DIM ACS Technical Report 2002 - 49

December 2002

Comprehensive vs. Comprehensible Classifiers in

Logical Analysis of Data by

Gabriela Alexe 1 , Sorin Alexe 1 , Peter L. Hammer 1,2 , and Alexander Kogan 1,2

RUTCOR - Rutgers Center for Operations Res earch

Rutgers, The State Universityof New Jersey

640 Bartholomew Rd.

Piscataway, NJ 08854 - 8003, U.S.A.

e - mail: { alexe@rutcor.rutgers.edu, salexe @rutcor.rutgers.edu , hammer @rutcor.rutgers.edu , kogan @rutcor.rutgers.edu }

1 We gratefullyacknowledge the partial support from the Office of Naval Research

(Grant N00014 - 92 - J - 1375) and from DIMACS.

2 Permanent membe r

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs -

Research, Bell Labs, NEC Research Institute and Telcordia Technologies (formerly

Bellcore).

DIMACS was founded as an NSF Science and TechnologyCenter, and also receives supp ort from the New jerseyCommission on Science and Technology.

ABSTRACT

The main obj ective of this paper is to compare the classification accuracy provided large, comprehensive collections of patterns (rules) derived fromarchives of past observations, wi th that provided by small, comprehensible collections of patterns. This comparison is carried out here on the basis of an empirical study, using several publicly available datasets. The results of this study show that the use of comprehensive collections a llows a slight increase of classification accuracy, and that the ^cost of comprehensibility~ is small.

1 Introduction

The extraction of knowledge hidden in records of past observations is a common problem in practica llyeveryarea of science, engineering and business, and is the central object of studyof classical disciplines, like statistics, and newer ones, like machine learning and data mining. Numerous methods have been developed to address this type of problems, and substantial success with their use is reported in the literature.

The Logical Analysis of Data ( LAD ), introduced in [8], [9], is a combinatorial approach to the analysis of datasets consisting of ^positive~ and ^negative~ observations, each of which is represented as a vector of n (usuallyreal) attribute values. It has been established in previous studies ([7]) that LAD provides a competitive classification tool comparable in efficiencywith the best classification techniques available. Additionally, through the systematic use of the concept of pattern, LAD has the advantage of offering clear explanations for which a particular new observation is classified as positive or as negative.

The basic approach of LAD is to derive from the set of past observ ations a large collection of patterns, some being characteristic for the observations having a positive classification, and the other ones being characteristic for the observations with a negative classification. Such a large collection of patterns is then ^filtered~ bythe LAD procedure, in order to arrive at a much smaller, irredundant collection of patterns, which provides the same as the initial, large collection. The reasons for LAD to reduce (byfiltering) the large, comprehensive collection of patter ns to a small one, include its objective of providing comprehensible explanations for each classification. While the explanatory power of LAD is due to the comprehensibilityof each individual pattern, this capacitycan be obscured bythe consideration of an excessive number of patterns.

It is interesting to note that none of the previous LAD studies has examined the effects of pattern filtering on the classification accuracyof LAD procedures, when applied to ^new^ observations, i.e., observations not cont ained in the original dataset. A systematic evaluation of the relative advantages and disadvantages of the large, comprehensive pattern sets, in contrast with small, comprehensible ones, is the main object of this paper. The comparison of the role of compr ehensiveness versus comprehensibilityis focused on the two types of patterns (^strong prime~ and ^strong spanned~), which had been shown in [10] to be of central importance in knowledge extraction.

After introducing some basic concepts of LAD , we describ e two algorithms for generating comprehensive collections of strong prime and strong spanned patterns. We present after that the results of a computational study, carried out on four publicly available datasets, and consisting in the evaluation of the accu racyof various comprehensive and comprehensible LAD classifiers. Our results show on the one hand that comprehensive collections of patterns do provide somewhat higher classification accuracy, and on the other hand that the loss of classification accuracy due to the use of a comprehensible collection of patterns, seems to be relativelysmall.

3

2 Basic Concepts

We shall assume in this paper that the dataset W appears in the form of two disjoint sets

W + and W -- of positive and negative observations, repr esented as points in R m . A transformation, called binarization , mapping everypoint of W + and W -- into a point of

{ 0,1 } n , for an appropriatelychosen n , will be described below. The set of binaryimages of W + in this transformation, will be called the set T of true points , while the set of binary images of W -- in this transformation, will be called the set F of false points .

Following [6], let us introduce for everyreal variable X j

, a set of cutpoints j k j j

c c ,...,

1

and a set of binaryvariables j k j j

x x ,...,

1

, defined by ï î

ï í

ì

>

£

= h j

h j j c X

c X x h , 1

, 0

. The binarization is called proper if the binaryimage of anypositive observation is different from the binaryimage of anynegative observation. Obviously, if we disregard the total number of bina ryvariables introduced, it is extremelyeasyto find a proper binarization, e.g., bysimplysubdividing for every j the interval ]max,min[ j

Z

j

Z

z z

W Î W Î

, into a sufficiently large number of equal size subintervals; here z j

represents the j th coordinate of every vector Z in W . It was shown in [6] that finding a proper binarization using a minimum number of binaryvariables is NP - hard. In order to avoid the difficulties of finding an minimum size system of cutpoints, in the computational experiments of this paper, the systems of cutpoints, are consistentlybased on the same simple heuristic procedure.

We shall brieflydescribe below several basic concepts in Boolean logic. A partially - defined Boolean function (T , F) consists of two disjoints sets of Boolean ve ctors

T and F , called the true and the false vectors, respectively; if T È F = {0,1} n , the pair ( T , F ) defines a Boolean function . To everyBoolean variable u we shall associate its negation u u - = 1 , and shall refer to both u and u as the literal s. A term is a conjunction (product) of distinct literals, which does not contain both a variable and its negation. The degree of a term is the number of literals in it. A term of degree n will be called a minterm . Note that minterm s are in one - to - one correspondence with Boolean vectors. Terms can be interpreted geometricallyas subcubes of the n - dimensional cube { 0,1 } n . Whenever it does not cause a confusion, we mayrefer interchangeablyto terms or to the corresponding subcubes.

