DIMACS Technical Report 2003-33 October 2003

L(2,1)-Labelings of Products of Two Cycles by Christopher Schwarz The Schwarz Group, Inc.

69A Worcester Rd. Sterling, MA 01564 e-mail: christopher@ theschwarzgroup.com

Denise Sakai Troxell^1 Mathematics and Science Division Babson College Babson Park, MA 02457, USA e-mail: troxell@ babson.edu

1Corresponding author

DIMACS is a cooperative project of Rutgers University, Princeton University, AT&T Labs- Research, Bell Labs, NEC Laboratories America and Telcordia Technologies, as well as affiliate members Avaya Labs, HP Labs, IBM Research and Microsoft Research.

DIMACS was founded as an NSF Science and Technology Center, and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

An L(2,1)-labeling of a graph is an assignment of nonnegative integers to its vertices so that adjacent vertices get labels at least two apart and vertices at distance two get distinct labels. The λ-number of a graph G, denoted by λ(G), is the minimum range of labels taken over all of its L(2,1)-labelings. We show that the λ-number of the Cartesian product of any two cycles is 6, 7 or 8. In addition, we provide complete characterizations for the products of two cycles with λ-number exactly equal to each one of these values.

1 Introduction

Behind the apparent simplicity of the L(2,1)-labelings lies a surprising complexity that has provided challenging research topics for more than a decade since Griggs and Yeh, motivated by the problem of assigning channels to interfering radio and TV transmitters, introduced this graph coloring variation in [13]. We refer the reader to [1—23] for a comprehensive overview on L(2,1)-labelings. An L(2,1)-labeling of a graph G is an assignment of nonnegative integers to its vertices so that adjacent vertices get integers at least two apart and vertices at distance two get integers at least one apart. If an L(2,1)-labeling uses labels in the set {0, 1, ..., k} it will be called a k-labeling. The minimum k so that G has a k-labeling is called the λ-number of G and will be denoted by λ(G). The long standing conjecture by Griggs and Yeh, which states that the λ-number of a graph cannot exceed the square of its maximum degree, has motivated the study of the λ-number of particular classes of graphs.

The λ-number of the Cartesian products of graphs was investigated in [11,12,14,15,16, 23]. The Cartesian product of two graphs G and H (or simply product), denoted by G × H, is defined as the graph with vertex set given by the Cartesian product of the vertex set of G and the vertex set of H, where two vertices (u, v) and (w, z) are adjacent if and only if either [u, w are adjacent in G and v = z] or [v, z are adjacent in H and u = w]. The following are the known results on the λ-number of the product of pairs of graphs involving complete graphs, paths and cycles.

Theorem 1 ([11,12]) If n, m ≥ 2 then

λ(K_n × K_m) = { 4, if n = m = 2 nm − 1, otherwise. •

Theorem 2 ([23]) If n, m ≥ 2 then

λ(P_n × P_m) = { 5, if n = 2 and m ≥ 4 6, if n, m ≥ 4 or [n ≥ 3 and m ≥ 5]. •

Theorem 3 ([16]) If n ≥ 4 and m ≥ 3 then

(i) λ(P_2 × C_m) = { 5, if m ≡ 0 mod 3 6, otherwise;

(ii) λ(P_3 × C_m) = { 7, if m = 4 or 5 6, otherwise;

(iii) λ(P_n × C_m) = { 6, if m ≡ 0 mod 7 7, otherwise. •

Theorem 4 ([15]) If n, m ≥ 3 then

λ(C_n × C_m) = 6, if n, m ≡ 0 mod 7.

– 2 –

In addition,

λ(C_n × C_m) ≤ 7, if [n ≡ 0 mod 4 and m ≥ 4] or [n ≡ 0 mod 3 and m ≡ 0 mod 6]. •

We will present a complete result on the λ-number of the product of two cycles, namely

Theorem 5 If n, m ≥ 3 then

λ(C_n × C_m) =

6, if n, m ≡ 0 mod 7 8, if {n, m} ∈ A 7, otherwise,

where A = {{3, i} : i ≥ 3, i odd or i = 4, 10} ∪ {{5, i} : i = 5, 6, 9, 10, 13, 17}∪ {{6, 7}, {6, 11}, {7, 9}, {9, 10}}. •

The lower bound λ(C_n × C_m) ≥ 6 for all n, m ≥ 3 follows from the following Lemma by observing that C_n × C_m is a 4-regular graph for n, m ≥ 3.

Lemma 1 ([13]) If a graph contains three vertices with maximum degree Δ ≥ 2 and one of them is adjacent to the other two vertices, then its λ-number is at least Δ + 2. •

Theorem 3 could be used to establish the better lower bound λ(C_n ×C_m) ≥ 7 when [n = 3 and m = 4 or 5] or when [n ≥ 4 and m is not a multiple of 7], since P_n × C_m is a subgraph of C_n × C_m. The proof of this theorem relies on extensive case checking done by computer programs that are not easily verifiable without their codes. For instance, in the proof of item (iii), a computer program generates a directed graph of 1248 vertices, 912 edges and searches for all its cycles. We chose not to use this theorem in our proofs, providing arguments that do not require the aide of computer programs whenever possible. Our results can actually be adapted to provide a “computer-free” proof for item (iii) in Theorem 3 (see Section 5).

In Section 2, we establish a general upper bound λ(C_n × C_m) ≤ 8 for all n, m ≥ 3. We also show that λ(C_n ×C_m) ≤ 7 for selected values of n and m. In particular, λ(C_n ×C_m) ≤ 7 if n and m are sufficiently large, namely, if n, m ≥ 28. In Sections 3 and 4, we present exact values for λ(C_3 × C_m) and for λ(C_4 × C_m), respectively, for any m ≥ 3. In Section 5, we completely characterize the product of cycles with λ-number exactly 6. We conclude by computing λ(C_n × C_m) when n, m ≥ 5 in Section 6, where computer programs were used to generate 7-labelings or to show that they do not exist.

Throughout, each vertex in C_n × C_m will be represented by an ordered pair (i, j) with i = 1, 2, ..., n and j = 1, 2, ..., m so that two vertices are adjacent if their pair representations satisfy exactly one of the following two conditions:

1. Both pairs agree on the first coordinate and differ in absolute value by exactly 1 or m − 1 on the second coordinate.

2. Both pairs agree on the second coordinate and differ in absolute value by exactly 1 or n − 1 on the first coordinate.

– 3 –

Notice that if we present the vertices of C_n × C_m as an n-by-m matrix with vertex (i, j) placed in the entry in row i, column j, the subgraph induced by each row is isomorphic to C_m and the subgraph induced by each column is isomorphic to C_n. For convenience, k-labelings of the vertices in C_n × C_m will also be represented as n-by-m matrices where the entry on the ith row, jth column will be the label of vertex (i, j).

2 Upper Bounds for λ(C_n × C_m)

In this section, we establish upper bounds for the λ-number of products of two cycles. We begin by presenting two auxiliary Lemmas that will be used to construct k-labelings of products of two cycles from k-labelings of products of pairs of smaller cycles. Lemma 2 is a straightforward result that takes advantage of the symmetry of products of two cycles. Lemma 3 is a number theory result that identifies consecutive nonnegative integers that can be written as nonnegative combinations of two given relatively prime positive integers different from one. Their proofs are elementary and will be omitted.

If M is a matrix and α, β are nonnegative integers we define αMβ as the block matrix obtained by arranging α rows of β copies of matrix M per row.

Lemma 2 Let the matrices X and Y be k-labelings of C_p × C_r and C_p × C_s, respectively, where p, r, s ≥ 3. If the block matrix [X|Y ] obtained by arranging a copy of X followed by a copy of Y in a row is a k-labeling of C_p × C_{(r+s)}, then for every nonnegative integers α and β, the block matrix [1Xα|1Y β] is a k-labeling of C_p × C_{(αr+βs)}. •

Given two integers r and s, the set of all nonnegative integer combinations of r and s will be denoted by S(r, s), that is, S(r, s) = {αr + βs : α, β nonnegative integers}.

Lemma 3 If r and s are relatively prime integers greater than one, then t ∈ S(r, s) for all t ≥ (r − 1)(s − 1), and (r − 1)(s − 1) − 1 /∈ S(r, s). •

Theorem 6 If n, m ≥ 3 then λ(C_n × C_m) ≤ 8.

Proof: Consider the graph C_n × C_m with n, m ≥ 3. Let us first consider the case where n = 5 and show that C_5 × C_m has an 8-labeling for all m ≥ 3. The matrices X, Y , and Z in Figure 1 plus the block matrix [X|Y ] are 8-labelings of C_5 × C_3, C_5 × C_4, C_5 × C_5, and C_5 × C_7, respectively.

X = 0 2 5 3 6 1 8 0 4 1 5 7 6 8 3 Y = 0 2 4 7 3 5 8 1 8 0 2 6 1 3 7 4 6 8 0 2 Z = 0 2 4 6 8 6 8 0 2 4 2 4 6 8 0 8 0 2 4 6 4 6 8 0 2

Figure 1:

– 4 –

If m ≥ 6, then Lemma 3 implies that there are nonnegative integers α and β so that m = 3α + 4β, and Lemma 2 with the given matrices X and Y shows that C_5 × C_m has an 8-labeling. The case m = 5 and n ≥ 3 follows since the product of two graphs is commutative.

Let us then focus on the case where n ≠ 5 and m ≠ 5. We will construct an 8-labeling of C_n × C_m using block combinations of the matrices in Figure 2. Each of these 4 matrices and

A = 0 2 4 3 5 7 6 8 1 B = 0 2 6 4 3 5 0 7 6 8 3 1 C = 0 2 5 8 6 3 2 0 7 6 8 1 D = 0 2 7 5 8 4 1 3 2 0 5 7 6 8 3 1

Figure 2:

each of the block matrices in Figure 3 is, respectively, an 8-labeling of the product of the cycle with length equal to the number of rows in the matrix and the cycle with length equal to the number of columns in the matrix. Since n, m ≥ 3, n ≠ 5 and m ≠ 5, from Lemma 3 ( A B ) ( C D ) ( A C ) ( B D ) ( A B C D )

Figure 3:

we conclude that there exist nonnegative integers k, l, p, q so that n = 3k + 4p, m = 3l + 4q. By multiple applications of Lemma 2 we conclude that the block matrix in Figure 4 is an 8-labeling of C_n × C_m. • ( kAl kBq pCl pDq )

Figure 4:

Theorem 7 If n, m ≥ 3, n ∈ S(4, 7) and m ∈ S(5, 8), then λ(C_n × C_m) ≤ 7. In particular, if n ≥ 18 and m ≥ 28, then λ(C_n × C_m) ≤ 7.

