DIMACS Technical Report 2002-56 November 15, 2002

On Generating Three-connected Planar Graphs by Tongyin Liu^{1 2} Yanpei Liu^3

1The first author is supported by DIMACS 2002 Summer Award.

2RUTCOR, Rutgers University, 640 Bartholomew Road, Piscataway, 08854, tyliu@rutcor.rutgers.edu 3Department of Mathematics, Northern Jiaotong University, Beijing, China 100044, ypliu@center.njtu.edu.cn

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs-Research, Bell Labs, NEC Research Institute and Telcordia Technologies (formerly Bellcore).

DIMACS was founded as an NSF Science and Technology Center, and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

In this paper, a new method of generating three connected planar graphs in terms of generators is provided. Also it is shown that a planar graph is three connected planar graph if, and only if, it has a wheel or a pseudo-wheel as a generator.

1 Introduction

As known, 3-connected planar graphs play an important role in the enumeration of maps [5] and in characterizing the criterion of planarity of graphs [2]. In [8], W.T.Tutte provided a method of obtaining a 3-connected graph from a smaller one.

Proposition 1.1. A graph G is 3-connected if, and only if, G is a wheel or can be obtained from a wheel by a seguence of operations of the following types:

(a) The addition of an edge.

(b) Replacing a vertex v, having d(v) ≥ 4, by two adjacent vertices u and w in such a way that each vertex formerly adjacent to v is adjacent to exactly one of u and w, and in the resulting graph d(u) ≥ 3 and d(w) ≥ 3.

Also in [7], by way of contracting edges of a 3-connected planar graph, one can prove that every planar 3-connected graph contains K_4 as a minor. In this paper, we provide another method of generating a 3-conneted graphs from a smaller one only in the way of adding a new vertex to the outer face joined (with subdivided edges) to the boundary of this face. Also it is shown that a planar graph is three connected planar graph if, and only if, it has a wheel or a pseudo-wheel as a generator. Another motivation is in the study of small circuit double cover (SCDC) problem [1,3] for planar graphs, the following question is arised.

Question 1.1. When does an embedding of a planar graph with at least one interior vertex contain a generator and what is the generator?

By a generator of a 3-connected planar graph G, we mean a 2-connected planar graph G_0, from which G can be obtained by a series of the following operations, i.e., adding a vertex v in the outer face of G_0 with its incident disjoint paths to some vertices on the boundary of G_0, such that the resulting graph in each step remains to be 2-connected. The procedure of obtaining G from its generator G_0 is referred to as generating G. Each incident path produced in generating is also called a subdivision edge of the resulting graph. A generator G_0 of G which does not have a proper subgraph G^′_0 of G_0 such that G^′_0 is also a generator of G is said to be minimal. For the purposes of this paper when we use the term generator we mean a minimal generator that contains an interior vertex. Of course generators are a type of minors[6].

In this paper, we shall answer the above question for three connected planar graphs.

2 Definitions and notations

Graphs are always assumed to be simple (with neither multi-edge nor loop), undirected and connected. If a graph G = (V, E), where V is the set of vertices of G and E is the set of its edges, has an embedding μ(G) in the plane, then it is said to be planar. For brevity, here, G and μ(G) are not distinguished. The boundary of a face f of G is denoted by ∂f. If a vertex v of G does not belong to the outer face of G, then v is called an interior vertex of

– 2 –

G. If G is a planar graph and it has no interior vertex, it is called an outer planar graph. A graph F is called a subdivision of G, written F =_{T op} G, if F can be obtained from G by subdividing some edges of G, i.e., by a sequence of operations of replacing an edge e = xy of G by a path xP y having exactly two vertices {x, y} in common with the current graph. The topological length l_G(P ) of a path P in G is the number of inner vertices of P of valency at least 3 in G, while the length of P is the number of edges on it.

Terminologies and notations that are not explained here can be seen in [3]. Let v be a k-vertex (k ≥ 2) of the planar graph G. The operation that transforms v to an edge v_1v_2, such that each incident edge of v in G is either incident to v_1 or v_2 in the resulting planar graph G^′, but not both, such that d_G(v) = d_G′ (v_1) + d_G′ (v_2) − 2 and d_G′ (v_i) ≥ 2 (i = 1, 2), is said to be vertex-splitting. Clearly, if k = 2, then the operation is a subdivision of an edge of G.

Let u be a d-vertex (d ≥ 3) of planar graph G. The operation that transforms u to an l-circuit (3 ≤ l ≤ d) C_l, such that each incident edge of u in G is incident with some vertex of C_l in the resulting planar graph G^′ and ∀v ∈ V (C_l), d_G′ (v) ≥ 3, is said to be an expansion of vertex u into a circuit.

