2,···,sk}_n ), c_n ∼ | ∏_{sk} i=1 β_i|^n.

We would like to repeat that for given integers s_1, s_2, · · ·, s_k with 1 ≤ s_1 < s_2 < · · · < s_k, T (C^{s1,s2,···,sk} n ) = na^2_n, where a_n has asymptotic property that a_n ∼ cϕ^n for some c and ϕ and that a technique is provided in [14] to derive these c and ϕ values. In the technique what we need to do is the calculation of all roots of a degree s_k − 1 polynomial. Combining this result and technique with the Theorems 9 and 10, we have T (C^{s1,s2,···,sk,n} 2n ) = 1 2 nu^2_n, where u_n ∼ cφ^n for some c and φ; and T (C^{s1,s2,···,sk,n} 3n ) = 1 3 nv^2_n. where u_n ∼ cϑ^n for some c and ϑ.

For all cases of 1 ≤ s_1 < s_2 < · · · < s_k ≤ 5, the c values are given in [16], the φ and ϑ values are calculated here and listed in the following two tables. Notice that in deriving each of these asymptotic properties, it is not necessary to calculate any recurrence relation using the Matrix Tree Theorem. All we need to do is to calculate the all roots of a degree s_k − 1 polynomial and a degree 2s_k polynomial.

4 Conclusion

A method that uses Chebyshev polynomial technique for deriving closed formulas for the circulant graphs C^{s1,s2···,sk,} n a1 ,^n_{a2} ,···,^n_{al} n , where a_1, a_2, · · ·, a_l ∈ {2, 3, 4, 6} and for all i, 1 ≤ i ≤ l, a_i|n is given in [15]. This method is also applied to derive closed formulas T (C^{1,n}_{2n} ), T (C^{1,n}_{3n} ), T (C^{1,n}_{4n} ) T (C^{1,n}_{6n} ) and T (C^{1,2n,3n}_{6n} ). In this paper our analysis of recurrence relations and asymptotics focused mainly on two classes circulant graphs of form C^{s1,s2,···,sk,n}_{2n} and C^{s1,s2,···,sk,n} 3n . One can apply our idea to consider more general related graphs.

References

[1] G. BARON, H. PRODINGER, R. F. TICHY, F. T. BOESCH AND J. F. WANG, The Number of Spanning Trees in the Square of a Cycle, Fibonacci Quarterly 23.3(1985), 258-264.

– 8 –

{s_k} φ {s_k} φ {1} 2.4142137 {1, 3, 4} 6.7194498 {1, 2} 4.4894342 {1, 3, 5} 6.8392650 {1, 3} 4.7264265 {1, 4, 5} 6.8108968 {1, 4} 4.8300525 {2, 3, 4} 6.7758386 {1, 5} 4.8824824 {2, 3, 5} 6.7953888 {2, 3} 4.7889002 {2, 4, 5} 6.8704249 {2, 4} 4.4894342 {3, 4, 5} 6.9182287 {2, 5} 4.8935533 {1, 2, 3, 4} 8.5137376 {3, 4} 4.8804810 {1, 2, 3, 5} 8.6150783 {3, 5} 4.9069606 {1, 2, 4, 5} 8.6834930 {4, 5} 4.9199007 {1, 3, 4, 5} 8.7133034 {1, 2, 3} 6.5118172 {2, 3, 4, 5} 8.7468767 {1, 2, 4} 6.6605541 {1, 2, 3, 4, 5} 10.5068124 {1, 2, 5} 6.7795708

Figure 1: φ values for the formula T (C^{s1,s2,···,sk,n}_{2n} ) =^1_2 nu^2_n, where u_n ∼ cφ^n for some c and φ. Notice that in the 2, 4 rows, the values only apply for the odd n.

[2] S. BEDROSIAN, The Fibonacci Numbers via Trigonometric Expressions, J. Franklin Inst. 295(1973), 175-177.

[3] N. BIGGS, Algebraic Graph Theory, London: Cambridge University Press, Second Edition, 1993.