We shall saythat a term C covers a point Z if and onlyif C ( Z ) = 1. The Boolean subcube of {0,1} n , not necessarilyincluded in T È F , corresponding to the points covered bya term C will be denoted by S ( C ), while S ( C ) Ç ( T È F ) will be called the coverage of

C, and denoted by COV ( C ) . Let us further introduce the concepts of positive, respectively negative, coverage of a term C defined by COV + ( C ) = COV ( C ) Ç T , and COV -- ( C ) =

COV ( C ) Ç F , respectively. The relative positive (respectively, negative ) coverage of a term C is defined as | | / | ) ( | T C COV + (respectively | | / | ) ( | F C COV - ).

LAD was built around two central concepts: (positive or negative) patterns and

(positive or negative) theories. Following the terminologyof [8], for anynumber

c Î

( 0,1 ], a term C will be called a positive c - pattern of ( T,F ) if

1. COV ( C ) ¹ Æ , and

2. | COV + ( C ) | ³ c |COV ( C ) |,

and c will be called the homogeneity of C . Note that condition 1 is equivalent to the

condition that C ( Z ) = 1 for at least one vector Z Î T . It should be remarked that in most

practical situations, the value of c is ^close~ to 1. A negative c - pattern is defined in a

similar way, byreplacing condition 2 with the condition that |COV -- ( C ) | ³ c |COV ( C ) | . It

is frequentlyof interest to use diff erent c values for the definition of positive and of the

negative c - patterns, e.g., positive 0.9 - patterns and negative 0.75 - patterns can be

produced.

Since the properties of positive and negative patterns are completelysymmetric,

without loss of gener alitywe shall limit some of the discussions in this paper to the case

of positive patterns, and shall frequentlyrefer to positive patterns simplyas patterns,

whenever this cannot lead to anyambiguity.

Given a set of properties P , we define a P - pattern as a term which satisfies all the

properties P . Clearly, a c - pattern is a special case of a P - pattern, corresponding to the

case when P consists of the two conditions 1 and 2 above . Usually, in addition to

conditions 1 and 2 above, P mayalso include const raints on the term C , such as a lower

bound on | COV ( C ) | , and /or an upper bound on | Lit ( C )|, where Lit ( C ) is the set of literals

of C .

Notice that in the special case of Boolean functions (in contrast with the case of

partiallydefined Boolean functions), condition 1 is superfluous. In that case, a term

which satisfies condition 2 for c = 1 is called a positive (negative) implicant of that

Boolean function. Clearly, in the case of Boolean functions the concept of a positive 1 -

pattern reduces to that of an i mplicant.

We model the suitabilityof various types of patterns in LAD , byintroducing

partial preorders defined on the set of patterns. A pattern P is called Pareto - optimal with

respect to a partial preorder r defined on the set of patterns, if there is n o distinct pattern

P´ such that P´ >

r

P . It has been shown that the most relevant preorder on the set of

patterns is defined bythe so - called evidential preference ([10]), which states that a

pattern P is evidentially - preferred to a pattern P ´ if and only if COV ( P ) Ê COV ( P´ ).

Patterns which are evidentiallyPareto - optimal are called strong patterns .

It can happen that the same subset of positive observations is covered byseveral

distinct strong positive patterns. It is therefore important to consider two opposite

refinements of the evidential preference. In a loose sense, in the conservative case,

preference is given to the ^longest~ pattern having the same positive coverage, while in

the aggressive case, preference is given to an irreducible pattern havin g the same positive

coverage. More formally, the secondarypreference is defined on the basis of the set of

literals of a pattern. The simplicity preference ([10]) states that a pattern P is preferred to

a pattern P ´ if Lit ( P ) Í Lit ( P´ ) . On the other hand, the specificity preference ([10]) states

that a pattern P is preferred to a pattern P ´ if Lit ( P ) Ê Lit ( P´ ) . Those patterns which are

Pareto - optimal with respect to evidence refined byspecificityare called strong spanned ,

while those patterns which are P areto - optimal with respect to evidence refined by

simplicityare called strong prime patterns.

For a given type of Pareto - optimality, the set of all Pareto - optimal positive

(negative) P - patterns is called the positive (negative) P - compendium , and their u nion is

called the P - pandect . In this paper, we shall focus our attention on the strong spanned

and the strong prime P - compendia and P - pandect.

3 Theories, Models, Compendia, Pandects and Discriminants

Similarlyto the concept of theories defined in LAD , given a positive P - compendium of a

partially - defined Boolean function ( T , F ) , we shall define a positive P - theory

7 as a minimal subset of the compendium { P

1

, � , P k

} with the propertythat for every Z Î 7 which is covered byat least one of the patterns in the compendium, there exists a P i

Î 7 such that P i

(Z) = 1 . A theory 7 is associated with the Boolean function represented by the disjunction of terms (DNF) i

k i

P

1 =

Ú

. The value of this Boolean function at a Boolean vector Z , where Z Ï T È F , can be used to predict whether Z is true or false. Similarly, a positive P - compendium can also be used to predict whether Z is true or false. Note that if a positive theorypredicts that Z is true, then the corresponding positive compendium will also pre dict that Z is true, but the reverse inequalitydoes not necessarilyhold.

A negative P - theory can be defined similarly. Obviously, one can use a negative theoryand a negative compendium to predict whether a Boolean vector Z Ï T È F is true or false. In th is case, if a negative theorypredicts that Z is false, then the corresponding negative compendium will also predict that Z is false, but not necessarilyvice versa.