Proof: Let us assume n, m ≥ 3, n ∈ S(4, 7) and m ∈ S(5, 8). We will construct a 7-labeling of C_n × C_m using block combinations of the matrices in Figure 5. Each of these 4 matrices and each of the block matrices in Figure 3 is, respectively, a 7-labeling of the product of the cycle with length equal to the number of rows in the matrix and the cycle with length equal to the number of columns in the matrix. Since n ∈ S(4, 7) and m ∈ S(5, 8), Lemma 3 implies that there exist nonnegative integers k, l, p, q so that n = 4k + 7p, m = 5l + 8q. By multiple applications of Lemma 2 we conclude that the block matrix in Figure 4 is a 7-labeling of C_n × C_m. Finally, Lemma 3 shows that if n ≥ 18 and m ≥ 28, then λ(C_n × C_m) ≤ 7. •

For future reference (see Section 6), we combine the bounds provided by Lemma 1, Theorems 6 and 7 in Table 1 as follows. A symbol * in row number n and column number

– 5 –

A = 0 3 6 1 5 2 5 0 3 7 4 7 2 5 1 6 1 4 7 3 B = 0 3 6 1 4 7 2 5 2 5 0 3 6 1 4 7 4 7 2 5 0 3 6 1 6 1 4 7 2 5 0 3

C =

0 3 6 1 5 2 5 0 3 7 4 7 2 5 1 6 1 4 0 3 0 3 6 2 7 4 7 0 5 1 6 1 4 7 3

D =

0 3 6 1 4 7 2 5 2 5 0 3 6 1 4 7 4 7 2 5 0 3 6 1 6 1 4 7 2 5 0 3 0 3 6 1 4 7 2 5 4 7 2 5 0 3 6 1 6 1 4 7 2 5 0 3

Figure 5:

m, where n ≤ m, indicates that 6 ≤ λ(C_n × C_m) ≤ 7, while a blank entry indicates that 6 ≤ λ(C_n × C_m) ≤ 8. The *’s below the main diagonal are not shown since the table is symmetric. Rows 28 and above are not shown because they contain only *’s above the main diagonal. Furthermore, columns 29 and above are not shown since, for each row, the entry in column 28 and above are all the same.

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 3 4 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 5 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 6 7 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 8 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 9 10 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 11 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 12 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 13 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 14 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 15 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 16 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 17 18 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 19 ∗ ∗ ∗ ∗ ∗ ∗ ∗ 20 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 21 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 22 ∗ ∗ ∗ ∗ ∗ 23 ∗ ∗ ∗ ∗ ∗ ∗ 24 ∗ ∗ ∗ ∗ ∗ 25 ∗ ∗ ∗ ∗ 26 ∗ ∗ ∗ 27 ∗

Table 1:

3 The λ-number of C_3 × C_m

The final goal of this section is to show that Theorem 8 holds. This result provides an infinite family of products of cycles where the upper bound presented in Theorem 6 is tight.

– 6 –

Theorem 8 If m ≥ 3 then

λ(C_3 × C_m) = { 7, if m even and m ≠ 4, 10 8, otherwise.

We will first show that for any m ≥ 3, C_3×C_m does not have a 6-labeling, establishing 7 as a lower bound for its λ-number. For convenience, we will say that two rows (resp., columns) are adjacent in a matrix representation of an L(2,1)-labeling if they are consecutive rows (resp., columns) where we assume that the matrix “wraps-around” the rows (resp., columns), that is, the last and the first rows (resp., columns) are also considered consecutive. In this and subsequent proofs we will use the concept of duality to reduce the case discussion. The dual of a k-labeling of a graph is the labeling that assigns to each vertex the difference between k and its current label. It is not difficult to see that the dual of a k-labeling is also a k-labeling.

Lemma 4 If m ≥ 3 then λ(C_3 × C_m) ≥ 7.

Proof. Suppose by contradiction that there exists m ≥ 3 so that C_3 × C_m has a 6-labeling given by a 3-by-m matrix representation. Let S be the set containing all possible subsets of three distinct pairwise nonconsecutive labels in {0, 1, ..., 6} that could be in the same column of the given matrix representation. Throughout, we will be using the following fact: X ∈ S if and only if X^∗ ∈ S, where X^∗ = {6 − x : x ∈ X}, the dual of set X.

We will show first that if X ∈ S then all labels in X must have the same parity. The only subsets of three distinct pairwise nonconsecutive labels in {0, 1, ..., 6} containing both even and odd labels are {0, 2, 5}, {1, 3, 6}, {1, 4, 6}, {0, 3, 5}, and {0, 3, 6}. The subset {0, 3, 6} is not in S since a column adjacent to a column with labels in {0, 3, 6} would have labels in {1, 2, 4, 5} which does not contain three distinct pairwise nonconsecutive labels. Notice that the 3^{rd} and 4^{th} subsets on the list above are duals of the first two subsets on the same list, respectively. Therefore, it is enough to show that {0, 2, 5} and {1, 3, 6} do not belong to S. Suppose to the contrary that {0, 2, 5} are the labels in a column C. The two columns adjacent to C must have labels in {1, 3, 4, 6}, which forces label 1 in both of these columns. Furthermore, these two labels equaling 1 must be in the same row as label 5 in C, but this is not possible since the corresponding vertices are at distance two. The proof that {1, 3, 6} is not in S is similar. We conclude that S contains only subsets that do not mix parities.

Two adjacent columns cannot have all labels of the same parity, since the subgraph induced by their six vertices has diameter two, forcing all six labels to be different, and {0, 1, ..., 6} has only 4 even and 3 odd distinct labels. Therefore consecutive columns must alternate parities and since m ≥ 3, there are two columns of odd labels adjacent to the same column with three distinct even labels. But this is not possible since there are only two even labels, namely 0 and 6, that can be assigned to a vertex adjacent to two vertices with odd labels. •

The next result combined with the previous lemma proves the first equality in Theorem 8, more specifically, it shows λ(C_3 × C_m) = 7 if m ≥ 3, m even and m ≠ 4, 10.

– 7 –

Lemma 5 If m ≥ 3, m even and m ≠ 4, 10, then λ(C_3 × C_m) ≤ 7.

Proof. The matrices X and Y in Figure 6, and the block matrix [X|Y ] are 7-labelings of C_3 × C_6, C_3 × C_8, and C_3 × C_{14}, respectively. X = 0 3 6 1 4 7 4 7 0 3 6 1 6 1 4 7 0 3 Y = 0 3 6 1 4 7 2 5 4 7 2 5 0 3 6 1 6 1 4 7 2 5 0 3

Figure 6:

Since any m > 10, m even can be written as 6k, 6k + 2, or 6k + 4, for some integer k ≥ 2, m can also be written as 6k + 8(0), 6(k − 1) + 8(1), or 6(k − 2) + 8(2), for some integer k ≥ 2. Therefore by Lemma 2 with the matrices X and Y in Figure 6, we conclude that C_3 × C_m has a 7-labeling for any even m ≥ 3, except for m = 4, 10. •

The following Lemma combined with Theorem 6 shows that λ(C_3 × C_m) = 8 for m ≥ 3, m odd.

Lemma 6 If m ≥ 3, m odd, then λ(C_3 × C_m) ≥ 8.

Proof. Let m ≥ 3 so that C_3 ×C_m has a 7-labeling given by a 3-by-m matrix representation. To establish the Lemma we must show that m is even. Let X and Y be the sets of labels of two adjacent columns in the matrix, respectively. Since the subgraph induced by the six vertices on these two columns has diameter two, we must have X ∩ Y = ∅. Let e_X be the number of even labels in X and e_Y be the number of even labels in Y . Since there are only 4 even labels and 4 odd labels available in {0, 1, ..., 7}, we must have 2 ≤ (e_X + e_Y ) ≤ 4 and the pair (e_X , e_Y ) cannot be in the set {(3, 3), (0, 0), (3, 2), (2, 3), (0, 1), (1, 0)}.

Suppose (e_X , e_Y ) = (2, 2). Thus X ∩ {0, 2, 4, 6} and Y ∩ {0, 2, 4, 6} partition the set {0, 2, 4, 6}. Without loss of generality we may assume that 0 ∈ X. We have three cases to examine.

Case 1: X ∩ {0, 2, 4, 6} = {0, 2}. Therefore X = {0, 2, 5} or {0, 2, 7}, and Y = {4, 6, 1} with label 1 in the same row as labels 5 or 7 in X. Let Z be the set of labels in the other column adjacent to the column with labels in X. Then Z ∩{0, 1, 2, 5} = ∅ or Z ∩{0, 1, 2, 7} = ∅, which imply Z ⊆ {3, 4, 6, 7} or Z ⊆ {3, 4, 5, 6}, which is impossible since Z is a set of three distinct pairwise nonconsecutive integers.

Case 2: X ∩ {0, 2, 4, 6} = {0, 4}. Therefore Y ∩ {0, 2, 4, 6} = {2, 6}, leaving no choice for the third odd label in Y .

Case 3: X ∩ {0, 2, 4, 6} = {0, 6}. Therefore X = {0, 3, 6} and Y = {2, 4, 7}, with label 3 in X and 7 in Y in the same row. Let W be the set of labels in the other column adjacent to the column with labels in Y . Then W ∩ {2, 3, 4, 7} = ∅, which implies W ⊆ {0, 1, 5, 6}, which is impossible since W is a set of three distinct pairwise nonconsecutive integers.

We conclude that (e_X , e_Y ) cannot be equal to (2, 2). Replacing each label l with its dual 7 − l in the previous argument, we show that (e_X , e_Y ) cannot be equal to (1, 1) either.

– 8 –

Combining these facts with our initial observations on the forbidden possibilities for (e_X , e_Y ), we have that this pair must be in the set {(0, 3), (1, 3), (0, 2), (1, 2), (3, 0), (3, 1), (2, 0), (2, 1)}. So the number of even labels in each column must alternate between an integer in {0, 1} and an integer in {2, 3} as we follow the sequence of consecutive columns in the matrix. Since these columns must “wrap around,” m is forced to be even. •

In view of Theorem 6, it remains to be shown that C_3 × C_m does not have a 7-labeling if m = 4 or 10 to complete the proof of Theorem 8. Although this could be easily accomplished by a computer program, we provide in the sequel a proof based on an interesting property of certain 7-labelings of C_3 × C_m.

