DIMACS Technical Report 2002-53 December 2002

A Note on Linear Discrepancy and Bandwidth by Dieter Rautenbach^{1 ,2} Lehrstuhl II für Mathematik RWTH Aachen, 52056 Aachen, Germany rauten@math2.rwth-aachen.de

1The research reported here has been carried out during my visit to Rutgers University: assistance of RUTCOR and DIMACS is gratefully acknowledged.

2I am especially grateful to Peter Hammer for drawing my attention to the problems studied here.

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs-Research, Bell Labs, NEC Research Institute and Telcordia Technologies (formerly Bellcore).

DIMACS was founded as an NSF Science and Technology Center, and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

Fishburn, Tanenbaum and Trenk [4] define the linear discrepancy ld(P ) of a poset P = (V, <_P ) as the minimum integer k ≥ 0 for which there exists a bijection f : V → {1, 2, . . . , |V |} such that u <_P v implies f(u) < f(v) and u||_P v implies |f(u) − f(v)| ≤ k. In [5] they prove that the linear discrepancy of a poset equals the bandwidth of its cocomparability graph.

Here we provide partial solutions to some problems formulated in [4] about the linear discrepancy and the bandwidth of cocomparability graphs.

1 Introduction

In [4] Fishburn, Tanenbaum and Trenk introduce the notion of the linear discrepancy of a poset as a measure of its nonlinearity. At the end of [4] they formulate a number of problems about this parameter. In the present paper we will provide partial solutions to some of these problems. We start with notation and definitions.

Let G = (V, E) be a finite and simple graph. The degree and neighborhood of a vertex u ∈ V in the graph G are denoted by d_G(u) and N_G(u), respectively. The maximum degree of G is denoted by Δ(G).

Let P = (V, <_P ) be a finite poset, i.e. <_P is an antisymmetric and transitive relation on the finite set V . For two different elements x, y ∈ V , we write x||_P y, if neither x <_P y nor y <_P x and call x and y incomparable.

An extension of P = (V, <_P ) is a poset Q = (V, <_Q) such that u <_P v implies u <_Q v for u, v ∈ V . If Q is an extension of P and no two different elements of Q are incomparable, i.e. Q is a chain, then Q is called a linear extension of P .

The cocomparability graph G of a poset P = (V, <_P ) has vertex set V and two different elements x, y ∈ V are adjacent in G if x||_P y. (Note that the maximum degree Δ(G) of G equals the maximum number of elements that some element of V is incomparable to in P .)

We will now define the linear discrepancy of a poset and the closely related bandwidth of a graph.

Let P = (V, <_P ) be a poset and let Q = (V, <_Q) be a linear extension of P such that u_1 <_Q u_2 <_Q . . . <_Q u_n for n = |V |. The uncertainty uncert(Q) of the linear extension Q of P is defined in [4] as 0, if P is a chain, or as max{j − i | u_i||_P u_j, 1 ≤ i < j ≤ n}, if P is not a chain. The linear discrepancy ld(P ) of P [4] is the minimum uncertainty of a linear extension of P . Alternatively, one can define the linear discrepancy of P = (V, <_P ) as the minimum integer k ≥ 0 for which there exists a bijective mapping f : V → {1, 2, . . . , |V |} such that u <_P v implies f(u) < f(v) and u||_P v implies |f(u) − f(v)| ≤ k.

Let G = (V, E) be a graph. A bijective mapping f : V → {1, 2, . . . , |V |} such that uv ∈ E implies |f(u) − f(v)| ≤ k, is called a k-labeling of G. The bandwidth bw(G) (cf. [3]) of G is the minimum k for which there exists a k-labeling of G.

The main result of [5] relates the linear discrepancy to the bandwidth.

Theorem 1 (Fishburn, Tanenbaum and Trenk [5]) If P is a poset and G is the cocomparability graph of P , then ld(P ) = bw(G).

We will now reformulate three of the problems posed at the end of [4].