A pair consisting of a positive and a negative P - theorywill be called a P - model .

It has been remarked above that a positive P - theory, as well as a negative P - theorytaken separately, can be considered as a ^classifier~. This use of theories as classifiers is easyto justify; indeed, it is true that everyBoolean vector Z Î T È F is true (fals e) if it satisfies some positive (negative) pattern of the positive (negative) c - theoryfor c = 1, and it is false (true) if it does not satisfyanyof them. The basic assumption of LAD is that the above implications hold not onlyfor a Boolean vector Z Î T È F , but for manyBoolean vectors.

When considering a model, a Boolean vector Z can be in four situations:

Case 1. Z satisfies a pattern in the positive theory, and none in the negative theory.

Case 2. Z satisfies a pattern in the negative theory, an d none in the positive theory.

Case 3. Z satisfies a positive and a negative pattern in the model.

Case 4. Z does not satisfyanypattern in the model.

A model can be also used as a classifier, byconsidering a point as being true if it is in case 1 descr ibed above, false in case 2, and ^unclassified~ in cases 3 and 4. It is interesting to note that if models use 1 - theories, because of the definition of the concept of 1 - patterns, then everyBoolean vector in T or F belongs to one of the first two cases des cribed above.

The role of the pandect in classification is entirelyanalogous of that of a model;

the corresponding classification is defined as above byreplacing in each of the four classes listed above the words ^theorỹ and ^model~ bythe words ^compe ndium~ and

^pandect~, respectively.

Notice that cases 3 and 4 listed above are quite different. Indeed, in case 4 none of the patterns which are taken into consideration provides anyinformation, while in case 3 conflicting information is available. The c ontradictoryinformation in case 3 maynot necessarilybe in ^balance~, since one of the two pieces of information maybe

^dominating~ the other. For example, if a Boolean vector Z Ï T È F satisfies an

^important~ group of positive patterns, and a ^negligib le~ group of negative patterns, it is reasonable to assume that it is a true vector.

In order to give a precise meaning to the words `important~ and ^negligible~ we shall introduce the concept of discriminant. Given a model or pandect consisting of the p ositive patterns P i

, ( i Î I ), and negative patterns N j

( j Î J ), a pseudo - Boolean function

( ) ( ) å å

Î Î

- = D

J j

j j

I i

i i

Z N Z P Z b a ) ( will be called a discriminant , having given positive ^weights~ a i

and b j

. The sign of the discriminant is used to classifyobservations in cas e 3 above: if 0)( > D Z the observation is classified as true, if 0)( < D Z the observation is classified as false, and if 0)( = D Z the observation is unclassified.

In previous LAD studies, various choices of the weights a i

and b j

have been considered. In [11] and [3], such a discriminant -- having all positive (respectively, negative) weights -- was used to distinguish high - and low - risk among cardiac patients.

This particular discriminant, called prognostic ind ex , or LAD score , was proved to have a theoretical connection with the correlation coefficient between the current observation and an "ideal" one, and to be veryreliable for classification. Consequently, in the computational experiments reported in this p aper, all the a i

´s (as well as the b j

´s) were considered to be equal, and to add up to 1.

4 Pattern Generation Algorithms

4. 1 Strong Prime - Patterns

Prime patterns, and in particular those of small degree, playan important role in LAD - based class ification, both because of their explanatorypower, and because of the availabilityof efficient algorithms for their generation.

In this section, we propose an efficient algorithm (^almost~ linear in the number of all possible conjunctions) for the gener ation of all strong prime P - patterns. For the sake of simplicity, the presentation below will be confined to the case of datasets with two numerical attributes; the details of the general case appear in [4].

Let us consider a proper binarization of two nu merical variables X and Y , resulting in two sets of binaryvariables which are associated to the two sets of real - valued

^cutpoints~ c

1

< c

2

< � < c p

, and d

1

< d

2

< � < d q

, bythe relations:

î

í

ì

>

£

= i

i i c X

c X x

, 1

, 0

( i = 1, 2, � , p ), and ï î

ï í

ì

>

£

= j

j j d Y

d Y y

, 1

, 0

( j = 1, 2, � , q ).

It is obvious that, for any i’ < i’’ , the corresponding binaryvariables must satisfythe relations x i´

³ x i "

and

" ’ i i

x x £ ; a similar remark holds for the y ´s. In view of this fact, it is clear that the lo ngest conjunctions in the binarized space will be of degree four, having the form l k j i

y y x x C = , i < j , k < l . Clearly, the set of all those points in R 2 , which have the propertythat the conjunction C takes the value 1 in all the binarized point s associated to it, form an interval ( c i

, c j

] ´ ( d k

, d l

] in R 2 , while if C is a lower degree conjunction, i.e., one in which some of the four literals l k j i

y y x x , , , are missing, then the corresponding interval will be unbounded.

The algorithm for the generation of all strong P - prime patterns is based on the evaluation of |COV + ( C ) | and |COV -- ( C )|, for all possible conjunctions C , and the subsequent selection of those which verifythe properties P . We shall present the algorithm for the evaluation of the values of

|COV + ( C ) | only, since the evaluation of the values of |COV -- ( C )|is done in a similar way.

First, the algorithm builds the matrix

( ) q j p i ij

m M

,..., 2 , 1 ; ,..., 1 , 0 = =

= , whose entries m ij

are defined by |) ( |

1 1 + +

+ = j j i i ij

y y x x COV m (where, if a variable i ndex is out of range, the corresponding literal is missing).