Lemma 7 If a 7-labeling of C_3 × C_m uses labels of both parities in a column of a matrix representation, then m is a multiple of 6.

Proof. Consider a matrix representation of a 7-labeling of C_3 × C_m for some m ≥ 3. Let S be the set containing all possible subsets of three distinct pairwise nonconsecutive labels in {0, 1, ..., 7} that could be in the same column of the given matrix representation. Throughout, we will be using the following fact: X ∈ S if and only if X^∗ ∈ S, where X^∗ = {7−x : x ∈ X}, the dual of set X.

Let us first show that {0, 2, 5}, {0, 2, 7}, {0, 3, 5} are not in S, and consequently, by taking duals, {2, 5, 7}, {0, 5, 7}, {2, 4, 7} are not in S. Assume to the contrary that {0, 2, 5} are labels in a column C. The two columns adjacent to C must have labels in {1, 3, 4, 6, 7} forcing the label 1 to appear in both of these columns. Furthermore, these two labels equaling 1 must be in the same column as the label 5 in C, so the two corresponding vertices labeled 1 are at distance two, a contradiction. The proofs that the sets {0, 2, 7} and {0, 3, 5} are not in S are similar and the details are omitted. Therefore, if X ∈ S and X contains labels of both parities, then X ∈ {{0, 3, 7}, {1, 4, 6}, {0, 3, 6}, {0, 4, 7}, {1, 3, 6}, {1, 4, 7}}. We may assume that X is one of the first three sets on this list since the last three sets are duals of the first three and similar arguments using dual labels can be applied to reach the conclusions.

Let us begin our case discussion by assuming X = {0, 3, 7}. Up to rotating or reversing the order of rows in the matrix we may assume that (0, 3, 7)^T (where^T denotes the transposition operation for matrices) is a column of the matrix representation. Its adjacent columns must have labels 2, 4, 5, or 6 in the 1^{st} row, labels 1, 5, or 6 in the 2^{nd} row, and labels 1, 2, 4, or 5 in the 3^{rd} row. So we must have one of the four possibilities in Figure 7 for two consecutive columns where the first one uses labels in X. 0 6 3 1 7 4 0 4 3 6 7 1 0 4 3 6 7 2 0 2 3 6 7 4 (A1) (A2) (A3) (A4)

Figure 7:

Case (A4) does not occur since the only possible labels for the column following (2, 6, 4)^T in the 2^{nd} and 3^{rd} rows are 0 and 1. Cases (A2) and (A3) reduce to case (A1) since in

– 9 –

both cases the column preceding the (0, 3, 7)^T column must be (6, 1, 4)^T and by reversing the order of columns in (A2) and (A3), the new second and third columns are exactly the columns in (A1). Let us then focus on case (A1). The following column must have labels 2 or 3 in the 1^{st} row, labels 5 or 7 in the 2^{nd} row, and labels 0 or 2 in the 3^{rd} row. So the possible labelings for this column are (2, 5, 0)^T , (2, 7, 0)^T , (3, 5, 0)^T , and (3, 7, 0)^T . But since {0, 2, 5}, {0, 2, 7}, and {0, 3, 5} are not in S, as we proved previously, this column must be (3, 7, 0)^T . The column following the latter must have labels 1 or 5 in the 1^{st} row, labels 2, 4, or 5 in the 2^{nd} row, and labels 2, 5, or 6 in the 3^{rd} row. Therefore the only possible labeling for this column is (1, 4, 6)^T . Case (A1) forces so far the first four columns of the submatrix in Figure 8. Notice that the third and fourth columns on this submatrix are row

0 6 3 1 7 4 3 1 7 4 0 6 7 4 0 6 3 1

Figure 8:

rotations of the first two. Consequently, similar arguments show that case (A1) forces the entire submatrix in Figure 8, after which the pattern of these six consecutive columns is forced to repeat. Observe that this pattern “wraps-around” more than two columns if and only if the number of columns is a multiple of 6. In conclusion, if X = {0, 3, 7} then m is a multiple of 6 (notice that the case (A3) never “wraps-around”).

If X = {1, 4, 6} (resp., X = {0, 3, 6}) a similar case discussion also shows that m is a multiple of 6 since the pattern in the submatrix of Figure 8 (resp., Figure 9) is forced to repeat up to rotating or reversing the order of rows in the matrix, which concludes our proof. •

0 4 6 1 3 7 3 7 0 4 6 1 6 1 3 7 0 4

Figure 9:

Lemma 8 If m = 4 or 10, then λ(C_3 × C_m) ≥ 8.

Proof. Suppose by contradiction that there exists a 7-labeling of C_3 × C_m for m = 4 or 10 given by its matrix representation. From Lemma 7 we have that the labels in each column must have the same parity. Moreover, since the labels in two consecutive columns must be distinct and since there are only 4 even and 4 odd labels in {0, 1, ..., 7}, the column parities must alternate as we follow the sequence of consecutive columns in the matrix and consequently each row alternates odd and even labels. So there is a natural one-to-one correspondence between the possible rows in the matrix and the sequence of vertex labels of circuits with m vertices in the graph of Figure 10, where incident edges in the circuits are distinct.

– 10 –

5 0 3 6

2 7 4 1

Figure 10:

Up to rotation and order reversal, the only such sequences of 4 and 10 vertices are (5, 0, 7, 2) and (5, 0, 7, 4, 1, 6, 3, 0, 7, 2), respectively. If m = 4, then all three rows in the matrix must be equal to (5, 0, 7, 2), up to rotation and order reversal, which implies that the label 0 appears three times in the matrix. But the matrix has four columns and any pair of adjacent columns cannot contain the same label more than once, forcing each label to appear at most twice, a contradiction. On the other hand, if m = 10, then all three rows in the matrix must be equal to (5, 0, 7, 4, 1, 6, 3, 0, 7, 2), up to rotation and order reversal, which implies that the label 0 appears six times in the matrix. But the matrix has ten columns and any pair of adjacent columns cannot contain the same label more than once, forcing each label to appear at most five times, a contradiction. •

4 The λ-number of C_4 × C_m

The main objective of this section is to compute λ(C_4 × C_m) for all m ≥ 4. Lemma 9 will be instrumental in the calculation. It follows easily from the definition of 6-labelings, observing that the set of labels {0, 1, ..., 6} contains 4 even and 3 odd labels.

Lemma 9 Let G be a graph with a 6-labeling. If G contains a subgraph isomorphic to

(i) C_4 or K_{1,3}, then the labels in this subgraph cannot be all odd;

(ii) C_5 or K_{1,4}, then the labels in this subgraph cannot be all even;

(iii) K_{1,3}, then the labels for the leaves in this subgraph cannot all have parities different from the label of the center vertex;

(iv) C_4, then the labels in this subgraph cannot alternate parities around the cycle;

(v) K_{1,2} with an even label assigned to the center vertex and odd labels to the leaves, then either (0, 3, 5) or (6, 1, 3) are the labels assigned to the center vertex and the two leaves, respectively.

(vi) K_{1,2} with an odd label assigned to the center vertex and even labels to the leaves, then (5, 0, 2), (1, 4, 6) or (3, 0, 6) are the labels assigned to the center vertex and the two leaves, respectively. •

– 11 –

Theorem 9 If m ≥ 3 then

λ(C_4 × C_m) = { 7, if m ≠ 3 8, otherwise.

Proof: Theorem 4 shows that λ(C_4 × C_m) ≤ 7 for m ≥ 4, and Theorem 8 shows that λ(C_4 × C_3) = 8. To complete the proof, it remains to be shown that λ(C_4 × C_m) ≥ 7 for m ≥ 4. Suppose by contradiction that this is not the case for some m ≥ 4 and consider a matrix representation of a 6-labeling of C_4 × C_m. Let us examine the parities of the labels in a column C of this matrix. From items (i) and (iv) in Lemma 9, we have that the labels in C cannot be simultaneously odd, or alternate parities around the cycle.

Let us show that C has more than one even label. Suppose to the contrary that C has exactly one even label. From item (v) of Lemma 9, C must be either (3, 0, 5, 1)^T or (1, 6, 3, 5)^T , up to rotating or reversing the order of rows in the matrix. It is enough to show that (3, 0, 5, 1)^T is impossible since (1, 6, 3, 5)^T is its dual, up to rotation and order reversal. A column adjacent to (3, 0, 5, 1)^T must have labels 5 or 6 in the 1^{st} row, 2, 4, or 6 in the 2^{nd} row, 2 or 3 in the 3^{rd} row, and 4 or 6 in the 4^{th} row. Notice that choosing the label 2 for the 2^{nd} row would leave no choice for the 3^{rd} row. Also, choosing label 6 for the 2^{nd} or 4^{th} rows would leave no choice for the 1^{st} row. So, label 4 must be in the 2^{nd} and 4^{th} rows, a contradiction.

Now, let us show that C cannot have exactly one odd label. Suppose to the contrary that C has exactly one odd label. From item (vi) of Lemma 9, C must be (0, 5, 2, 4)^T , (0, 5, 2, 6)^T , (0, 3, 6, 2)^T , (4, 1, 6, 2)^T , (4, 1, 6, 0)^T or (0, 3, 6, 4)^T , up to rotating or reversing the order of rows in the matrix. Again, it is enough to show that the first three possibilities cannot occur since the last three are duals of the first three, respectively, up to rotation and order reversal. We will only verify that (0, 5, 2, 4)^T is impossible since the other two cases are similar. A column adjacent to (0, 5, 2, 4)^T must have labels 2, 3, or 6 in the 1^{st} row, 1 or 3 in the 2^{nd} row, 0 or 6 in the 3^{rd} row, and 1 or 6 in the 4^{th} row. Notice that choosing the label 6 for the 1^{st} row would force label 0 or 1 for both the 3^{rd} and 4^{th} rows, which is not possible. Choosing the label 2 for the 1^{st} row would leave no choice for the 2^{nd} row. The remaining choice for the 1^{st} row is label 3 which would force label 1 in the 2^{nd} row, leaving only label 6 for the 3^{rd} and 4^{th} rows, which is not possible either.