(i) What is the maximum value of^{uncert(Q)}_{ld(P )} over all linear extensions Q of a poset P (cf.

no. 5 in [4])?

(ii) If G is a cocomparability graph, is it true that bw(G) ≤ ⌊^{3Δ(G)−1}_2 ⌋ (cf. no. 6 in [4])?

(iii) Characterize the posets with linear discrepancy equal to 2 (cf. no. 1 in [4]).

– 2 –

In the following section we prove a best-possible upper bound on the expression^{uncert(Q)}_{ld(P )} in Problem (i) and an upper bound on the bandwidth of a cocomparability graph G which implies an affirmative answer for Problem (ii) in the case Δ(G) ≤ 3. Regarding the third problem, we first show how to solve the algorithmical version of this problem combining known result. Finally, we formulate a conjecture about a structural characterization of the posets with linear discrepancy at most 2 and prove a related result.

2 Results

Proposition 1 Let P = (V, <_P ) be a poset which is not a chain and let Q = (V, <_Q) be a linear extension of P . Let G = (V, E) be the cocomparability graph of P . Then

uncert(Q) ≤ 2Δ(G) − 1 (1)

uncert(Q)

ld(P ) ≤ 2Δ(G) − 1 max {_1 3 (|N_G(u) ∪ N_G(v)| − 1) | uv ∈ E } (2)

uncert(Q)

ld(P ) ≤ 2Δ(G) − 1 ⌈^{Δ(G)}_2 ⌉ ≤ 4 − 2 Δ(G)

. (3)

Proof: Let u_1 <_Q u_2 <_Q . . . <_Q u_n for n = |V | and let u_i||_P u_j for some 1 ≤ i < j ≤ n. Since Q is a linear extension of P , if u_i ⊥_P u_l and u_l ⊥_P u_j for some i < l < j, then u_i <_P u_l <_P u_j which implies the contradiction u_i <_P u_j. Hence u_i||_P u_l or u_l||_P u_j for all i < l < j, and thus {u_i, u_{i+1}, . . . , u_j} ⊆ N_G(u_i) ∪ N_G(u_j) which implies that

2Δ(G) ≥ d_G(u_i) + d_G(u_j) ≥ |N_G(u_i) ∪ N_G(u_j)| ≥ j − i + 1.

Thus j − i ≤ 2Δ(G) − 1 which implies (1).

The inequalities (2) and (3) follow immediately from two known lower bounds on the bandwidth: bw(G) ≥ max

{_1 3 (|N_G(u) ∪ N_G(v)| − 1) | uv ∈ E } (cf. Lemma 2.3 in [8]) and bw(G) ≥ ⌈^{Δ(G)}_2 ⌉ (cf. [2] or Lemma 18 in [4]). Q.E.D.

We will illustrate that Proposition 1 is best-possible. For l ≥ 0 let P = (V, <_P ) be the poset such that V = {x, y} ∪ {u_1, u_2, . . . , u_{2l+2}}, u_i <_P u_j for 1 ≤ i < j ≤ 2l + 2, x||_P y, x||_P u_i <_P y for 1 ≤ i ≤ l + 1 and x <_P u_i||_P y for l + 2 ≤ i ≤ 2l + 2. See Figure 1 for a Hasse diagram of P .

– 3 –

. .

. .

u_1 u_l u_{l+1} u_{l+2} u_{l+3} u_{2l+2}

x y

Figure 1: The poset P

If G = (V, E) is the cocomparability graph of P and l ≡ 0 mod (3), then it is easy to check that Δ(G) = l + 2 and bw(G) =^2_3 l + 1 =^1_3 (|N_G(x) ∪ N_G(y)| − 1). If Q is the linear extension of P with u_{2l+2} <_Q y and x <_Q u_1, then uncert(Q) = 2l + 3 = 2Δ(G) − 1. Hence (1) and (2) are satisfied with equality for P and Q. Furthermore, (3) is satisfied with equality for l ∈ {0, 1, 3}.