For everypair of integers

[ ] p k , 0 Î and

[ ] q l , 0 Î , with k between 0 and p and l between 0 and q , the algorithm computes a matrix R ( k,l )

, having as entries ( i , j ) the v alues of |) ( | l j k i

y y x x COV + ; the pair ( k , l ) is called the basis of the matrix.

The matrices R ( k,l )

, are calculated sequentially, on the basis of a Gray - code enumeration of their bases, in such a waythat:

(a) all the bases between (0,0) and ( p , q ) are g enerated,

(b) no basis is generated twice, and

(c) two consecutive bases differ in exactlyone component, byexactlyone unit.

The matrix R ( p,q ) is calculated using the following algorithm:

R := M ;

For i := p downto 0 do

For j := q - 1 donwto 0 do r i,j

:= r i,j+ 1

+ r i,j

;

For j := q donwto 0 do

For i := p - 1 downto 0 do r i,j

:= r i+ 1 ,j

+ r i,j

;

As soon as the matrix R ( p,q ) is computed, the algorithm proceeds byrecursion to the next basis in the Graysequence. Denoting the current basis by( k , l ) the next basis is chosen from the set: {( k +1, l ), ( k - 1, l ), ( k , l +1), ( k , l - 1)}. Since the four cases are treated in essentiallysimilar ways, we present here onlythe case when the new basis is ( k , l - 1). In this case:

For i := 0 to p do

{ For j := 0 to l - 1 do r i,j

:= r i,j

- r i,l

;

For j := l to q do r i,j

:= r i,j

+ r i,l - 1

.

}

Example. Let us consider p = 3, q = 3, and the initial matrix

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç è

æ

=

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç è

æ

=

0 1 1 1

1 2 2 2

0 0 1 2

2 1 0 1

33 32 31 30

23 22 21 20

13 12 11 10

03 02 01 00 m m m m

m m m m

m m m m

m m m m

M .

Here the first basis is (3,3) -- marked as a bold entry -- , and the corresponding matrix is

( )

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç è

æ

=

0 1 2 3

1 4 7 10

1 4 8 13

3 7 11 17

3 , 3 R . In this matrix each entry( i , j ) represents the sum of the elements of bottom - right submatrix of M having ( i , j ) as the top - left. More precisely, the entryhaving the value 8 in R ( i,j )

, representing |) ( |

1 1

y x COV + , equals the s um of the entries in the [1,3] ´ [1,3] submatrix

÷

÷

÷ ø

ö ç

ç

ç è

æ

0 1 1

1 2 2

0 0 1 of M . The following step of the algorithm produces the matrix defined bythe basis (3,2): ( )

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç è

æ

=

1 2 3

4 3 6 9

4 3 7 12

7 4 8 14

2 , 3

1

R . The entryhaving the value 12, representing |)( |

3 1

y x COV + , equals the sum of the entries in the [1,3] ´ [0,2] submatrix of M defined bythe position of this entry(0,1) and the basis (4,3):

÷

÷

÷ ø

ö ç

ç

ç è

æ

1 1 1

2 2 2

0 1 2

.

For the computational experiments reported in this paper, we have generated the complete collections of strong prime patterns of limited degree d , for several datasets. In order to obtain these collections, we have generated all the subsets of cardinalityat most d in the sets of numerical attributes of the given datasets. After binarization we have appli ed the algorithm described above to evaluate | COV + ( C )|and | COV -- ( C )|for every possible conjunction C , involving binaryvariables associates to the numerical variables in each selected subset. Each pattern produced in the list was checked, and onlythose satisfying all conditions in properties P were retained.

4. 2. Strong Spanned - Patterns

Spanned patterns are more ^conservative~ than the prime ones, having usuallyhigher degrees. They^explain~ a new observation onlyif it is contained in the ^interv al hull~ of the observations covered bythe pattern. It was shown in [2] that classification based on models using spanned patterns, are more ^robust~, having usuallyfewer errors, at the cost of leaving somewhat larger numbers of observations unclassified .

We present below a consensus - type algorithm for the generation of all spanned patterns, along with an implementation of it, which runs in incremental polynomial time.

The method is similar to the well - known consensus method of Blake ([5]) and Quine

([12] ) for finding prime implicants of a Boolean function. Malgrange ([13]) used a consensus - type approach to find all the maximal submatrices consisting of ones of a 0 - 1 matrix. Also, a consensus - type algorithm for finding all maximal bicliques of a graph is p resented in [1]. An important feature of this consensus - type algorithm for generation of all spanned - patterns is the fact that its complexitydoes not depend on the number of cutpoints used for binarization.

Consensus - type methods enumerate the familyof all maximal objects of a certain collection, bystarting from a sufficientlylarge set of objects, and systematically completing it bythe application of two simple operations. The operation of consensus adjunction associates to a pair of objects in the gi ven collection one or more new objects, and adds them to the collection. The operation of absorption removes from the collection those objects which are ’’dominated’’ byother objects in the collection. The two operations are repeated as manytimes as poss ible, leading eventuallyto a collection consisting exactlyof all the maximal objects.

We shall brieflypresent here a particular variant of the consensus method, which produces the complete collection of all its spanned positive patterns of a dataset W . For simplicity, we shall restrict onlyto c - patterns, for c = 1, which are usuallycalled pure patterns.

Let ],[ ... ] , [

1 1 m m

b a b a P ´ ´ = and ]’,’[...]’,’ [ ’

1 1 m m

b a b a P ´ ´ = be a pair of positive spanned

1 - patterns, and let P´´ be the interval ]’’,’’[...]’’,’’[

1 1 m m

b a b a ´ ´ , where }’, min{ ’ ’ i i i

a a a = and }’, max{ ’ ’ i i i

b b b = , i = 1,..., m . If P’’ is a positive 1 - pattern, then it is called the consensus of the 1 - patterns P and P´ . Clearly, a pair of positive spanned 1 - patterns can have at most one consensus, which is the 1 - pattern spanned bythe observations in

COV ( P ) È COV ( P´ ). We saythat the positive spanned 1 - pattern P absorbs the positive spanned 1 - pattern P’ if P = P’ .