Our discussion so far implies that any column in the given matrix representation must have all even labels or two consecutive even labels followed by two odd labels, up to row rotation. Let C and C^′ be two adjacent columns in the matrix. We discuss the following three cases:

Case 1: Both C and C^′ have even labels only. So C = (a, b, c, d)^T and C^′ = (c, d, a, b)^T where {a, b, c, d} = {0, 2, 4, 6}. Let C^{′′} be the other column adjacent to C^′. From item (i) in Lemma 9 we have that one of the labels in C^{′′} must be even. But this is impossible since each vertex corresponding to a label in C^{′′} is within distance 2 of a vertex labeled 0, 2, 4, and 6 in C or C^′.

Case 2: C has only even labels and C^′ has two consecutive even labels followed by two odd labels, up to row rotation. We must have C = (a, b, c, d)^T and C^′ = (c, d, x, y)^T where

– 12 –

{a, b, c, d} = {0, 2, 4, 6} and {x, y} ⊆ {1, 3, 5}, up to rotating rows in the matrix. By item (vi) of Lemma 9, since the vertices labeled x and y are center vertices of two subgraphs isomorphic to K_{1,2} with leaves labeled c and d, we must have x = y, a contradiction.

Case 3: C and C^′ have each two consecutive even labels followed by two odd labels, up to row rotation. First notice that the two odd labels in C cannot be in the same rows as the two odd labels in C^′, since we would have a subgraph isomorphic to C_4 with all odd labels, contradicting item (i) of Lemma 9. In addition, the two odd labels in C cannot be in the same rows as the two even labels in C^′ since we would have a subgraph isomorphic to C_4 alternating odd and even labels, contradicting item (iv) of Lemma 9. We must then have exactly one even label in C in the same row as one even label in C^′. Up to rotating rows in the matrix, we must have C = (a, b, x, y)^T and C^′ = (x, c, a, z)^T or (x, c, d, z)^T where {a, b, c, d} = {0, 2, 4, 6} and {x, y, z} = {1, 3, 5}. By item (vi) of Lemma 9, since the two vertices labeled x are the center vertices of two subgraphs isomorphic to K_{1,2}, one with leaves labeled c and d, and the other with leaves labeled [a and b] or [b and d], we must have that {a, c} = {a, b} or {a, c} = {b, d}, a contradiction.

Since all three cases led to contradictions, we conclude that λ(C_4 × C_m) ≥ 7 for m ≥ 4. •

5 Products of Two Cycles with λ-number 6

We completely characterize the family C_n × C_m with λ-number exactly equal to the general lower bound 6. Notice that item (iii) of Theorem 3 could be used to prove Theorem 10 below, since for n ≥ 4 and m ≥ 3, λ(C_n × C_m) = 6 implies λ(P_n × C_m) = 6 = λ(C_n × P_m) and consequently n, m are both multiples of 7. Nevertheless, as pointed out in the introduction, we will not use this approach, presenting instead an alternative proof that does not rely on the aide of a computer program.

Theorem 10 λ(C_n × C_m) = 6 if and only if n and m are multiples of 7.

Proof: In view of Theorem 4 we only need to show that if λ(C_n × C_m) = 6 then n and m are multiples of 7. Suppose λ(C_n × C_m) = 6 and let M be a matrix representation of a 6-labeling of C_n × C_m. Notice that from Theorems 8 and 9 we must have n, m ≥ 5. From items (i) and (ii) in Lemma 9, M must contain labels of both parities, so there is a row or a column in M containing both even and odd labels. This row or column must contain a sequence of k consecutive odd labels immediately preceded and followed by even labels. Fact 2 below implies that 1 ≤ k ≤ 3 , and Facts 3, 4, and 5 show that n and m are multiples of 7 when k = 3, 2, 1, respectively.

For convenience, we say that an ordered sequence of labels (l_1, l_2, ..., l_i) appears in M if the labels l_1, l_2, ..., l_i are consecutive entries all in the same column or in the same row of M (recall that rows and columns “wrap around,” so the last and first entries in a row or column are also considered consecutive). Fact 1 will be instrumental in reducing the case discussion.

– 13 –

Fact 1: The following sequences of labels and the corresponding reverses cannot appear in M:

(3, 6, 1), (3, 1, 4), (5, 1, 6), (0, 3, 1), (0, 3, 5), (3, 0, 5), (3, 5, 2), (1, 5, 0), (6, 3, 5), (6, 3, 1).

A straightforward case discussion shows that the first five sequences above cannot appear in M and consequently the last five sequences cannot appear in M either since they are duals of the first five, respectively. The details are omitted for the sake of brevity.

Fact 2: A sequence of four or more consecutive odd labels immediately preceded or followed by an even label cannot appear in M.

Verification: The only sequences of four odd labels that could appear in M are, up to taking reversals: (1, 3, 5, 1), (3, 1, 5, 3), (5, 3, 1, 5). To prove Fact 2, it is enough to show that the first two sequences when immediately preceded or followed by an even label cannot appear in M since the last one is the dual of the first sequence.

Let us consider the second sequence, (3, 1, 5, 3). By adding an even label to the beginning or the end of this sequence we obtain the following possible sequences: (0, 3, 1, 5, 3), (6, 3, 1, 5, 3), (3, 1, 5, 3, 0), (3, 1, 5, 3, 6). They contain, respectively, (0, 3, 1), (6, 3, 1), (5, 3, 0), (5, 3, 6), and by Fact 1 we conclude that none can appear in M.

Finally, let us focus on the first sequence, (1, 3, 5, 1). By adding an even label to the beginning or the end of this sequence we obtain the following possible sequences: (4, 1, 3, 5, 1), (6, 1, 3, 5, 1), (1, 3, 5, 1, 4), (1, 3, 5, 1, 6). The first and last sequences contain, respectively, (4, 1, 3) and (5, 1, 6), and by Fact 1 we conclude that they cannot appear in M. The second and third sequences (6, 1, 3, 5, 1) and (1, 3, 5, 1, 4) force in M the submatrices in Figure 11, respectively, up to reversing the order of rows/columns or transposing rows and columns, where the symbol ∗ represents a label that is not relevant to the discussion, and # is an entry for which there are no possible labels. (For convenience, whenever we say that a submatrix is forced in M, it will be assumed that it is forced up to reversing the order of rows/columns or transposing rows and columns.) The last row of the first submatrix contains the sequence

∗ ∗ 6 ∗ 0 4 1 5 2 6 3 0 4 0 5 2 6 3 1 ∗

∗ ∗ 1 ∗ ∗ 0 3 6 4 2 5 0 0 6 1 3 ∗ # 4 ∗

Figure 11:

(6, 3, 1), which is forbidden by Fact 1 and we conclude that (6, 1, 3, 5, 1) cannot appear in M. The second submatrix shows that (1, 3, 5, 1, 4) cannot appear in M either. ♦ Fact 3: If a sequence of three consecutive odd labels immediately preceded and followed by even labels appears in M, then it must be (6, 1, 3, 5, 0), up to taking reversals, forcing n and m to be multiples of 7.

Verification: The only sequences of three odd labels that could appear in M are, up to taking reversals, (1, 3, 5), (1, 5, 3), (3, 1, 5). It is enough to examine the first two sequences since the reverse of the third is the dual of the second.

– 14 –

By adding an even label to the end of the second sequence (1, 5, 3) we get (1, 5, 3, 0) or (1, 5, 3, 6), which would contain (5, 3, 0) and (5, 3, 6), respectively, contradicting Fact 1. Therefore (1, 5, 3) followed by an even label cannot appear in M.

Let us add one even label at the beginning and one at the end of the first sequence (1, 3, 5). The label 4 cannot precede (1, 3, 5) since otherwise (4, 1, 3) would appear in M, contradicting Fact 1. Similarly, the label 2 cannot follow (1, 3, 5) since otherwise (3, 5, 2) would appear in M, again contradicting Fact 1. So the only possible sequence, up to taking reversals, is (6, 1, 3, 5, 0). This sequence (in bold) forces in M the submatrix M^′ in Figure 12. Let us expand M^′ by examining the frame of two rows and two columns around it. The

M^′ =

5 2 6 3 0 0 4 1 5 2 2 6 3 0 4 4 1 5 2 6 6 3 0 4 1

Figure 12:

submatrix M^{′′} in Figure 13 is forced in M.

M^{′′} =

0 4 1 5 2 6 3 0 4 2 6 3 0 4 1 5 2 6 4 1 5 2 6 3 0 4 1 6 3 0 4 1 5 2 6 3 1 5 2 6 3 0 4 1 5 3 0 4 1 5 2 6 3 0 5 2 6 3 0 4 1 5 2 0 4 1 5 2 6 3 0 4 2 6 3 0 4 1 5 2 6

Figure 13:

The submatrix N of M^{′′}, obtained by deleting the first and last rows and columns of M^{′′}, will repeat across the columns and down the rows as we use the same arguments starting at a different occurrence of the (6, 1, 3, 5, 0) sequence (in bold). Notice that no submatrix of N with 7 rows and k columns, 3 ≤ k ≤ 6 , “wrap around” the columns, and no submatrix of N with 7 columns and p rows, 3 ≤ p ≤ 6, “wrap around” the rows. Therefore, up to reversing the order of rows/columns or transposing rows and columns, M must be of the form αNβ where α and β are positive integers (recall the matrix notation introduced at the beginning of Section 2), and consequently, n and m are multiples of 7. ♦

Fact 4: If a sequence of two consecutive odd labels immediately preceded and followed by even labels appears in M, then it must be (4, 1, 5, 2), up to taking reversals, forcing n and m to be multiples of 7.

Verification: The only sequences of two odd labels that could appear in M are, up to taking reversals, (1, 3), (1, 5), (5, 3). It is enough to examine the first two sequences since the third is the dual of the first.