Now we proceed to Problem (ii).

Since K_{Δ,Δ} is the cocomparability graph of the disjoint union of two chains of length Δ − 1 and satisfies bw(K_{Δ,Δ}) = Δ + ⌈^Δ_2 ⌉ − 1 = ⌊^{3Δ−1}_2 ⌋ (cf. Lemma 20 in [4]), the given bound would clearly be best-possible.

Let G be an arbitrary graph. It is easy to see that bw(G) = 1 = ⌊^{3−1}_2 ⌋, if Δ(G) = 1 and that bw(G) = 2 = ⌊^{3·2−1}_2 ⌋, if Δ(G) = 2. Hence the first non-trivial case of Problem (ii) is Δ(G) = 3. In fact, there are planar graphs of maximum degree 3 that have arbitrarily large bandwidth (consider e.g. the so-called walls that even have arbitrarily large treewidth cf. [10]). Therefore, Δ(G) = 3 is also the first case where the assumption that the graph is a cocomparability graph has to play some role.

In view of Theorem 1, Proposition 1 immediately implies bw(G) ≤ 2Δ(G) − 1, if G is a cocomparability graph. We will now prove a small improvement of this bound which is sufficient to yield an affirmative answer to Problem (ii) for the case Δ(G) = 3.

Theorem 2 If G = (V, E) is a cocomparability graph of maximum degree Δ(G) ≥ 2, then bw(G) ≤ 2Δ(G) − 2.

Proof: For contradiction we assume that G is a counterexample of minimum order n = |V |. Let G be the cocomparability graph of P = (V, <_P ) and let Δ = Δ(G).

We choose a linear extension Q = (V, <_Q) of P with u_1 <_Q u_2 <_Q . . . <_Q u_n such that t = |{u_iu_j ∈ E | 1 ≤ i < j ≤ n, j − i = 2Δ − 1}| is minimum. Note that, by Proposition 1, u_iu_j ∈ E implies that j − i ≤ 2Δ − 1 for all 1 ≤ i < j ≤ n. By the choice of G as a counterexample, we have t ≥ 1.

Claim 1 If u_iu_j ∈ E for some 1 ≤ i < j ≤ n with j − i = 2Δ − 1, then {u_i, u_{i+1}, . . . , u_j} =

– 4 –

N_G(u_i) ∪ N_G(u_j) and N_G(u_i) ∩ N_G(u_j) = ∅.

Proof of Claim 1: The fact that {u_i, u_{i+1}, . . . , u_j} ⊆ N_G(u_i) ∪ N_G(u_j) follows exactly as in the proof of Proposition 1. If (N_G(u_i) ∪ N_G(u_j)) \ {u_i, u_{i+1}, . . . , u_j} ≠ ∅, then 2Δ ≥ d_G(u_i) + d_G(u_j) ≥ |N_G(u_i) ∪ N_G(u_j)| ≥ j − i + 1 + 1 = 2Δ + 1 which is a contradiction. Hence {u_i, u_{i+1}, . . . , u_j} = N_G(u_i) ∪ N_G(u_j).

If N_G(u_i) ∩ N_G(u_j) ≠ ∅, then

2Δ − 1 ≥ d_G(u_i) + d_G(u_j) − 1 ≥ |N_G(u_i) ∪ N_G(u_j)| ≥ j − i + 1 = 2Δ which is a contradiction. Hence N_G(u_i)∩N_G(u_j) = ∅ and the proof of the claim is complete. Claim 2 If u_iu_l, u_iu_k, u_ju_l ∈ E and u_iu_j, u_ku_l ∉ E for some 1 ≤ i < j < k < l ≤ n (cf. Figure 2), then u_ju_k ∈ E.

u_i uj u_k u_l Figure 2: u_i, u_j, u_k and u_l Proof of Claim 2: For contradiction we assume that u_ju_k ∉ E. Since Q is a linear extension of P , we obtain u_i <_P u_j <_P u_k <_P u_l which implies the contradiction u_i <_P u_l and the proof of the claim is complete.