A wheel W_{n+1} of order n+1, is formed from an n-circuit C_n by adding a single new vertex u joining u each vertex of C_n by a new edge. We call u the center of the wheel W_{n+1}, C_n its rim, and the new edges its spokes.

Let W_n be a wheel of order n, and the center of the wheel is not allowed to be on the boundary. If G =_{T op} W_n and |V (G)| ≥ n + 1, then G is said to be a pseudo-wheel of Type 0, denoted by P W_0. The vertex ( of valency not less than 3 ) that is not on the boundary of P W_0 is said to be the pseudo-center of P W_0. If G is obtained from a pseudo-wheel P W_0 of Type 0 by splitting the pseudo-center of valency k (k ≥ 3) or further splitting the vertices (of valency ≥ 3) not on the boundary of P W_0, then G is said to be a pseudo-wheel of Type 1, denoted by P W_1, shown in Fig.1. The vertices (of valency ≥ 3) not on the boundary of P W_1 are called pseudo-centers of P W_1. If G is obtained from a wheel (or a pseudo-wheel) P W_1 of Type 1 with a center (or only one pseudo-center) u, by expanding u into an l-circuit, then G is said to be a pseudo-wheel of Type 2, denoted by P W_2, shown in Fig.2. If G can be obtained from a wheel (or a pseudo-wheel) P W_0 with the center (or only one pseudo-center) u by a series of subdivisions on a spoke (or pseudo spoke) incident with u by introducing a vertex v, and then joining edges ux and vx for a fixed vertex x on the boundary, shown in Fig.3, then G is said to be a pseudo-wheel of Type 3, denoted by P W_3. Any pseudo-wheel of Type 0, Type 1, Type 2 or Type 3 is denoted by P W .

3 Main results

Let G be a 2-connected planar graph with an interior vertex u. Let F_u = {f^i_u | i = 1, 2, · · · , d(u), u ∈ ∂f^i_u}

– 3 –

and C_u = ∂f^1_u △ ∂f^2_u △ · · · △ ∂f^{d(u)}_u ,

where f^i_u is a face incident to u and d(u) is the valency of u. It can be seen that if G is 3-connected, then C_u is a single close curve in the plane. Let G[C_u] be the subgraph of G induced by all the edges on C_u and all the edges interior to C_u.

Lemma 3.1. Let G be a 3-connected planar graph with at least one interior vertex u. Then G[C_u] is a wheel or a pseudo-wheel of Type 0 with only one interior vertex.

Proof. ¿From what has been mentioned, it suffices to prove that there is only one interior vertex in G[C_u]. Since G is 3-connected, any f^i_u and f^j_u have at most one edge in common on their boundaries. So, G[C_u] has only one interior vertex which is u itself.

Theorem 3.1. Let G be a 3-connected planar graph with at least one interior vertex. If every inner face incident with an interior vertex of G is of valency 3, then G contains a wheel as its generator.

Proof. Let u be one of interior vertices with minimum valency among all interior vertices of G. Then it can be seen that G[C_u] is a wheel. Let V (G)\V (G[C_u]) = V_0. If V_0 = ∅, then G = G[C_u], the theorem follows. If V_0 ≠ ∅. Then, we have the following claim.

Claim There exists a vertex v_0 in V_0 on the outer boundary of G such that the resulting graph G_1 obtained from deleting the vertex v_0 with its incident edges and subdivision edges is also a graph that every inner face incident with an interior vertex is of valency 3.

Proof. Omitted because of the ease in contradiction and exhaustion.

– 4 –

So if V_0 ≠ ∅, by the claim, there must exist a vertex v_0 in V_0 on the outer boundary of G such that the resulting graph G_1 obtained from deleting the vertex v_0 with its incident edges and subdivision edges is also a graph that every inner face incident with an interior vertex is of valency 3. If G_1 = G[C_u], then the Theorem holds. Otherwise, let V_1 = V (G_1)\V (G[C_u]). We continue the above process for G_1. By the finiteness of G, there exists an m, 0 ≤ m ≤ |V (G)|, such that G_m = G[C_u]. Hence, the theorem holds.

A planar near-triangulation is such a connected planar graph whose inner faces are all triangles but the outer face may be not. Then from Theorem 3.1, it is easy to obtain the following Corollary. By using the method of generating a graph, in [3] we proved that every 2-connected planar near-triangulation admits an SCDC.