[4] F. T. BOESCH AND H. PRODINGER, Spanning Tree Formulas and Chebyshev Polynomials, Graph and Combinatorics 2(1986), 191-200.

[5] F. T. BOESCH AND J. F. WANG, A Conjecture on the Number of Spanning Trees in the Square of a Cycle, In: Notes from New York Graph Theory Day V, p. 16, New York: New York Academy of Sciences, 1982.

[6] D. CVETKOVIČ, M. DOOB AND H. SACHS, Spectra of Graphs: Theory and Applications, Third Edition, Johann Ambrosius Barth, Heidelberg, 1995.

[7] F. HARARY, Graph Theory, Reading Mass., Addison-Wesley, 1969.

[8] G. KIRCHHOFF, Über die Auflösung der Gleichungen, auf welche man bei der Untersuchung der linearen Verteilung galvanischer Ströme geführt wird, Ann. Phys. Chem. 72(1847) 497-508.

[9] D. J. KLEITMAN AND B. GOLDEN, Counting Trees in a Certain Class of Graphs, Amer. Math. Monthly 82(1975), 40-44.

[10] H. WILF, Generatingfunctionology, Academic Press, Inc., 1994.

[11] X. YONG, TALIP AND ACENJIAN, The Numbers of Spanning Trees of the Cubic Cycle C^3_N and the Quadruple Cycle C^4_N , Discrete Math. 169(1997), 293-298.

– 9 –

{s_k} ϑ {s_k} ϑ {1} 4.7912878 {1, 3, 4} 18.5512644 {1, 2} 10.7448805 {1, 3, 5} 18.941730 {1, 3} 11.3609561 {1, 4, 5} 18.8147955 {1, 4} 11.6173813 {2, 3, 4} 18.7378857 {1, 5} 11.7449405 {2, 3, 5} 18.7708247 {2, 3} 11.5169554 {2, 4, 5} 19.0174567 {2, 4} 10.7448805 {3, 4, 5} 19.1783525 {2, 5} 11.7717440 {1, 2, 3, 4} 26.1748375 {3, 4} 11.7402214 {1, 2, 3, 5} 26.5319947 {3, 5} 11.8040842 {1, 2, 4, 5} 26.7793049 {4, 5} 11.8352470 {1, 3, 4, 5} 26.8805573 {1, 2, 3} 17.9199343 {2, 3, 4, 5} 27.0094160 {1, 2, 4} 18.3769926 {1, 2, 3, 4, 5} 35.4037868 {1, 2, 5} 18.7482215

Figure 2: ϑ values for the formula T (C^{s1,s2,···,sk,n}_{3n} ) =^1_3 nv^2_n, where v_n ∼ cϑ^n for some c and ϑ. Notice that in the 2, 4 rows, the values only apply for the odd n’s.

[12] X. YONG AND F. J. ZHANG, A Simple Proof for the Complexity of Square Cycle C^2_p , J. Xinjiang Univ. 11(1994), 12-16.

[13] F. J. ZHANG AND X. YONG, Asymptotic Enumeration Theorems for the Numbers of Spanning Trees and Eulerian Trails in Circulant Digraphs & Graphs, Science in China, Series A, 43(2, 1999), 264-271.

[14] Y. P. ZHANG AND M. J. GOLIN, The number of spanning trees in graphs related to circulant graphs, Proceeding of 14th International Conference on Formal Power Series & Algebraic Combinatorics Jul., 2002, Melbourne, Australia, #62.1-11.

[15] Y. P. ZHANG AND M. J. GOLIN, Further applications of Chebyshev polynomials in the derivation of spanning tree formulas for circulant graphs, Trends in Mathematics (Proceeding of The International Colloquium on Mathematics and Computer Science II: Algorithms, Trees, Combinatorics and Probabilities, Versailles, France, Sept., 2002), 541-552. Birkhäuser Verlag Basel/Switzerland.

[16] Y. P. ZHANG, X. YONG AND M. J. GOLIN, The number of spanning trees in circulant graphs, Discrete Math. 223 (2000), 337-350.