Now, let u_iu_{i+2Δ−1} ∈ E for some 1 ≤ i ≤ n − (2Δ − 1).

Claim 3 If u_iu_{i+2Δ−1−ν} ∈ E and u_{i+2Δ−1}u_{i+ν} ∈ E for all 1 ≤ ν ≤ j and some 0 ≤ j ≤ Δ−2 (cf. Figure 3), then u_iu_{i+2Δ−1−j−1} ∈ E and u_{i+2Δ−1}u_{i+j+1} ∈ E.

u_i u_{i+1} . . . ui+j ui+j+1 ui+2Δ−1−j . . . u_{i+2Δ−2} u_{i+2Δ−1} Figure 3: u_i, . . . , u_{i+2Δ−1} Proof of Claim 3: For contradiction we may assume, by Claim 1 and symmetry, that u_iu_{i+j+1} ∈ E and u_{i+2Δ−1}u_{i+j+1} ∉ E.

By Claim 2, we obtain that u_ν u_μ for i ≤ ν ≤ i + j and i + 2Δ − 1 − j ≤ μ ≤ i + 2Δ − 1 and u_{i+μ}u_{i+j+1} ∈ E for 0 ≤ μ ≤ j.

If i + 2Δ ≤ l ≤ n, then, by Claim 1, u_{i+2Δ−1} <_P u_l. Since u_{i+j+1} <_P u_{i+2Δ−1}, we obtain u_{i+j+1} <_P u_l. Hence u_{i+j+1}u_l ∉ E for i + 2Δ − 1 ≤ l ≤ n.

– 5 –

If u_ν u_{ν−l} ∈ E for some i ≤ ν ≤ i + j and some l ≥ 2Δ − 2, then we obtain as in the proof of Proposition 1 that {u_{ν−l}, u_{ν−l+1}, . . . , u_ν } ⊆ N_G(u_ν) ∪ N_G(u_{ν−l}). Since {u_{i+j+1}} ∪ {u_{i+2Δ−1−j}, u_{i+2Δ−1−j+1}, . . . , u_{i+2Δ−1}} ⊆ N_G(u_ν ) ∪ N_G(u_{ν−l}), we obtain the contradiction

2Δ ≥ |N_G(u_ν ) ∪ N_G(u_{ν−l})| ≥ l + 1 + 1 + j + 1 ≥ 2Δ − 2 + 3 + j ≥ 2Δ + 1.

Hence u_ν u_{ν−l} ∉ E for i ≤ ν ≤ i + j and l ≥ 2Δ − 2.

Since u_{i+j+1} is incomparable to u_i, u_{i+1}, . . . , u_{i+j}, the poset Q^′ with u_1 <_Q′ u_2 <_Q′ . . . <_Q′ u_{i−1} <_Q′ u_{i+j+1} <_Q′ u_i <_Q′ u_{i+1} <_Q′ . . . <_Q′ u_{i+j} <_Q′ u_{i+j+2} <_Q′ u_{i+j+3} <_Q′ . . . <_Q′ u_n is a linear extension of P . (Note that Q^′ arises from Q by ‘shifting’ u_{i+j+1} in front of u_i.) If we rename the elements of V such that v_1 <_Q′ v_2 <_Q′ . . . <_Q′ v_n, then |{v_iv_j ∈ E | |i − j|}| ≤ t − 1 which contradicts the choice of Q and the proof of the claim is complete.