– 15 –

By adding an even label to the end of the first sequence (1, 3) we get either (1, 3, 0) or (1, 3, 6), contradicting Fact 1. Therefore (1, 3) followed by an even label cannot appear in M. Let us add an even label to the beginning and to the end of the second sequence (1, 5). The label 6 cannot precede (1, 5) since (6, 1, 5) cannot appear in M by Fact 1. The label 0 cannot follow (1, 5) since (1, 5, 0) cannot appear in M by Fact 1. So the only possibility is (4, 1, 5, 2) which forces in M the submatrix in Figure 14, where Y is 0 or 1. If Y = 1 then (6, 1, 3, 5, 1) would appear in M contradicting Fact 2. So Y = 0 forcing (6, 1, 3, 5, 0) to appear in M and by Fact 3 we conclude that n and m are multiples of 7. ♦

∗ 4 6 ∗ ∗ 6 1 3 5 Y 3 5 0 2 ∗ ∗ 2 ∗ ∗ ∗

Figure 14:

Fact 5: If a sequence of one odd label immediately preceded and followed by even labels appears in M, then it must be (0, 3, 6), up to taking reversals, forcing n and m to be positive multiples of 7.

Verification: The only possible sequences of one odd label preceded and followed by even labels are, up to taking reversals, (4, 1, 6), (0, 3, 6), (2, 5, 0). It is enough to examine the first two sequences since the third is the dual of the first.

Let us first examine (4, 1, 6). Label 6 cannot precede (4, 1, 6) since otherwise the submatrix (i) in Figure 14 would be forced in M. Label 3 cannot follow (4, 1, 6) since otherwise (1, 6, 3) would appear in M, contradicting Fact 1. Label 0 cannot follow (4, 1, 6) since otherwise the submatrix (ii) in Figure 15 would be forced in M. So, by adding a label preceding

∗ 6 ∗ 0 4 2 3 1 5 # 6 ∗

∗ 4 ∗ 3 1 5 # 6 ∗ ∗ 0 ∗

(i) (ii)

Figure 15:

and following (4, 1, 6) we are left with the sequences (0, 4, 1, 6, 2), (2, 4, 1, 6, 2), (0, 4, 1, 6, 4), (2, 4, 1, 6, 4) and they force in M the submatrices in Figure 16, respectively.

∗ 0 ∗ 6 4 2 3 1 5 0 6 3 ∗ 2 0

∗ 2 ∗ 6 4 0 3 1 5 0 6 3 ∗ 2 0

∗ ∗ 0 ∗ ∗ 6 4 2 5 3 1 5 # 0 6 3 ∗ 2 4 ∗

∗ ∗ 2 ∗ ∗ 6 4 0 5 3 1 5 # 0 6 ∗ ∗ 2 4 ∗

Figure 16:

– 16 –

The 3^{rd} column in the first two submatrices contain a sequence of two consecutive odd labels immediately preceded and followed by even labels different, up to reversal, from (4, 1, 5, 2), so by Fact 4, the corresponding cases are not possible. Therefore we conclude that (4, 1, 6) cannot appear in M.

We next examine the sequence (0, 3, 6). Label 2 cannot precede (0, 3, 6) since otherwise the submatrix (i) in Figure 17 would be forced in M. Label 5 cannot precede (0, 3, 6) since otherwise (5, 0, 3) would appear in M, contradicting Fact 1. If label 4 precedes (0, 3, 6) then the submatrix (ii) in Figure 17 is forced in M where Y is 5 or 6, and Z is 0 or 1.

∗ 2 ∗ ∗ 0 # 1 3 5 ∗ 6 ∗

∗ ∗ 4 ∗ ∗ ∗ ∗ 0 2 ∗ Y 1 3 5 Z ∗ 4 6 ∗ ∗

(i) (ii)

Figure 17:

By Fact 2 we must have that Y = 6 and Z = 0. Therefore since the third row of this submatrix is (6, 1, 3, 5, 0), Fact 3 implies that n and m are multiples of 7. Label 1 cannot follow (0, 3, 6) since otherwise (3, 6, 1) would appear in M, contradicting Fact 1. The only remaining sequences when adding a label preceding and following (0, 3, 6) are (6, 0, 3, 6, 0), (6, 0, 3, 6, 2), (6, 0, 3, 6, 4). The last two sequences are the reverse of the duals of (4, 0, 3, 6, 0) and (2, 0, 3, 6, 0), respectively, which contain (4, 0, 3, 6) and (2, 0, 3, 6), respectively, cases that were previously discussed. The sequence (6, 0, 3, 6, 0) forces in M the submatrix in Figure 18.

∗ ∗ 6 ∗ ∗ ∗ 5 0 2 ∗ 6 1 3 5 0 ∗ 4 6 1 ∗ ∗ ∗ 0 ∗ ∗

Figure 18:

Since the third row of this submatrix is (6, 1, 3, 5, 0), Fact 3 implies that n and m are multiples of 7. ♦ •

Theorem 10 is used to show the following two results.

Theorem 11 If n, m ≥ 3, n ∈ S(4, 7) and m ∈ S(5, 8) then

λ(C_n × C_m) = { 6, if n and m are multiples of 7 7, otherwise.

Proof: This result is an immediate consequence of Theorems 7 and 10. •

– 17 –

Theorem 12 Let n, m ≥ 6 so that n and m are not simultaneously multiples of 7. If either

(i) n is a multiple of 3 and m is an even number different from 4 and 10, or

(ii) n is a multiple of 4,

then λ(C_n × C_m) = 7.

Proof: From Theorem 10, we have that λ(C_n × C_m) ≥ 7. If (i) (resp., (ii)) holds, then from Theorem 8 (resp., Theorem 9), C_3 × C_m (resp., C_4 × C_m) has a 7-labeling given by a matrix M. Therefore by Lemma 2, if n = 3k (resp., n = 4k), k = 1, 2, ..., the block matrix kM1 is a 7-labeling of C_n × C_m and therefore λ(C_n × C_m) = 7. •

6 The Remaining Cases

If n, m ≥ 3, Theorems 8, 9, 11 and 12, provide complete results on λ(C_n × C_m) except when n ∈ {5, 6, 7, 9, 10, 11, 13, 14, 15, 17, 19, 22, 27}. In this section we compute λ(C_n × C_m) for these remaining cases in Lemmas 10—22, respectively, finally establishing Theorem 5. Unlike previous sections, we use computer programs to either generate 7-labelings or to show that they do not exist for specific values of n and m.

Recall Table 1 in Section 2. For convenience we define the set T (n) as the set of all integers i ≥ n so that the square in row number n and column number i in Table 1 does not contain the symbol *. Since in Theorem 11 we calculated λ(C_n × C_m) for n, m ≥ 3 so that m /∈ T (n), we will focus on the cases where m ∈ T (n) and n or m is not a multiple of 7 in the remaining Lemmas. For such cases, to show that λ(C_n × C_m) = 7 or 8, it is enough to exhibit a 7-labeling of C_n × C_m or to show that one does not exist, respectively. For the sake of brevity and clarity, some of the matrix representations of 7-labelings of C_n ×C_m generated by a computer program are provided in the Appendix at the end of this paper and will be simply referred to by M(n, m).

Lemma 10 If m ≥ 5 then

λ(C_5 × C_m) = { 8, if m ∈ {5, 6, 9, 10, 13, 17} 7, otherwise.

Proof: First notice that T (5) = {5, 6, 9, 10, 13, 17}. Using a computer program we verified that C_5 × C_m does not have a 7-labeling if m ∈ T (5). •

Lemma 11 If m ≥ 6 then

λ(C_6 × C_m) = { 8, if m ∈ {7, 11} 7, otherwise.

– 18 –

X = 0 4 7 3 6 1 7 0 4 1 3 6 4 7 0 6 1 3 Y = 0 4 7 2 6 1 5 0 3 5 3 6 1 5 0 3 7 2 6 1 7 2 4 7 2 6 1 5 0 4 1 5 0 3 5 0 3 7 2 6 4 7 2 6 1 4 6 1 5 0 6 1 5 0 3 7 2 4 7 2

Figure 19:

Proof: The matrices X and Y in Figure 19 plus the block matrix [X|Y ] are 7-labelings of C_6 × C_3, C_6 × C_{10}, and C_6 × C_{13}, respectively.

If m ∈ S(3, 10) and m ≥ 6, then there are nonnegative integers α and β so that m = 3α+10β, and Lemma 3 with the given matrices X and Y shows that C_6 ×C_m has a 7-labeling.

Notice that the only values m ≥ 6 that are not in S(3, 10) belong to {7, 8, 11, 14, 17}. We have that λ(C_6 × C_m) = 7 for m = 8, 14 by item (i) of Theorem 12. A computer program verified that C_6 × C_m does not have a 7-labeling if m ∈ {7, 11}. M(6, 17) completes the proof. •

Lemma 12 If m ≥ 7 then

λ(C_7 × C_m) =

8, if m = 9 6, if m is a multiple of 7 7, otherwise.

Proof: If m is a multiple of 7 then λ(C_7 × C_m) = 6, from Theorem 10. Let us assume m is not a multiple of 7. The matrices X and Y in Figure 20 plus the block matrix [X|Y ] are 7-labelings of C_7 × C_4, C_7 × C_7, and C_7 × C_{11}, respectively.

X =

0 6 4 2 3 1 7 5 6 4 2 0 2 0 6 4 5 3 1 7 1 7 5 3 4 2 0 6

Y =

7 5 2 0 6 4 2 3 0 6 3 1 7 5 6 4 1 7 4 2 0 1 7 5 2 0 6 4 5 2 0 6 3 1 7 0 6 3 1 7 5 3 4 1 7 4 2 0 6

Figure 20:

If m ∈ S(4, 7) and m ≥ 7, then there are nonnegative integers α and β so that m = 4α+7β, and Lemma 2 with the given matrices X and Y shows that C_7 ×C_m has a 7-labeling.

Notice that the only values m ≥ 7 that are not in S(4, 7) belong to {9, 10, 13, 17}. We have that λ(C_7 × C_{10}) = λ(C_7 × C_{13}) = 7 since 10, 13 /∈ T (7). A computer program verified that C_7 × C_9 does not have a 7-labeling. M(7, 17) completes the proof. •

Lemma 13 If m ≥ 9 then

λ(C_9 × C_m) = { 8, if m = 10 7, otherwise.

– 19 –

Proof: If m ≥ 9 is even and different from 10, then the result follows from item (i) in Theorem 12.