Corollary 3.1. Every 3-connected planar near-triangulation with at least one interior vertex contains a wheel as its generator.

Lemma 3.2. Let G be a 3-connected planar graph with exactly one interior vertex, then G is a wheel.

Proof. Let u be the interior vertex. From Lemma 3.1, G[C_u] contains exactly one interior vertex. Let V (G)\V (G[C_u]) = V_0. If V_0 ≠ ∅, then by 3-connectedness there are At least three vertex-disjoint paths from v_0 ∈ V_0 (and u as well) to three distinct vertices, e.g., v_1, v_2 and v_3, on the outer face boundary of G[C_u]. However, by planarity, v_2 has to be an interior vertex rather than u. The contradiction to the preassumed condition shows that V_0 = ∅, i.e., V (G) = V (G[C_u]). Further, since u is the only interior vetex, G has no edge in the outer face of G[C_u] and hence E(G) = E(G[C_u]). Thus, by 3-connectedness, the lemma follows.

Lemma 3.3. Let G be a 3-connected planar graph with exactly two interior vertices. Then, G contains a wheel, or a pseudo-wheel, as a generator.

Proof. Let u and v be the two interior vertices of G. Let f_G be the outer face of G. Then, uv ∈ E(G). Otherwise, assume that uv /∈ E(G). Since |V (G[C_u]) ∩ V (G[C_v]) ∩ V (∂f_G)| ≤ 2 by planarity, say V_1 = V (G[C_u]) ∩ V (G[C_v]) ∩ V (∂f_G), we have that V_1 forms a cut-set of cardinality less than 3. This is a contradiction to the 3-connectedness of G. Now, two cases for u and v are considered.

Case 1. |C_u| ≠ |C_v|.

Let |C_u| = min{|C_u|, |C_v|} without loss of generality. Since G is 3-connected and planar, G[C_u] is a wheel, or a pseudo-wheel of Type 0. Let x be a vertex of valency k (k ≥ 3) on the boundary of f_G, such that it does not belong to G[C_u](It does exist under the given conditions!). If the graph G − x is not G[C_u], denote it by G_1, then the connectivity κ(G_1) ≥ 2. By the similar procedure to the proof of Theorem 3.1, we repeat the process until the last resulting graph is G[C_u]. ¿From the finiteness of G, it can be seen that G[C_u] is a generator of G.

Case 2. |C_u| = |C_v|.

Claim 1. |C_u| = |C_v| ≥ 4.

– 5 –

Proof. Suppose |C_u| = |C_v| < 4, i.e., |C_u| = |C_v| = 3 because of 3-connectedness. Since for any x ∈ V (G), its valency d(x) ≥ 3 by 3-connectedness as well, both G[C_u] and G[C_v] are complete graph of order 4. On the other hand, from uv ∈ E(G), there must exist multiple edges in G, as shown in Fig.4. This is contrary to the hypothesis that G is simple. Hence, |C_u| = |C_v| ≥ 4. Subcase 1 |C_u| = |C_v| = 4.

Let G_0 be a graph with the minimum order n and size m among all 3-connected planar graphs considered. Since uv ∈ E(G_0) and for any x ∈ V (G), d(x) ≥ 3, it can be seen that n = 5 and m =^1_2 (3 × 4 + 4 × 1) = 8. By exhausting all the graphs with the above conditions, the unique graph is as shown in Fig.3, which is a pseudo-wheel of Type 3. For a planar graph G with exactly two interior vertices u and v under the condition, if n = 5 and m ≥ 9, then G is not simple. Further, if n ≥ 6, then V (G[C_u]) ≠ V (G) (or V (G[C_v]) ≠ V (G)). In this case, there must exist at least one vertex on the boundary of f_G, which does not belong to G[C_u] (or G[C_v]). Then by applying the procedure as shown in Case 1, we conclude that G has a wheel, or a pseudo-wheel, as a generator.

Subcase 2 |C_u| = |C_v| = 5.

Similarly as Subcase 1, let G_1 be a graph with the minimum order n and size m of all 3-connected planar graph considered. Then, it can be seen that n = 6 and m = 9 and hence the unique graph is obtained from the wheel of order 5 with center x by splitting x into an edge uv, shown in Fig.1, which is a pseudo-wheel of Type 1. Because the condition: n = 6 and m ≥ 10 causes |C_u| ≠ |C_v|, only n ≥ 7 should be observed. Since |C_u| = |C_v| = 5, there must exist at least one vertex y on the boundary of f_G, such that y /∈ V (G[C_u]) (or y /∈ V (G[C_v])). ¿From the procedure of Case 1, G[C_u] (or V (G[C_v])) is a generator of G, which is a wheel, or a pseudo-wheel, by Lemma 3.1.