By an inductive argument, Claim 3 and the fact that G has maximum degree Δ imply that the elements in V^′ = {u_i, u_{i+1}, . . . , u_{i+2Δ−1}} induce a complete bipartite graph K_{Δ,Δ} and that no edge of G joins a vertex in V^′ to a vertex in V \ V^′. Let G_1 = G[V^′] and G_2 = G[V \ V^′]. Since G_1 is K_{Δ,Δ}, bw(G_1) ≤ 2Δ − 2. Since G_2 is a cocomparability graph with maximum degree at most Δ that has less vertices than G, bw(G_2) ≤ 2Δ − 2. Since bw(G) ≤ max{bw(G_1), bw(G_2)} ≤ 2Δ − 2, we obtain a contradiction to the choice of G and the proof is completed. Q.E.D.

Corollary 1 If G = (V, E) is a cocomparability graph of maximum degree Δ(G) ≤ 3, then bw(G) ≤ ⌊^{3Δ(G)−1}_2 ⌋.

We will now turn our attention to Problem (iii).

It is well-known that graphs with bandwidth at most 2 can be recognized in linear time and that a 2-labeling of such graphs can also be found in linear time [6],[9],[1].

In view of Theorem 1, this implies that posets with linear discrepancy at most 2 can be recognized in linear time. Furthermore, we will describe now how the proof of Theorem 1 in [5] implies that a linear extension of uncertainty at most 2 of such posets can be found in polynomial time.

Given a 2-labeling of the cocomparability graph G of a poset P (which can be found in linear time), Fishburn, Tanenbaum and Trenk [5] reduce the problem to find a linear extension of uncertainty at most 2 to a bandwidth-2 problem for an interval graph G^′. Given P and the 2-labeling of G, the graph G^′ can be efficiently constructed and a special 2-labeling of G^′ is found using the linear time algorithm from [7]. Using the original 2- labeling of G and the special 2-labeling of G^′, it is then possible to obtain in polynomial time the desired linear extension of P using a so-called Switching Lemma (cf. Lemma 8 in [5]). This settles the algorithmical version of Problem (iii).

In [4] Fishburn, Tanenbaum and Trenk characterize the posets with linear discrepancy at most 1 in terms of three forbidden induced subposets (see Corollary 25 in [4]). We believe

– 6 –

that this kind of characterization generalizes as follows to posets with linear discrepancy at most 2.

Conjecture 1 A poset P satisfies ld(P ) ≤ 2 if and only if it does not contain one of the following posets as an induced subposet:

(i) 1 + 1 + 1 + 1, i.e. an antichain with 4 elements.

(ii) The disjoint union of any poset on three elements and 1 + 1.

(iii) The disjoint union of any poset on three elements and 2.

(iv) The disjoint union of any poset on five elements and 1.

(v) One of the two posets whose Hasse diagrams are given in Figure 4.

Figure 4

(vi) The poset whose Hasse diagram is given in Figure 5.

Figure 5

It is easy to check that all posets enumerated in Conjecture 1 have linear discrepancy 3. Furthermore, it is a simple task to determine all posets among the listed posets that are minimal with respect to this property.

By Theorem 2, posets whose cocomparability graphs have maximum degree at most 3 have linear discrepancy at most 4. We will now prove that forbidding induced subposets as in (iii) and (vi) of Conjecture 1 implies that these posets have linear discrepancy at most 3. Theorem 3 Let P = (V, <_P ) be a poset such that the cocomparability graph G = (V, E) of P has maximum degree Δ(G) ≤ 3.

If P does not contain an induced subposet as in (iii) or (vi) of Conjecture 1, then ld(P ) ≤ 3.

Proof: By Theorem 2, ld(P ) ≤ 4. We choose a linear extension Q = (V, <_Q) of P with u_1 <_Q u_2 <_Q . . . <_Q u_n for n = |V | such that

a) |{u_iu_j ∈ E | 1 ≤ i < j ≤ n, j − i ≥ 5}| = 0 and subject to Condition a)

– 7 – b) t = |{u_iu_j ∈ E | 1 ≤ i < j ≤ n, j − i = 4}| is minimum. For contradiction, we assume that t ≥ 1.