Since any m ≥ 9, m odd can be written as 8k +1, 8k +3, 8k +5 or 8k +7, for some integer k ≥ 1, m can also be written as 8(k − 4) + 3(11), if k ≥ 4, or 8(k − 1) + 11, 8(k − 1) + 13, 8(k − 1) + 15, respectively, if k ≥ 1, except for m ∈ {9, 17, 25}. For each i = 11, 13, 15, the pair of matrices X(i) and Y (i) in Figure 21, and the block matrix [X(i)|Y (i)] are 7-labelings of C_9×C_8, C_9×C_i, and C_9 × C_{8+i}, respectively. Therefore by Lemma 2, we can conclude that λ(C_9 × C_m) = 7 if m ≥ 9, m odd and m /∈ {9, 17, 25}.

X(11) =

0 3 6 1 4 7 1 4 2 5 0 3 6 0 3 6 4 7 2 5 1 4 7 1 0 3 6 0 3 6 2 5 2 5 1 4 7 1 4 7 4 0 3 6 0 3 6 1 6 2 5 1 4 7 0 3 1 4 0 3 6 1 4 7 5 7 2 5 0 3 6 2

Y (11) =

0 3 6 1 3 6 1 4 7 1 4 2 5 0 4 7 0 3 6 0 3 6 4 7 2 6 1 4 7 1 4 7 1 0 3 5 0 3 6 0 3 6 2 5 2 6 1 4 7 1 4 7 0 4 7 4 0 3 6 0 3 6 1 3 6 1 6 2 5 1 4 7 0 4 7 0 3 1 4 0 3 6 1 3 6 1 4 7 5 7 2 5 0 4 7 0 3 6 2

X(13) =

0 3 6 1 4 6 1 4 2 5 0 3 7 0 3 6 4 7 2 5 1 4 7 1 0 3 6 0 3 6 2 5 2 5 1 4 7 1 4 7 4 0 3 6 0 3 6 1 7 2 5 1 4 7 0 3 1 4 0 3 6 1 4 6 5 7 2 5 0 3 7 2

Y (13) =

7 3 6 1 4 7 1 4 7 2 6 1 4 2 5 0 3 6 2 5 0 3 5 0 3 6 4 7 2 5 1 4 7 2 6 1 4 7 1 0 3 6 0 3 6 1 5 0 3 6 2 5 2 5 1 4 7 0 4 7 2 5 1 4 7 4 0 3 6 1 3 6 1 4 0 3 6 1 7 2 5 0 4 7 2 5 7 2 5 0 3 1 4 7 3 6 1 4 0 3 6 1 4 6 5 0 2 5 0 3 6 2 5 0 3 7 2

X(15) =

0 4 1 6 4 1 6 3 2 7 3 0 7 3 0 5 4 1 6 4 1 6 2 7 0 5 2 7 3 0 5 3 2 7 4 1 6 4 1 6 4 1 6 3 0 7 3 0 7 5 2 7 4 1 6 2 3 0 4 1 6 3 0 5 6 2 7 3 0 7 4 1

Y (15) =

0 4 1 6 2 0 4 2 5 1 6 3 1 6 3 2 6 3 0 5 3 6 0 7 4 2 7 4 0 5 4 1 7 4 1 7 2 5 3 0 5 1 6 2 7 0 5 2 6 3 0 4 1 6 2 7 3 0 5 3 2 7 4 0 5 2 6 3 0 4 1 6 4 1 6 5 1 6 3 7 4 0 5 2 7 5 2 7 3 0 7 4 2 5 0 6 3 1 6 3 0 4 1 6 2 3 0 7 1 4 2 7 4 0 5 2 6 3 0 5 6 2 5 3 7 5 1 6 3 7 4 0 7 4 1

Figure 21:

A computer program verified that C_9 × C_{10} does not have a 7-labeling. M(9, j) for j ∈ {9, 17, 25} complete the proof. •

Lemma 14 If m ≥ 10 then λ(C_{10} × C_m) = 7.

Proof: First notice that T (10) = {10, 13, 17}. The proof follows from M(10, 10), M(10, 13), and M(10, 17). •

Lemma 15 If m ≥ 11 then λ(C_{11} × C_m) = 7.

Proof: First notice that T (11) = {11, 12, 14, 17, 19, 22, 27}. From Lemma 12 and Lemma 13, C_7 × C_{11} and C_9 × C_{11} have 7-labelings given by matrices X and Y , respectively. Therefore, the block matrices 1X^T 2, 1M(11, 11)2, and 1Y^T 3 are 7-labelings of C_{11} × C_{14}, C_{11} × C_{22},

– 20 –

and C_{11} × C_{27}, respectively. Item (ii) of Theorem 12 implies that λ(C_{11} × C_{12}) = 7. The proof is complete with M(11, 17) and M(11, 19). •

Lemma 16 If m ≥ 13 then λ(C_{13} × C_m) = 7.

Proof: First notice that T (13) = {13, 17}. The proof follows from M(13, 13) and M(13, 17). •

Lemma 17 If m ≥ 14 then

λ(C_{14} × C_m) = { 6, if m is a multiple of 7 7, otherwise.

Proof: From Theorem 10, λ(C_{14} × C_m) = 6 if m is a multiple of 7. Notice that T (14) = {14, 17, 19, 22, 27}. By Lemma 12, if m is in {17, 19, 22, 27} then C_7 × C_m has a 7-labeling given by a matrix X and the block matrix 2X1 is a 7-labeling of C_{14} × C_m. •

Lemma 18 If m ≥ 15 then λ(C_{15} × C_m) = 7.

Proof: First notice that T (15) = {17}. The block matrix [X|Y ]^T with the matrices X and Y given in the proof of Lemma 19 below is a 7-labeling of C_{15} × C_{17}. •

Lemma 19 If m ≥ 17 then λ(C_{17} × C_m) = 7.

Proof: The matrices X and Y given in Figure 22 plus the block matrix [X|Y ] are 7-labelings of C_{17} × C_4, C_{17} × C_{11}, and C_{17} × C_{15}, respectively.

X =

0 2 4 6 3 5 7 1 6 0 2 4 1 3 5 7 4 6 0 2 0 2 4 6 3 5 7 1 6 0 2 4 2 4 6 0 5 7 1 3 0 2 4 6 3 5 7 1 6 0 2 4 2 4 6 0 5 7 1 3 1 3 5 7 4 6 0 2

Y =

0 2 4 6 0 2 4 6 0 3 5 3 5 7 1 3 5 7 1 4 6 1 6 0 2 4 6 0 2 5 7 2 4 1 3 5 7 1 3 6 0 3 5 7 4 6 0 2 4 7 1 4 6 0 2 0 2 4 6 0 2 5 7 1 3 5 3 5 7 1 3 6 0 2 4 6 1 6 0 2 4 7 1 3 5 7 0 4 2 4 6 0 2 4 6 0 3 5 7 5 7 1 3 5 7 1 4 6 1 3 0 2 4 6 0 2 5 7 2 4 6 3 5 7 1 3 6 0 3 5 7 1 6 0 2 4 7 1 4 6 0 2 4 2 4 6 0 2 5 7 1 3 5 0 5 7 1 3 6 0 2 4 6 1 3 1 3 5 7 1 3 5 0 2 4 6 4 6 0 2 4 6 1 3 5 7 2

Figure 22:

If m ∈ S(4, 11) and m ≥ 17, then there are nonnegative integers α and β so that m = 4α + 11β, and Lemma 2 with the given matrices X and Y shows that C_{17} × C_m has a 7-labeling.

– 21 –

Notice that the only values of m ≥ 17 that are not in S(4, 11) are the ones in {17, 18, 21, 25, 29}. The block matrix 1M(7, 17)^T 3 is a 7-labeling of C_{17} × C_{21}. The block matrix 1M(9, 17)^T 2 is a 7-labeling of C_{17} × C_{18}. M(17, 17), M(17, 25), and M(17, 29) complete the proof. •

Lemma 20 If m ≥ 19 then λ(C_{19} × C_m) = 7.

Proof: Notice first that T (19) = {19, 22, 27}. By Lemma 13, C_9 ×C_{19} has a 7-labeling given by a matrix X, so the block matrix 1X^T 3 is a 7-labeling of C_{19} × C_{27}. The block matrix 1M(11, 19)^T 2 is a 7-labeling of C_{19} × C_{22}. M(19, 19) completes the proof. •

Lemma 21 If m ≥ 22 then λ(C_{22} × C_m) = 7.

Proof: First notice that T (22) = {22, 27}. By Lemma 13 and Lemma 15, C_9 × C_{22} and C_{11} × C_{22} have 7-labelings given by matrices X and Y , respectively, so the block matrices 1X^T 3 and 1Y^T 2 are 7-labelings of C_{22} × C_{27} and C_{22} × C_{22}, respectively. •

Lemma 22 If m ≥ 27 then λ(C_{27} × C_m) = 7.

Proof: First notice that T (27) = {27}. By Lemma 13, C_9 × C_{27} has a 7-labeling given by a matrix X, so the block matrix 1X^T 3 is a 7-labeling of C_{27} × C_{27}. •

7 Acknowledgements

Denise Sakai Troxell would like to thank the Babson College Board of Research for its support. She would also like to thank Fred Roberts, DIMACS, and the National Science Foundation since this work originated at the DIMACS Connect Institute (DCI): Research Workshop on Labelings and Numberings of Graphs (NSF 4-2231)and was presented at the DIMACS/DIMATIA/Renyi Working Group on Graph Colorings and their Generalizations (NSF 4-22117).

References

[1] G.J. Chang, D. Kuo, The L(2,1)-labeling problem on graphs, SIAM J. Discrete Math.

9 (1996) 309—316.

[2] G.J. Chang, W. Ke, D. Kuo, D. Liu, R.K. Yeh, On L(d,1)-labelings of graphs, Discrete Math. 220 (2000) 57—66.

[3] P.C. Fishburn, F.S. Roberts, Full color theorems for L(2,1)-colorings, DIMACS Technical Report 2000-08, Rutgers University, 2000.

[4] P.C. Fishburn, F.S. Roberts, Minimal forbidden graphs for L(2,1)-colorings, DIMACS Technical Report 2000-32, Rutgers University, 2000.

– 22 –

[5] P.C. Fishburn, F.S. Roberts, No-hole L(2,1)-colorings, DIMACS Technical Report 2001- 10, Rutgers University, 2001.

[6] J.P. Georges, D.W. Mauro, On the criticality of graphs labeled with a condition at distance two, Congr. Numer. 101 (1994) 33—49.

[7] J.P. Georges, D.W. Mauro, Generalized vertex labelings with a condition at distance two, Congr. Numer. 109 (1995) 141—159.