Subcase 3 |C_u| = |C_v| ≥ 6.

¿From the above discussions of Subcases 1–2, V (G[C_v]) ≠ V (G) and there exists at least one vertex w on the boundary of f_G such that w /∈ V (G[C_u]) (or w /∈ V (G[C_v])). Hence, by the procedure as shown in case 1, G[C_u] (or V (G[C_v])) is a generator of G, which is a wheel, or a pseudo-wheel.

Based on the discussions of Case 1 and Case 2, the lemma follows.

Lemma 3.4. Let G be a 3-connected planar graph with exactly three interior vertices. Then, G has a wheel, or a pseudo-wheel as a generator.

Proof. Let v_1, v_2 and v_3 be the three interior vertices of G. Write F (v) = {v | |C_v| = min{|C_{vi} | | i = 1, 2, 3}}. Case 1 |F (v)| = 1.

Without loss of generality, let |C_{v1} | = min{|C_{vi} | | i = 1, 2, 3}. Then there exists some vertices on the boundary of f_G, which do not belong to V (G[C_{v1} ]). The procedure as shown

– 6 –

in the proof of Case 1 of Lemma 3.3 can be executed for the interior vertex v_1. Thus, G[C_{v1} ] is a generator of G, which is a wheel, or pseudo-wheel by Lemma 3.1.

Case 2 |F (v)| = 2.

Without loss of generality, let |C_{v2} | = |C_{v3} |. If V (G[C_{v2} ]) ≠ V (G[C_{v3} ]), then G[C_{v2} ] and G[C_{v3} ] can be considered as Case 1. Therefore, G[C_{v2} ] or G[C_{v3} ] is a generator of G, which is a wheel, or a pseudo-wheel. Otherwise, from the proof of Case 2 of Lemma 3.3, it can be seen that G[C_{v2} ∪ C_{v3} − {v_2, v_3}] is the pseudo-wheel of Type3. By similarly considering as Case 1, G[C_{v2} ∪ C_{v3} − {v_2, v_3}] is a generator of G.

Case 3 |F (v)| = 3.

Subcase 1 V (G[C_{vi} ]) ≠ V (G), (i = 1, 2, 3.)

If for any i, j(i ≠ j and i, j ∈ {1, 2, 3}), V (G[C_{vi} ]) ≠ V (G[C_{vj} ]), then we can choose any G[C_{vi} ] (i = 1, 2, 3) as a generator of G as Case 1. Otherwise, by the same reason as in Case 2, only that there is some i, say i = 1, such that V (G[C_{v1} ]) ≠ V (G[C_{v2} ]) and V (G[C_{v1} ]) ≠ V (G[C_{v3} ]) should be observed. However, G[C_{v1} ] itself is a generator of G. By Lemma 3.1, it is a wheel, or a pseudo-wheel.

Subcase 2 V (G[C_{vi} ]) = V (G) (i = 1, 2, 3.)

We consider the graph G satisfied the above hypothesis with the minimum number of vertices and edges. Since G is a 3-connected and planar graph with exactly three interior vertices, it has that |V (G)| ≥ 6 and for any x in V (G), d(x) ≥ 3. So, G have to be a 3-regular planar graph of order 6. It can be checked that G is obtained from the wheel of order 4 by expanding the center into a 3-circuit from the number of the non-isomorphic graphs[5, 0r 9]. Therefore, G is a pseudo-wheel of Type 2, denoted by K_4 + C_3, shown in Fig.2.

Now, we observe the graph G of order 6 and size 10. Since V (C_{vi} ) = V (G) (i = 1, 2, 3), it has the structure as shown in Fig.5. By the conditions considered, no edge (v_i, u_j) in f_1 for i = 1, 2, 3; j = 1, 2, occurs. So, G is a fan-shaped graph as shown in Fig.6. From the definition of P W , it is a pseudo-wheel of Type 3. Moreover, if ν(G) = 6 and |E(G)| ≥ 11,

– 7 –

then from above discussion, G does not satisfy all the given conditions.

Furthermore, because all the vertices in V (G)\{v_1, v_2, v_3} are on the outer face boundary of G, for ν(G) ≥ 7, no G is with the given coditions.

Therefore, from Subcase 1-2, we deduce that if |F (v)| = 3, then G has a wheel, or a pseudo-wheel as a generator.

Based on Cases 1-3, the lemma follows.