Let u_iu_{i+4} ∈ E for some 1 ≤ i ≤ n − 4. As in the proof of Proposition 1, we have {u_i, u_{i+1}, . . . , u_{i+4}} ⊆ N_G(u_i) ∪ N_G(u_{i+4}). Since Δ(G) ≤ 3, we can assume, by symmetry, that |N_G(u_i) ∩ {u_{i+1}, u_{i+2}, u_{i+3}, u_{i+4}}| = 3.

Case 1.1 u_{i+1} ∉ N_G(u_i).

This implies that u_i <_P u_{i+1} and that u||_P v for all u ∈ {u_i, u_{i+1}} and v ∈ {u_{i+2}, u_{i+3}, u_{i+4}}. Hence the set {u_i, u_{i+1}, . . . , u_{i+4}} induces a subposet of P as in (iii) of Conjecture 1 which is a contradiction.

Case 1.2 u_{i+2} ∉ N_G(u_i).

This implies u_i <_P u_{i+2}, u_i||_P u_{i+1}, u_i||_P u_{i+3}, u_i||_P u_{i+4}, u_{i+2}||_P u_{i+3} and u_{i+2}||_P u_{i+4}.

If u_{i+1}||_P u_{i+4}, then u_{i+3} <_P u_{i+4} and u_{i+1}||_P u_{i+3}. Hence the set {u_i, u_{i+1}, . . . , u_{i+4}} induces a subposet of P as in (iii) of Conjecture 1 which is a contradiction. Therefore u_{i+1} <_P u_{i+4}.

First, we assume that u_{i+1} <_P u_{i+3}. If u_{i+1}||_P u_{i+5}, then u_{i+3}||_P u_{i+5} and u_{i+4}||_P u_{i+5}. Since u_i <_P u_{i+5}, the set {u_i, u_{i+1}, u_{i+3}, u_{i+4}, u_{i+5}} induces a subposet of P as in (iii) of Conjecture 1 which is a contradiction. Therefore, u_{i+1} <_P u_j for all i + 5 ≤ j ≤ n. Since u_j <_P u_i for all 1 ≤ j ≤ i − 1, the poset Q^′ with u_1 <_Q′ . . . <_Q′ u_{i−1} <_Q′ u_{i+1} <_Q′ u_i <_Q′ u_{i+2} <_Q′ . . . <_Q′ u_n is a linear extension of P . If we rename the elements of V such that v_1 <_Q′ v_2 <_Q′ . . . <_Q′ v_n, then |{v_iv_j ∈ E | 1 ≤ i < j ≤ n, j − i ≥ 5}| = 0 and |{v_iv_j ∈ E | 1 ≤ i < j ≤ n, j − i = 4}| ≤ t − 1 which is a contradiction.

Thus u_{i+1}||_P u_{i+3}. This implies u_{i+3} <_P u_j for i + 4 ≤ j ≤ n. If u_{i+1} <_P u_{i+5}, then we obtain the same contradiction as above (again switching u_i and u_{i+1}). Hence u_{i+1}||_P u_{i+5}. This implies u_{i+4}||_P u_{i+5}, u_{i+1} <_P u_{i+2}, u_{i+2}||_P u_{i+5} and u_i <_P u_{i+5}. Therefore, the set {u_i, u_{i+1}, . . . , u_{i+5}} induces a subposet of P as in (vi) of Conjecture 1 which is a contradiction.

Case 1.3 u_{i+3} ∉ N_G(u_i).

This implies u_i <_P u_{i+3}, u_i||_P u_{i+1}, u_i||_P u_{i+2}, u_i||_P u_{i+4} and u_{i+3}||_P u_{i+4}.

Since u_j <_P u_i for 1 ≤ j ≤ i − 1, we obtain u_j <_P u_{i+3} for all 1 ≤ j ≤ i − 1. If u_{i+4}||_P u_{i+8}, then {u_i, u_{i+3}} ∪ {u_{i+4}, . . . , u_{i+8}} ⊆ N_G(u_{i+4}) ∪ N_G(u_{i+8}) which is a contradiction to Δ(G) ≤ 3. Hence u_{i+4} <_P u_{i+8}.