The proposed algorithm SPIC , which generates all positive spanned 1 - patterns in incremental po lynomial time, runs as follows:

Algorithm SPIC

Let C

0

be the collection of patterns spanned byeach individual observation in W + .

1. Initiate C : = C

0

.

2. Repeat the following operation until the collection C cannot be furthermore enlarged:

For eve rypair of patterns P

0

in C

0

and P in C , if their consensus P ’ exists and it is not alreadycontained in C , then add it to C .

Example. Let us illustrate algorithm SPIC for the dataset W = { v

1

= [1,0,2], v

2

= [0,2,0], v

3

= [3,1,1], v

4

= [2,0, 2]}, having all the observations but v

2

positive.

· The input collection C

0

is { P

1

= [1,1] ´ [0,0] ´ [2,2], P

3

= [3,3] ´ [1,1] ´ [1,1],

P

4

= [2,2] ´ [0,0] ´ [2,2]. Initialize C := C

0

.

· Perform consensus adjunction for the pair of pat terns P

1

in C

0

and P

3

in C : the candidate for consensus is P

1,3

= [1,3] ´ [0,1] ´ [1,2], having COV ( P

1,3

) = { v

1

, v

3

, v

4

}

Í W + ; since P

1,3

is not contained in C , it is added to C .

· Perform consensus adjunction for the pair of patterns P

1

in C

0

and P

4

in C : the candidate for consensus is P

1,4

= [1,2] ´ [0,0] ´ [2,2], having COV ( P

1,4

) = { v

1

, v

4

} Í

W + ; since P

1,4

is not contained in C , it is added to C .

· Perform consensus adjunction for the pair of patterns P

3

in C

0

and P

4

in C : the candidate for consensus is P

3,4

= [2,3] ´ [0,1] ´ [1,2], having COV ( P

3,4

) = { v

3

, v

4

} Í

W + ; since P

3,4

is not contained in C , it is added to C .

The consensus of anyother pair of patterns from C and C

0

is contained in C . The algorithm stops and outputs the familyof all positive spa nned patterns C = { P

1

, P

3

, P

4

,

P

1,3

, P

1,4

, P

3,4

}.

The proof of correctness of algorithm SPIC (i.e. of the fact that it stops after a finite number of steps, producing at termination the list containing all the pure positive 1 - patterns spanned bysubset s of observations in the dataset), as well as its worst - case complexity, are presented in [2].

The algorithm SPIC runs in incremental polynomial time, the total running time of it being )) ( O n m (m m + + + b , where b is the number of spanned patterns, n is the number of attributes, m is the number of observations, and m + is the number of positive observations in the dataset.

In all real - life applications encountered, the number of spanned patterns was extremelyhigh. In view of this situation, it was im portant to applyvarious filtering mechanisms to restrict the number of 1 - patterns produced, and to keep in this wayboth time and memoryrequirements at an acceptable level. The final list of spanned 1 - patterns is obtained from the list C , based on severa l selection criteria, which include restrictions on the number of 1 - patterns produced, total time allocation, and the characteristic parameters of the retained 1 - patterns.

The implemented version of the algorithm includes several accelerating heuristics.

One of the important procedures used for this purpose, partitions the original dataset into several subsets, applies the input - consensus algorithm separatelyto the subsets, and after eliminating redundancies in the union of these subsets, creates a final list of spanned patterns. Another heuristic included in the current implementation of the algorithm applies a pre - selection mechanism along the process, eliminating from consideration those patterns whose parameters (prevalence, homogeneity, etc) are not s ufficientlyhigh.

The list L of all strong positive spanned patterns can be easilyobtained from the output collection C , byselecting from C the maximal elements with respect to set inclusion. The list L can be also be produced and updated gradually, dur ing the consensus - type procedure: L is initialized with the emptyset, and whenever a consensus candidate, say P , is added to C , it is checked whether P is alreadycontained in a pattern in L . If the test fails, then P is added to L , and all patterns in L which are contained in P are deleted from L . The selection of all strong pure spanned patterns can be performed in an additional time of order O( b 2 ); however, we are not able to guarantee yet a total polynomial - time for producing all strong spanned pattern s. In fact, the dualization problem of a monotone non - decreasing Boolean function can be reduced in quadratic time to the problem of generating all strong spanned patterns of a certain dataset (see

[12]). Thus, the existence of a total polynomial - time algo rithm for generating all strong spanned patterns would implythe existence of a total polynomial - time algorithm for the dualization problem mentioned above; until now, the best known algorithms are pseudo - polynomial.

5 Evaluation Methodology

A comparat ive studyof the suitabilityof different types of patterns for classification, carried out in [10], has established the fact that the strong prime and the strong spanned patterns are the two most suitable ones to be used for this purpose. In view of this fact, in the present studythe comparison of compendia, pandects, theories and models is done for both strong prime and strong spanned patterns.

The accuracyof LAD classifications was evaluated using cross - validation. In each experiment, LAD was run on t he training set and the classification accuracywas evaluated on the test set using the following measure of accuracy:

( ) ú û

ù ê ë

é

+ + + = f c e a ACC

2

1

2

1

, here a , b , d , e are the percentages corresponding to the entries in the following table, calculated on the test set:

T r u e F a l se ?