[8] J.P. Georges, D.W. Mauro, On the size of graphs labeled with a condition at distance two, J. Graph Theory 22 (1996) 47—57.

[9] J.P. Georges, D.W. Mauro, Some results on λ^j_k -numbers of the products of complete graphs, Congr. Numer. 140 (1999) 141—160.

[10] J.P. Georges, D.W. Mauro, On generalized Petersen graphs labeled with a condition at distance two, Discrete Math. 259 (2002) 311—318.

[11] J.P. Georges, D.W. Mauro, M.I. Stein, Labeling products of complete graphs with a condition at distance two, SIAM J. Discrete Math. 14 (2000) 28—35.

[12] J.P. Georges, D.W. Mauro, M.A. Whittlesey, Relating path coverings to vertex labelings with a condition at distance two, Discrete Math. 135 (1994) 103—111.

[13] J.R. Griggs, R.K. Yeh, Labeling graphs with a condition at distance two, SIAM J.

Discrete Math. 5 (1992) 586—595.

[14] P.K. Jha, Optimal L(2,1)-Labeling of Cartesian Products of Cycles, with an Application to Independent Domination, IEEE Transactions on Circuits and Systems—I: Fundamental Theory and Applications, Vol. 47, 10 (2000) 1531—1534.

[15] P.K. Jha, A. Narayanan, P. Sood, K. Sundaram, V. Sunder, On L(2,1)-labelings of the cartesian product of a cycle and a path, ARS Combinatoria 55 (2000).

[16] S. Klavžar, A. Vesel, Computing graph invariants on rotagraphs using dynamic algorithm approach: the case of (2,1)-colorings and independence numbers, Discrete Appl. Math. 129 (2003) 449—460.

[17] D. Liu, Hamiltonicity and circular distance two labellings, Discrete Math. 232 (2001) 163—169.

[18] D. Liu, R.K. Yeh, On distance two labelings of graphs, ARS Combinatoria, 47 (1997) 13—22.

[19] A. Raychaudhuri, Distance-2 labeling of strongly chordal graphs, Congr. Numer. 149 (2001), 55—63.

– 23 –

[20] A. Raychaudhuri, A note on distance-k labeling and kth powers of graphs, Congr.

Numer. 144 (2000), 89—95.

[21] D. Sakai, Labeling chordal graphs with a condition at distance two, SIAM J. Discrete Math. 7 (1994) 133—140.

[22] D.S. Troxell, On critical trees labeled with a condition at distance two, submitted.

[23] M.A. Whittlesey, J.P. Georges, D.W. Mauro, On the λ number of Q_n and related graphs, SIAM J. Discrete Math. 8 (1995) 499—506.

Appendix

M(6, 17) =

0 3 6 1 3 6 0 5 1 4 7 3 6 2 5 1 4 2 5 0 4 7 1 4 2 7 0 2 5 1 4 7 3 6 4 7 3 6 2 5 7 0 5 3 6 0 3 6 0 5 1 0 2 5 1 4 0 3 6 2 7 1 4 7 1 4 2 7 3 6 0 3 6 2 5 1 4 0 3 6 2 5 7 0 5 7 1 4 7 0 4 7 3 6 2 5 1 4 0 3 6 2

M(7, 17) =

0 3 7 2 4 7 0 6 2 5 1 4 0 3 6 2 5 2 5 0 6 1 5 2 4 0 3 6 2 5 1 4 0 7 4 7 2 4 7 0 6 1 5 7 4 0 3 7 2 6 1 0 3 6 1 5 2 4 7 3 0 2 6 1 4 0 3 5 2 5 0 7 3 6 0 5 1 4 7 3 5 2 6 1 7 4 7 2 5 1 4 7 3 6 2 5 1 7 0 3 5 0 6 1 4 0 6 2 5 1 4 0 3 6 2 5 1 7 3

M(9, 9) =

0 6 1 3 6 4 1 6 3 2 4 7 0 2 7 3 0 7 6 0 2 6 4 0 6 2 4 3 7 4 1 7 2 4 7 1 0 2 6 3 0 6 1 3 5 6 4 0 7 2 4 7 0 2 1 7 2 4 6 1 3 6 4 3 0 6 1 3 5 0 2 7 5 2 4 7 0 2 7 4 1

– 24 –

M(9, 17) =

0 3 7 2 0 4 1 3 6 1 3 6 0 3 6 2 5 2 5 0 6 3 7 5 0 4 7 0 4 2 7 1 4 7 4 7 3 1 5 0 3 7 1 5 2 7 5 0 3 6 1 0 2 6 4 2 6 1 5 3 0 6 3 1 4 7 2 5 3 5 1 7 0 3 7 0 6 2 4 0 7 2 5 0 7 1 7 4 2 6 1 5 3 1 5 7 2 5 0 3 6 4 5 2 6 0 3 7 0 6 4 0 3 6 1 4 7 2 0 7 0 3 7 1 5 3 1 7 2 5 0 3 6 0 5 3 4 6 1 4 6 2 7 5 0 4 7 2 5 1 4 7 1

M(9, 25) =

0 3 6 1 4 7 2 0 5 2 6 0 3 7 0 6 4 0 3 6 1 4 7 2 5 2 5 0 3 6 1 5 3 7 0 3 7 1 5 3 1 7 2 5 0 3 6 0 4 7 4 7 2 5 0 3 7 1 4 6 1 4 6 2 7 5 0 4 7 2 5 1 3 6 1 0 3 6 1 4 6 2 5 0 3 7 2 0 4 1 3 6 1 3 6 0 4 7 2 5 2 5 0 3 7 1 4 7 2 5 0 6 3 7 5 0 4 7 0 4 2 6 1 4 7 4 7 2 5 0 3 6 1 4 7 3 1 5 0 3 7 1 5 2 7 5 0 3 6 1 0 3 6 1 4 7 2 5 0 2 6 4 2 6 1 5 3 0 6 3 1 4 7 2 5 2 5 0 7 2 5 0 7 3 5 1 7 0 3 7 0 6 2 4 0 7 2 5 0 7 4 7 2 5 0 3 6 4 1 7 4 2 6 1 5 3 1 5 7 2 5 0 3 6 1

M(10, 10) =

0 2 4 0 2 4 0 2 4 6 3 5 7 3 5 7 3 5 7 1 7 0 2 6 0 2 6 0 2 4 2 6 4 1 7 5 1 3 6 0 5 1 7 5 2 0 7 5 1 3 0 4 2 0 6 4 2 0 4 6 3 7 5 3 1 7 5 3 7 1 6 2 0 7 4 2 0 6 2 4 1 4 6 2 0 6 3 1 5 7 5 7 1 5 7 1 5 7 0 2

M(10, 13) =

0 3 6 1 4 0 3 6 1 4 6 1 4 2 5 0 3 6 2 5 0 3 7 0 3 6 4 7 2 5 1 4 7 2 6 1 4 7 1 0 3 6 0 3 6 1 5 0 3 6 2 5 2 5 1 4 7 0 4 7 2 5 1 4 7 4 0 3 6 1 3 6 1 4 0 3 6 1 6 2 5 0 4 7 0 3 6 2 5 0 3 1 4 7 3 6 1 4 7 1 4 7 2 5 3 6 2 5 0 3 6 0 3 6 1 4 0 5 1 4 7 2 5 1 4 7 0 3 7 2

– 25 –

M(10, 17) =

0 3 6 1 4 0 3 6 0 5 1 4 7 2 6 1 4 2 5 0 3 6 2 5 1 4 2 7 0 3 5 0 3 7 4 7 2 5 1 4 7 3 6 0 5 2 6 1 4 6 1 0 3 6 0 3 6 1 5 2 4 1 7 0 3 7 2 5 2 5 1 4 7 0 4 7 0 6 3 5 2 6 1 4 7 4 0 3 6 1 3 6 1 4 2 7 1 4 0 3 6 1 6 2 5 0 4 7 2 5 7 0 5 3 6 2 5 0 3 1 4 7 3 6 1 4 0 3 6 2 7 1 4 7 2 5 3 6 2 5 0 3 6 2 5 1 4 0 3 6 1 4 0 5 1 4 7 2 5 1 4 7 3 6 2 5 0 3 7 2

M(11, 11) =

0 2 4 0 6 1 3 5 1 3 7 3 5 7 2 4 7 0 2 7 5 1 6 0 3 5 0 2 4 6 0 2 4 2 4 6 1 3 5 7 1 3 6 0 5 7 0 4 6 0 2 5 7 1 3 1 3 5 7 2 4 6 0 2 4 7 4 6 1 3 5 7 1 4 6 0 2 0 2 4 6 1 3 5 7 1 3 6 3 5 7 2 4 6 0 3 5 7 1 7 0 3 5 0 2 4 6 2 0 5 4 6 1 7 3 5 7 0 4 6 2

M(11, 17) =

0 3 6 1 4 0 3 6 2 5 0 3 6 2 5 1 4 2 5 0 3 6 2 5 0 4 7 2 5 0 4 7 3 6 4 7 2 5 0 4 7 2 6 1 4 7 2 6 1 5 0 6 1 4 7 2 6 1 4 0 3 6 1 4 0 3 7 2 0 3 6 1 4 0 3 7 2 5 0 3 7 2 6 1 4 2 5 0 3 7 2 6 1 4 7 2 6 1 5 0 3 6 4 7 2 6 1 5 0 3 6 1 5 0 4 7 2 5 1 6 1 5 0 4 7 2 5 0 4 7 3 6 1 4 0 3 0 4 7 3 6 1 4 7 3 6 2 5 0 3 6 2 5 3 6 2 5 0 3 6 0 5 1 4 7 2 5 1 4 7 5 1 4 7 2 5 1 4 7 3 6 1 4 0 3 6 2

M(11, 19) =

0 3 6 2 5 1 4 0 3 6 2 5 1 4 0 3 6 1 5 6 1 4 0 3 7 2 6 1 4 0 3 7 2 5 1 4 7 3 4 7 2 6 1 5 0 4 7 2 6 1 5 0 3 6 0 5 1 2 5 0 4 7 3 6 2 5 0 4 7 3 6 1 4 7 3 6 7 3 6 1 5 0 4 7 3 6 1 5 0 4 7 2 5 0 4 5 0 4 7 2 6 1 5 0 4 7 2 6 1 5 0 3 6 1 2 6 1 5 0 3 7 2 6 1 5 0 3 7 2 6 1 4 7 0 3 7 2 6 1 4 0 3 7 2 6 1 4 0 3 7 2 5 6 1 4 0 3 7 2 6 1 4 0 3 7 2 6 1 4 0 3 4 7 2 6 1 5 0 4 7 2 6 1 5 0 4 7 2 5 1 2 5 0 4 7 3 6 2 5 0 4 7 3 6 2 5 0 3 7