If u_{i+4} <_P u_{i+7}, then the poset Q^′ with

u_1 <_Q′ . . . <_Q′ u_{i+2} <_Q′ u_{i+4} <_Q′ u_{i+3} <_Q′ u_{i+5} <_Q′ . . . <_Q′ u_n

is a linear extension of P . If we rename the elements of V such that v_1 <_Q′ v_2 <_Q′ . . . <_Q′ v_n, then |{v_iv_j ∈ E | 1 ≤ i < j ≤ n, j − i ≥ 5}| = 0 and |{v_iv_j ∈ E | 1 ≤ i < j ≤ n, j − i = 4}| ≤ t − 1 which is a contradiction.

– 8 –

Hence u_{i+4}||_P u_{i+7}. This implies that u_{i+1} <_P u_{i+4}, u_{i+2} <_P u_{i+4}, u_{i+4} <_P u_{i+5}, u_{i+4} <_P u_{i+6}, u_{i+5}||_P u_{i+7}, u_{i+6}||_P u_{i+7} and u_{i+7} <_P u_j for i + 8 ≤ j ≤ n. The poset Q^{′′} with u_1 <_Q′′ . . . <_Q′′ u_{i+2} <_Q′′ u_{i+4} <_Q′′ u_{i+3} <_Q′′ u_{i+5} <_Q′′ u_{i+7} <_Q′′ u_{i+6} <_Q′′ u_{i+8} <_Q′′ . . . <_Q′′ u_n is a linear extension of P . If we rename the elements of V such that v_1 <_Q′′ v_2 <_Q′′ . . . <_Q′′ v_n, then |{v_iv_j ∈ E | 1 ≤ i < j ≤ n, j − i ≥ 5}| = 0 and |{v_iv_j ∈ E | 1 ≤ i < j ≤ n, j − i = 4}| ≤ t − 1 which is a contradiction.

Since all three cases led to a contradiction, the proof is completed. Q.E.D.

References

[1] A. Caprara, F. Malucelli and D. Pretolani, On bandwidth-2 graphs, Discrete Appl.

Math. 117 (2002), 1–13.

[2] V. Chvátal, A remark on a problem of Harary, Czechoslovak Math. J. 20 (1970), 109– 111.

[3] J. Díaz, J. Petit and M.J. Serna, A survey of graph layout problems, ACM Computing Surveys 34 (2002), 313–356.

[4] P.C. Fishburn, P.J. Tanenbaum and A.N. Trenk, Linear discrepancy and weak discrepancy of partially ordered sets, Order 18 (2001), 201–225.

[5] P.C. Fishburn, P.J. Tanenbaum and A.N. Trenk, Linear discrepancy and bandwidth, Order 18 (2001), 237–245.

[6] M.R. Garey, R.L. Graham, D.S. Johnson and D.E. Knuth, Complexity results for bandwidth minimization, SIAM J. Appl. Math. 34 (1978), 477–495.

[7] D.J. Kleitman and R.V. Vohra, Computing the bandwidth of interval graphs, SIAM J.

Discrete Math. 3 (1990), 373–375.

[8] T. Kloks, D. Kratsch and H. Müller, Approximating the bandwidth for asteroidal triplefree graphs, J. Algorithms 32 (1999), 41–57.

[9] F. Makedon, D. Sheinwald and Y. Wolfsthal, A simple linear-time algorithm for the recognition of bandwidth-2 biconnected graphs, Inform. Process. Lett. 46 (1993), 103– 107.

[10] B. Reed, Tree width and tangles: a new connectivity measure and some applications, in London Math. Soc. Lecture Note Ser. 241, pages 87–162, Cambridge Univ. Press, Cambridge, 1997.