% o f T r u e O b se r v a ti o n s a b c

% o f F a l se O b se r v a t i o n s d e f

P r e d i c ti o n s

Note that a + b + c = d + e + f = 100. When the LAD classification is obtained using a theory or a compendium, then c = f = 0, and therefore, the expression for accuracywill be reduced to

2

e a

ACC

+

= . However, if the LAD classification is obtained using a model or a pandect, then c and f are not neccesarily0 anymore, showing that that the expression of

ACC is based on the idea that one unclassified observation can be expected to account for

0.5 errors.

Since different datasets mayexhibit different properties in classification problems, this comparative studywas carried out on four datasets, publiclyavailable from the UC

Irvine repository(http://www.ics.uci.edu/~mlearn/MLRepository.html). These four datasets are the following:

· Wisconsin breast cancer (bcw) . In this dataset 683 observations (obtained after the removal of 16 instances which contain missing attributes) represent malignant or benign breast tissues, each observation being represented bynine numerical att ributes.

· BUPA liver disorders (bld). In this dataset 345 observations represent male patients some of whom had a liver disorder, each patient being represented by6 numerical attributes corresponding to blood tests and alcohol consumption.

· StatLog heart disease (hea). This dataset contains the records of 270 patients, indicating for each of them the presence or absence of heart disease, together with the numerical results of seven medical tests, and six binaryones.

· Congressional voting records (vot). T his dataset contains the voting records of the

435 members of the U. S. House of Representatives of the 98 th Congress, each being classified as a Democrat or a Republican. The 16 attributes represent the votes of the representatives on 16 issues, encoded a s 1, 0 and 0.5, the latter corresponding to the absence of vote.

The choice of parameter values in the set of properties P which define the P - patterns, affects the performance of LAD classification. It is known from previous LAD studies

([7]) that the two most critical parameters influencing the effectiveness of LAD are the relative coverage and the homogeneityof patterns, and that the optimal choice of parameter values is dataset dependent.

The first stage of this experimental studyconsisted in identif ying for everydataset a

~good~ choice of parameter values. The homogeneityparameter c was varied from 0.7 to

1.0, in steps of 0.05, and the relative coverage of the positive (respectively, negative) patterns, was varied from 0.1 to 0.5, in steps of 0.1. In the generation of strong prime patterns, their degree was limited to 3. The aim of a first set of experiments was to determine the best parameter values for relative coverage and homogeneityfor every dataset, and for each of the two types of patterns ( strong prime and strong spanned).

These values were used then consistentlyin the second (main) set of experiments aimed at estimating the relative accuracyof LAD classifications based on theories, models, compendia and pandects.

The first set of experim ents consisted of three independent runs of twofold cross - validations for everycombination of the parameter values. The preliminaryestimate of

LAD classification accuracywas determined as the average accuracyof the (3 ´ 2=) 6 experiments. For each of the se experiments six LAD classifications were evaluated, based on the positive and negative theories and compendia, as well as on the corresponding model and pandect. These estimates of the six LAD classifications were again averaged, and used for selecting that combination of the two parameter values for which the highest average accuracywas achieved.

The second set of experiments consisted of ten independent runs of 2 - fold cross validations for the chosen combination of parameter values . The average accur acywas determined separatelyfor each of the six LAD classifications mentioned above. Then the six sequences of 10 numbers (corresponding to the 2 - foldings) were used to compare the relative accuracies of LAD classifications based on positive and negative theories and compendia, as well as on the models and the pandects. This comparison was done on the basis of the paired two - tail t - test. All experiments were carried out separatelyfor strong prime and strong spanned patterns.

6 Empirical Results

The spe cific combinations of the parameter values for each of the datasets and for both pattern - types, which were obtained in the first set of experiments, are reported in Table 1.

For example, the best parameter value combination when using strong prime positive patterns for the hea dataset was that consisting of the requirement that ( i ) the patterns should cover at least 50% of the true observations in the training set, and ( ii ) to have homogeneityof at least 0.9 (i.e., that the number of false observations cov ered bythe pattern should be at most 10% of its coverage).

14

Relat iveCoverage Hom ogeneit y Relat iveCoverage Hom ogeneit y vot 0. 3 1 0. 3 1 bcw 0. 2 1 0. 2 1 he a 0. 5 0. 9 0. 3 1 bl d 0. 1 0. 95 0. 1 0. 95

S trong P ri m e P a tte rns S trong S pa nne d P a tte rns

Da ta se t

Table 1

The 12 LAD - based classifiers used in this study(compendia, pandects, theories and models, based either on strong prime or on strong spanned patterns), are li sted in

Table 2, and denoted as C1, C2, ... , C12. In all these definitions we have called ^true~ the smaller of the two given sets of observations T and F , and called ^false~ the other one.

Positive Negative Positive Negative

Prime C1 C2 C3 C4 C5 C6

Spanned C7 C8 C9 C10 C11 C12

Strong Patterns

Compendium

Pandect

T heory

Model

Table 2.

We report in Table 3 the av erage accuracies of LAD - based classifiers, as obtained in the second series of experiments. The rows of the table correspond to the four datasets considered, while the columns correspond to the 12 classifiers, and to the ratio and the difference of the max imum and minimum accuracies.

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C1 C12 vot 89.97% 95.53% 94.57% 92.59% 95.15% 94.38% 96.3% 95.95% 96.30% 95.23% 96.04% 95.60% 1.07 6.36% bcw 95.87% 90.17% 96.18% 95.60% 94.54% 94.95% 85.54% 93.98% 91.64% 91.64% 94.51% 90.35% 1.12 10.64% hea 75.72% 76.47% 80.50% 77.02% 77.9% 79.4% 72.83% 78.01% 79.62% 75.14% 79.96% 78.71% 1.11 7.67% bld 62.03% 60.70% 67.23% 64.1% 62.04% 65.29% 67.80% 67.94% 71.47% 68.34% 68.50% 70.27% 1.18 10.7%

Dataset

LADClassifiers

MAX/MIN

MAX-MIN

BasedonStrongPrime Patterns BasedonStrongSpanedPatterns

Table 3.