– 26 –

M(13, 13) =

0 2 4 0 2 4 0 2 4 6 0 3 5 3 5 7 3 5 7 3 5 0 2 4 6 1 6 0 2 6 0 2 6 1 3 5 7 2 4 1 3 5 1 3 5 0 4 6 0 3 5 7 4 6 0 4 6 1 3 7 1 4 6 0 2 7 1 3 7 2 4 6 0 3 7 1 3 5 2 4 6 1 5 0 2 4 6 0 4 6 0 6 0 2 4 7 3 5 7 1 3 7 1 4 1 3 5 0 2 6 0 2 4 6 0 3 7 4 6 1 3 5 1 4 6 0 2 4 6 0 7 0 4 6 0 3 7 1 3 5 7 1 3 1 3 7 2 4 6 2 4 6 0 2 4 6 4 6 1 5 7 1 5 7 1 3 5 7 2

M(13, 17) =

0 3 7 1 4 6 0 4 7 1 5 0 2 5 7 3 6 4 6 0 3 7 1 3 6 2 4 7 3 6 0 2 5 1 7 1 4 6 2 5 7 1 5 0 2 5 1 3 6 0 3 2 5 7 1 4 0 2 4 7 3 6 0 4 7 1 4 6 4 0 2 5 7 3 5 0 2 5 1 3 6 2 5 7 1 7 3 6 0 2 6 1 3 6 0 4 7 1 4 0 2 5 2 5 1 3 5 0 4 7 1 3 6 2 5 7 3 6 0 6 0 4 7 1 3 6 2 5 7 1 4 0 2 5 1 3 1 3 6 0 4 7 1 4 0 2 5 7 3 6 0 4 7 5 7 1 3 6 2 5 7 3 6 0 2 5 1 3 6 2 0 2 5 7 1 4 0 2 5 1 3 6 0 4 7 1 4 3 6 0 2 5 7 3 6 0 4 7 1 3 6 2 5 7 5 1 4 6 0 2 5 1 3 6 2 4 7 1 4 0 2

M(17, 17) =

0 3 6 1 3 6 0 5 1 4 0 3 6 2 5 1 4 2 5 0 4 7 1 4 7 3 6 2 5 0 4 7 3 6 4 7 2 6 0 3 6 0 5 1 4 7 2 6 0 5 1 6 0 5 1 4 7 1 4 7 3 6 0 5 1 4 7 3 1 4 7 3 6 0 3 6 0 5 1 4 7 3 6 0 5 3 6 0 5 1 4 7 1 4 7 3 6 0 5 1 4 7 5 1 4 7 3 6 0 3 6 0 5 1 4 7 3 6 0 7 3 6 0 5 1 4 7 1 4 7 3 6 2 5 1 4 0 5 1 4 7 3 6 0 3 6 0 5 1 4 7 3 6 4 7 3 6 0 5 1 4 7 1 4 2 7 0 2 5 1 6 2 5 1 4 7 3 6 2 5 7 0 5 3 6 0 3 1 4 7 3 6 2 5 1 4 0 3 6 2 7 1 4 7 3 6 1 5 0 4 7 3 6 2 5 1 4 0 3 6 0 7 0 3 7 2 6 1 5 0 4 7 3 6 2 5 1 4 1 4 6 1 4 0 3 7 2 6 1 5 0 4 7 3 6 3 7 0 3 6 2 5 1 4 0 3 7 2 6 1 5 0 5 1 4 7 0 4 7 3 6 2 5 1 4 0 3 7 2

– 27 –

M(17, 25) =

0 2 4 0 3 7 0 2 4 0 3 7 0 2 4 6 1 3 5 7 0 4 6 1 5 3 5 7 2 6 1 3 5 7 2 6 1 3 5 7 0 4 6 1 3 5 7 2 4 7 6 0 3 5 0 4 6 0 3 5 0 4 6 0 2 5 7 0 4 6 1 3 5 0 2 1 4 6 1 3 7 1 4 6 1 3 7 1 4 6 1 3 5 7 0 4 6 1 3 5 3 7 2 4 6 0 3 7 2 4 6 0 3 7 0 4 6 1 3 5 7 0 4 6 0 6 1 5 0 2 4 6 1 5 0 2 4 6 1 3 7 0 4 6 1 3 5 7 2 4 0 4 7 3 5 7 0 4 7 3 5 7 0 4 6 1 3 7 0 4 6 1 3 5 7 5 2 0 6 1 3 5 2 0 6 1 3 5 7 0 4 6 1 3 7 0 4 6 1 3 1 7 5 2 4 6 1 7 5 2 4 6 1 3 5 7 0 4 6 1 3 7 2 4 6 4 0 3 7 0 2 4 0 3 7 0 2 4 6 1 3 5 7 0 4 6 1 5 0 2 7 2 6 1 3 5 7 2 6 1 3 5 0 2 4 6 1 3 5 7 0 4 7 3 5 3 5 0 4 6 1 3 5 0 4 6 1 3 5 7 0 4 6 1 3 5 2 0 6 1 6 1 3 7 2 4 6 1 3 7 2 4 6 0 2 5 7 0 4 6 1 7 5 2 4 2 4 6 1 5 0 2 4 6 1 5 0 2 4 6 1 3 5 7 2 4 0 3 7 0 5 7 0 4 7 3 5 7 0 4 7 3 5 7 0 4 6 1 3 5 7 2 6 1 3 1 3 5 2 0 6 1 3 5 2 0 6 1 3 5 7 0 4 6 1 3 5 0 4 6 4 6 1 7 5 2 4 6 1 7 5 2 4 6 1 3 5 7 0 4 6 1 3 7 2

M(17, 29) =

0 4 7 0 4 7 2 4 7 2 5 1 4 0 3 5 0 2 5 0 3 7 2 6 1 5 0 3 5 3 6 1 3 6 1 5 0 3 6 0 3 7 2 6 1 3 6 1 4 6 1 5 0 3 7 2 6 1 7 0 4 7 2 4 7 2 5 1 4 6 1 5 0 4 7 0 3 7 2 4 7 2 6 1 5 0 4 1 3 6 1 5 0 3 6 0 3 7 2 4 7 3 6 1 4 6 1 5 0 3 5 0 3 7 2 6 4 7 2 4 7 2 5 1 4 6 1 5 0 2 5 0 3 7 2 4 7 2 6 1 4 6 1 5 0 6 1 5 0 3 6 0 3 7 0 4 7 3 6 1 4 6 1 5 0 3 5 0 3 7 2 4 7 2 0 3 7 2 5 1 4 6 1 3 6 2 5 0 3 7 0 4 7 2 6 1 4 6 1 5 0 3 5 4 6 1 4 0 3 7 0 4 7 1 4 7 2 6 1 3 6 1 4 0 3 7 2 4 7 2 6 1 7 2 5 7 2 6 1 3 6 2 5 0 3 5 0 4 7 2 5 7 2 6 1 5 0 3 5 0 3 1 4 0 3 5 0 4 7 1 4 7 2 6 1 3 6 1 4 0 3 5 0 3 7 2 6 1 4 6 5 7 2 6 1 3 6 2 5 0 3 5 0 4 7 2 5 7 2 6 1 4 6 1 5 0 3 7 2 0 3 5 0 4 7 0 4 7 2 6 1 3 6 1 4 0 3 5 0 3 7 2 4 7 2 5 1 4 2 6 1 3 6 1 3 6 1 5 0 4 7 0 3 7 2 6 1 4 6 1 5 0 3 6 0 3 7 5 0 4 7 0 4 7 2 4 7 2 6 1 4 6 1 4 0 3 7 2 4 7 2 5 1 4 6 1 7 2 6 1 3 6 1 5 0 3 5 0 3 7 0 3 7 2 6 1 5 0 3 6 0 3 7 2 4 3 5 0 4 7 0 4 7 2 6 1 4 6 1 4 6 1 5 0 4 7 2 5 1 4 6 1 5 0 6 1 3 6 1 3 6 1 5 0 3 7 2 5 7 2 4 7 3 6 1 4 0 3 7 2 4 7 2

– 28 –

M(19, 19) =

0 6 4 2 0 6 4 2 0 6 4 2 7 5 2 0 6 4 2 3 1 7 5 3 1 7 5 3 1 7 5 3 0 6 3 1 7 5 6 4 2 0 6 4 2 0 6 4 2 0 6 4 1 7 4 2 0 2 0 6 4 2 0 6 4 2 0 6 4 1 7 5 2 0 6 4 5 3 1 7 5 3 1 7 5 3 1 7 5 2 0 6 3 1 7 1 7 5 3 1 7 5 3 1 7 5 3 0 6 3 1 7 5 3 4 2 0 6 4 2 0 6 4 2 0 6 4 1 7 4 2 0 6 0 6 4 2 0 6 4 2 0 6 4 2 7 5 2 0 6 4 2 3 1 7 5 3 1 7 5 3 1 7 5 3 0 6 3 1 7 5 6 4 2 0 6 4 2 0 6 4 2 0 6 4 1 7 4 2 0 2 0 6 4 2 0 6 4 2 0 6 4 1 7 5 2 0 6 4 5 3 1 7 5 3 1 7 5 3 1 7 5 2 0 6 3 1 7 1 7 5 3 1 7 5 3 1 7 5 3 0 6 3 1 7 5 3 4 2 0 6 4 2 0 6 4 2 0 6 4 1 7 4 2 0 6 0 5 3 1 7 5 3 1 7 5 3 1 7 5 2 0 6 4 2 3 1 6 4 2 0 6 4 2 0 6 4 2 0 6 3 1 7 5 6 4 0 7 5 3 1 7 5 3 1 7 5 3 1 7 4 2 0 1 7 5 3 1 7 5 3 1 7 5 3 0 6 4 2 0 5 3 5 3 1 6 4 2 0 6 4 2 0 6 4 1 7 5 3 1 7