Lemma 3.5. Let G be a 3-connected planar graph with k(≥ 4) interior vertices. Then there is only one graph G such that V (G[C_{vi} ]) = V (G) (i = 1, 2, · · · , k) and G is a pseudo-wheel of order k + 3 and size 2(k + 2).

Proof. Based on the discussion in Subcase 2 of Case 3 in the proof of Lemma 3.4, G here is also with the fan-shaped form as shown in Fig.5. By simply counting the valences of vertices, it soon be found that G has k + 3 vertices and 2(k + 2) edges. Further, it is easily checked that G is a pseudo-wheel. So, the lemma holds.

Theorem 3.2. Let G be a 3-connected planar graph with at least one interior vertex. Then G has a generator that is a wheel, or a pseudo-wheel.

Proof. ¿From the proofs of Lemmas 3.2–5, it clearly suffices to prove the theorem for 3- connected planar graphs with k(≥ 4) interior vertices, named by v_1, v_2, · · · , v_l ∈ F (v) = {v | |C_v| = min{|C_u| u is an interior vertex}} for 4 ≤ |F (v)| = l.

If there exists an integer i_0, such that for i_0 ≠ j, i_0, j ∈ {1, 2, · · · , k}, V (G[C_{vi0} ]) ≠ V (G[C_{vj} ]). Then, it can be seen that G[C_{vi0} ] is an generator of G.

If there exists integers i_1 and i_2 such that V (G[C_{vi1} ]) = V (G[C_{vi2} ]) and for v_i (i ∈ {1, 2, · · · , l}\{i_1, i_2}), V (G[C_{vi1} ]) ≠ V (G[C_{vi} ]), then from the proof of Lemma 3.3, we have G[G[C_{vi1} ] ∪ G[C_{vi2} ] − {v_1, v_2}] =_{T op} G_1, or G_2, where G_1, G_2 are shown in Fig. 1 and Fig.2 respectively. So, in this case, the theorem holds.

If there exists integers j_1, j_2 and j_3 such that V (G[C_{vj1} ]) = V (G[C_{vj2} ]) = V (G[C_{vj3} ]) and for v_i (i ∈ {1, 2, · · · , l}\{j_1, j_2, j_3}), V (G[C_{vj1} ]) ≠ V (G[C_{vi} ]), then from the proof of Lemma 3.4, we have G[G[C_{vj1} ] ∪ G[C_{vj2} ] ∪ G[C_{vj3} ] − {vj_i|i = 1, 2, 3}] = G_1, or =_{T op} G_2, where G_1, G_2 are shown in Fig.2, Fig.6 respectively. It can be seen that G[G[C_{vj1} ] ∪ G[C_{vj2} ] ∪ G[C_{vj3} ] − {vj_i|i = 1, 2, 3}] is a generator of G, which is a wheel, or a pseudo-wheel.

If V (G[C_{vl1} ]) = V (G[C_{vl2} ]) = · · · = V (G[C_{vlm} ]), then from Lemma 3.5, G has a pseudowheel of Type 3 as a generator.

In consequence, the theorem follows.

Corollary 3.2. Every simple 3-connected planar graph can be obtained from one of a wheel and a pseudo-wheel by a series of the following operation: adding a vertex v in the outer face with its incident disjoint paths.

– 8 –

References

[1] J.A. Bondy, Small cycles double covers of graphs, Cycles and Rays, (G.Hahn ed.), 21−40, (1990).

[2] A.K.Kelmans, Graph planarity and related topics, Contemporary Mathematics Vol., 147, 635 − 667, (1993).

[3] T.Y.Liu and Y.P.Liu, On generators of planar near-triangulations for finding small circuits double cover, OR Transactions, Vol.3, No.4, 11 − 16, (1999).

[4] Y.P.Liu, Embeddability in Graphs, Kluwer, Boston, (1995).

[5] Y.P.Liu, On the number of rooted c-nets, J.Combinatorial Theory(B), Vol.36, No.1, 118 − 123, (1984).

[6] C.Thomassen, Embedding and minors, Handbook of combinatorics, (R.Graham etc. eds.), Elsevier, 301 − 349, (1995).

[7] C.Thomassen, Planarity and duality of finite and infinite graphs, J.Combinatorial Theory(B), Vol.29, 244 − 271, (1980).

[8] W.T.Tutte, A theorem of 3-connected graphs, Indag. math. 23, 441 − 445, (1961). [9] T.R.S.Walsh, Counting non-isomorphic three-connected planar maps, J.Combinatorial Theory (B), Vol.32, No.1, 33 − 44, (1982).