We report in Table 4 the critical confidence levels corresponding to the values of the t - statistic in the paired two - tail t - tests comparing the accuracyof the 12 LAD - based classifications f or everydataset. A positive (negative) sign indicates that the accuracy corresponding to the row was higher (lower) than that corresponding to the column.

t-test C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12

C1 -100.00% -100.00% -100.00% -100.00% -100.00% -100.00% -100.00% -100.00% -99.99% -100.00% -100.00%

C2 -99.01% -99.94% -80.22% -99.13% -89.71% -69.54% -90.56% +62.96% +82.21% +18.95%

C3 -99.99% -84.31% -64.06% -99.11% -98.65% -99.40% +79.73% +98.98% +96.53%

C4 -99.75% -99.94% -99.94% -99.94% -99.96% +99.52% +99.93% +99.89%

C5 -96.17% -95.23% -94.67% -97.65% +13.96% +96.82% +75.20%

C6 -98.92% -98.82% -99.34% +85.22% +99.16% +97.13%

C7 -79.40% -11.76% +99.91% +49.21% +95.69%

C8 -94.38% +95.73% +30.49% +85.92%

C9 +99.54% +56.19% +96.62%

C10 -96.31% -91.45%

C11 -97.03%

vot

Table 4 a.

t-test C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12

C1 +100.00% -78.91% +78.90% +100.00% +99.84% +99.95% +82.04% +99.24% +99.88% +80.09% +99.81%

C2 -100.00% -100.00% -100.00% -100.00% +96.05% -97.65% -75.81% -96.22% -99.71% -11.22%

C3 +84.56% +99.96% +99.82% +99.95% +89.82% +99.35% +99.88% +90.15% +99.82%

C4 +99.25% +97.23% +99.91% +77.09% +98.41% +99.82% +72.62% +99.58%

C5 -90.36% +99.89% +31.36% +96.30% +99.78% +2.00% +99.25%

C6 +99.90% +55.07% +97.42% +99.79% +34.97% +99.38%

C7 -97.84% -100.00% -93.03% -98.90% -99.99%

C8 +65.32% +97.50% -83.10% +83.18%

C9 -99.97% -79.52% +99.99%

C10 -98.59% +99.92%

C11 +91.41%

bcw

Table 4 b.

t-test C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12

C1 -71.99% -100.00% -98.91% -99.87% -100.00% +58.37% -93.74% -97.64% +16.94% -99.97% -94.46%

C2 -100.00% -65.61% -97.99% -99.98% +69.53% -88.49% -96.38% +39.17% -99.97% -91.31%

C3 +100.00% +99.98% +99.38% +94.37% +97.42% +44.15% +92.14% +63.43% +77.60%

C4 -94.20% -99.99% +74.43% -69.67% -88.87% +49.90% -99.86% -74.10%

C5 -99.95% +85.12% -1.81% +76.29% -71.04% -98.65% -41.39%

C6 +91.83% +87.24% -10.74% +86.91% -71.87% +42.13%

C7 -87.48% -98.68% -91.89% -94.13% -96.57%

C8 -78.68% +73.97% -98.86% -41.01%

C9 +98.89% -21.75% +94.65%

C10 -91.42% -96.76%

C11 +69.13%

hea

Table 4 c.

t-test C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12

C1 +83.26% -100.00% -97.30% -1.02% -99.18% -99.79% -99.99% -100.00% -99.82% -99.98% -99.98%

C2 -100.00% -98.91% -96.67% -99.93% -99.72% -99.99% -99.99% -99.70% -99.98% -99.97%

C3 +99.78% +99.99% +93.14% -31.33% -52.11% -99.08% -53.88% -73.10% -94.89%

C4 +91.06% -89.53% -97.85% -99.74% -99.98% -98.20% -99.92% -99.91%

C5 -99.56% -99.73% -99.98% -100.00% -99.73% -99.97% -99.98%

C6 -92.59% -99.40% -99.96% -93.99% -99.64% -99.73%

C7 -13.18% -100.00% -72.20% -54.83% -100.00%

C8 -99.82% -28.71% -61.83% -98.13%

C9 +99.85% +99.47% +99.23%

C10 -12.17% -99.70%

C11 -95.72%

bld

Table 4 d.

In Table 5, we present the relative rankings of the average accuracies of the 12

LAD - based classifiers for each of the four datasets. The columns correspond to the datasets, and the rows correspond to the ranks. The entryin a cell ( i , j ) represents the classifier having rank i for dataset j .

Ra nk vot bcw he a bl d

1 C7 C3 C3 C9

2 C9 C1 C11 C12

3 C11 C4 C9 C11

4 C8 C6 C6 C10

5 C12 C5 C12 C8

6 C2 C11 C8 C7

7 C10 C8 C5 C3

8 C5 C9 C4 C6

9 C3 C12 C2 C4

10 C6 C2 C1 C5

11 C4 C7 C10 C1

12 C1 C10 C7 C2

Table 5.

7 Conclusions

The main objective of this paper was to evaluate the comparative advantages and disadvantages of basing LAD cla ssification on theories and models, or on compendia and pandects. In the initial LAD studies, classification was based on theories. In later developments, instead of just using a positive or a negative theoryfor classification, the use of models and discr iminants associated to them became the norm. Although LAD algorithms did generate compendia and pandects, these were onlyviewed as intermediate collections from which theories and models had to be extracted.

The obvious appeal of theories and models cons ists in the fact that theycontain much fewer patterns than compendia and pandects, and are therefore much easier to comprehend, manipulate, and use. However, it was natural to question the possible loss of classification robustness resulting from the redu ction of a large collection of patterns to a minimal subset. It was important therefore to examine empiricallywhether such a reduction of compendia and pandects to theories and models is indeed beneficial. Such a comparative studywas carried out in this paper.

The results of extensive computational experiments which were carried out in this investigation, including the 1,840 runs of LAD - based classification tests, and those of a series of comparative studies for the evaluation of the relative performances of the 12 classification systems examined, lead to a number of conclusions.

First, the optimal parameter values, the type of patterns (strong prime or strong spanned), the best types of the LAD - based classifiers are all heavilydataset - dependent, and man yof them have high accuracies on some of the datasets. Therefore, when deciding on an optimal classifier for a new dataset, it is essential to evaluate all these choices.

Second, it is clear from the last two columns of Table 3 that the choice of a class ifier which performs well on a specific dataset is essential, since a non - optimal choice of the classifier mayresult in significantlylower accuracy. Substantial research is needed to determine the essential features of datasets, on which the optimal choi ce of classifiers should be based.

Third, it can be seen from Table 5 that in all of the four datasets examined, classifiers using pandects seemed to dominate the others. More precisely, in each of these datasets the accuracyof one of the two pandect - base d classifiers (strong prime or strong spanned) was always statisticallyone of the best. Actually, in three of the datasets, one of the two pandect - based classifiers was better than all the others, on the average. Even in the remaining dataset ( vot ), the a ccuracyof a pandect - based classifier, although ranked second on the average, was statisticallyindistinguishable from the accuracyof the classifier ranked first.

In spite of the fact that the pandect - based classifiers seem to offer a somewhat increased accuracy, theoryand model - based classifiers should not be ruled out. The advantage of the theories and models, which usuallyconsist of few patterns, resides in their ^explanatorypower~ due to the abilityof the human mind to comprehend them.

In order t o evaluate the loss of accuracywhen going from compendium - or pandect - based classifiers to theory - or model - based ones, we present in Table 6 for each of the datasets ( i ) the accuracyof the best classifier based on a pandect or a compendium,

( ii ) the acc uracyof the best classifier based on a theoryor a model, as well as ( iii ) their ratio and ( iv ) their difference; the figures in this table are based on the results given in

Table 3. The table shows that the trade - off of performance for comprehensibility seems to be small, and hence acceptable.

Com pendia

& P andec t s

Theories

& M odels vot 96. 33% 96. 04% 0. 997 0. 29% bc w 96. 18% 95. 60% 0. 994 0. 58% hea 80. 50% 79. 96% 0. 993 0. 54% bld 71. 47% 70. 27% 0. 983 1. 20%

B es t A c c urac y

Dat as et s Rat io Differenc e

Table 6.

In conclusion, it is reasonable to suggest that in the case when accuracyis the overriding consideration, a classifier based on one of the two pandects is perhaps advisable. Ho wever, when the overriding consideration is the comprehensibilityof classification, then theory - and model - based classifiers should be viewed as a viable choice.

References

[1] G. Alexe, S. Alexe, S. Foldes, P. L. Hammer, and B. Simeone. Consensus Algori thms for the Generation of All Maximal Bicliques. Discrete Applied Mathematics (in print).

[2] G. Alexe and P.L. Hammer. Spanned Patterns for the Logical Analysis of Data.

Rutgers University, RUTCOR Research Report , RRR 15 - 2002.

[3] S. Alexe, E. Blackston e, P. L. Hammer, H. Ishwaran, M. S. Lauer, and C. E. Pothier

Snader. CoronaryRisk Prediction byLogical Analysis of Data. Annals of Operations

Research -- 2002 ( in print ).

[4] S. Alexe and P.L. Hamm er. Accelerated Algorithm for Pattern Detection in Logical

Analysis of Data. Rutgers University, RUTCOR Research Report , RRR 59 - 2002.

[5] A. Blake. Canonical Expressions in Boolean Algebra . Ph.D. Thesis, Universityof

Chicago, 1937.

[6] E. Boros, P.L. Hamm er, T. Ibaraki, and A. Kogan. Logical Analysis of Numerical

Data. Mathematical Programming 79 (1997), 163 - 190.

[7] E. Boros, P.L. Hammer, T. Ibaraki, A. Kogan, E. Mayoraz, and I. Muchnik. An

Implementation of Logical Analysis of Data. IEEE Transactions on Knowledge and Data

Engineering , 12 , No. 2 (2000), 292 - 306.

[8] Y. Crama, P.L. Hammer, and T. Ibaraki. Cause - Effect Relationships and Partially

Defined Boolean Functions. Annals of Operations Research 16 (1988) 299 - 326.

[9] P.L. Hammer. PartiallyDefined B oolean Functions and Cause - Effect Relationships.

International Conference on Multi - Attribute Decision Making Via OR - Based Expert

Systems , Universityof Passau, Passau, Germany(1986).

[10] P.L. Hammer, A. Kogan, B. Simeone, and S. Szedmak. Pareto - Optimal P atterns in

Logical Analysis of Data. Rutgers University, RUTCOR Research Report , RRR 7 - 2001, and Discrete Applied Mathematics (in print).

[11] M.S. Lauer, S. Alexe, C.E. Pothier Snader, E.H. Blackstone, H. Ishwaran, and P.L.

Hammer. Use of the "Logical A nalysis of Data" Method for Assessing Long - Term

MortalityRisk After Exercise Electrocardiography. Circulation 106 (2002), 685 - 690.

[12] W. Quine. A wayto simplifytruth functions. American Mathematical Monthly , 62

(1955), 627 - 631.

[13] Malgrange, Y. Re cherche des sous - matrices premières d’une matrice à coefficients binaires. Applications à certains problèmes de graphe . In Deuxième Congrès de l’AFCALTI, October 1961, Gauthier - Villars, 1962, 231 - 242.