DIMACS Technical Report 2002-34 February 4, 2003

Stable Matchings in Three-Sided Systems with Cyclic Preferences^1 by Endre Boros^{,2} Vladimir Gurvich^3 Steven Jaslar^4 Daniel Krasner^5

1This research was supported by DIMACS, the National Science Foundation’s Center for Discrete Mathematics and Theoretical Computer Science, as part of REU 2002 program. The research of the first two authors was supported in part by the National Science Foundation, Grant IIS-0118635, and by the Office of Naval Research, Grant N00014-92-J-1375.

2RUTCOR, Rutgers University, 640 Bartholomew Road, Piscataway, NJ 08854-8003, USA, boros@rutcor.rutgers.edu 3RUTCOR, Rutgers University, 640 Bartholomew Road, Piscataway, NJ 08854-8003, USA, gurvich@rutcor.rutgers.edu 4Rutgers University, 640 Bartholomew Road, Piscataway, NJ 08854-8003, USA, sjaslar@eden.rutgers.edu 5University of California, at Berkeley, Evans Hall, Berkeley, CA 94720-3840, dkrasner@math.berkeley.edu

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs-Research, Bell Labs, NEC Research Institute and Telcordia Technologies (formerly Bellcore).

DIMACS was founded as an NSF Science and Technology Center, and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

We consider generalizations of the Gale-Shapley (1962) Stable Marriage Problem to threesided families. Alkan (1988) gave an example which shows that in this case stable matchings do not always exist. Here we provide a simpler example demonstrating this fact. Danilov (2001) proved that stable matchings always exist for the special case of certain acyclic preferences and he raised the problem for another special case involving cyclic preferences. Here we show that the answer is still negative by constructing a three-sided system with lexicographically cyclic preferences for which no stable matching exists. Finally, we also consider possible generalizations to m-sided families, for m > 3.

Keywords: Gale-Shapley Theorem, stable matching, stable marriage, cyclic preferences.

1 Introduction

The Stable Marriage problem was considered and solved by Gale and Shapley (1962). Given two sets M and W (of men and women), |M| = |W | = n, a pair (m, w) ∈ M × W is called a family. For each individual there is also given a complete ranking of the individuals in the other group. More precisely, we write w_j ≻_{mi} w_k for m_i ∈ M, w_j , w_k ∈ W , if man m_i prefers woman w_j to w_k, and similarly, m_j ≻_{wi} m_k, w_i ∈ W , m_j , m_k ∈ M, if woman w_i prefers m_j to m_k. It is assumed that for each individual the corresponding preference forms a complete ordering of the individuals in the other group. A matching is a set of n families such that each individual in M ∪ W belongs to exactly one of these families. Given a matching M, a family F is said to be breaking (with respect to M) if both members of F prefer the other more than their respective partners in the families they belong to in M. The matching M is called stable if there exists no breaking family with respect to it. The Stable Matching Theorem of Gale and Shapley (1962) claims that such a stable matching always exists, and can be found in O(n^2) time.

The above result of Gale and Shapley (1962) induced a significant amount of work, relating to algorithms, lattice structure of solutions, strategic behavior, etc. In this short paper, we are interested in generalizations of the Stable Marriage Theorem for “families” consisting of more than two individuals.

One such generalization involves three groups of individuals (say for instance, men, women and cats) and a “family” includes one of each type. In a most general setting the given individual preference for each individual is over all pairs of the other two types. Alkan (1988) gave an example which shows that in this case stable matchings do not always exist. For completeness, we provide in the next section a simpler example demonstrating this fact.

The natural next step was to consider restricted preference orders. Danilov (2001) proved that the Gale-Shapley Theorem generalizes to the case of three-sided systems with the following acyclic preferences: the men primarily care about the women (but coupled with different women, the same man may have different secondary preferences over the cats), and analogously, the women primarily care about the men, and finally the cats may have arbitrary preferences over all man-woman pairs. Using an extension of the Gale-Shapley algorithm Danilov showed that in such a case a stable matching always exists. Further, he raised the question if the same remains true for lexicographically cyclic preferences, in which the men primarily care about the women, the women primarily care about the cats, and the cats primarily care about the men. In section 3 we show that the answer is still negative by constructing a three-sided system with lexicographically cyclic preferences for which no stable matching exists.

As a further special case, we consider purely cyclic preference orders, in which the men only care about the women, the women only care about the cats, and the cats only care about the men. Let us note that such preferences are not complete (e.g., in case of a man, his preference order is not complete over all possible woman-cat pairs), so we should define more precisely the notion of stable matching. We do it in the weakest possible sense. Given a matching M, a family F ∉ M is breaking if every member of F strictly prefers his/her/its

– 2 –

partners in F to his/her/its partners in the respective families they belong to in M. (For instance, a family F = (m, w, c) is not breaking with respect to a matching M, if m and w belong to the same family of M, since in this case the man m will be equally happy/unhappy with both families.) As before, the matching M is called stable if no breaking family exists with respect to it. The notion of purely cyclic preferences naturally extends to the case of m-sided systems. We prove in section 4 that the Gale-Shapley Theorem generalizes to the case of purely cyclic preferences provided m ≥ n, where n is the number of individuals in each group, leaving the case m < n open.

2 Three-Sided Families

Let us consider three sets M, W , C (say, men, women, and cats) having the same cardinality, |M| = |W | = |C| = n. A triple F = (m, w, c) ∈ M × W × C is called a family. A set of n families M is called a matching if each member of M ∪ W ∪ C belongs to exactly one family F ∈ M.

Furthermore, we are given for every man m ∈ M a complete preference order P_{(m)} over W × C, i.e. of all woman-cat pairs. We write (w_i, c_j )≻_m(w_i′ , c_j′ ) if m prefers (w_i, c_j ) to (w_i′ , c_j′ ). Analogously, we are given complete preference orders P_{(w)} and P_{(c)} for the women and the cats, respectively over C × M and M × W .

Given a matching M, a family F = (m, w, c) ∉ M is called breaking (with respect to M) if each individual of F prefers the pair of his/her/its partners in F to the pair of his/her/its partners in the family he/she/it belongs to in M. We call a matching M stable if no breaking family exists with respect to it.

Alkan (1988) showed that the Gale-Shapley (1962) Stable Marriage Theorem does not generalize to the case of three-sided families. He constructed a three-sided example with n=3 individuals in each group (and appropriate preferences for each individual over all pairs of possible partners) for which no stable matching exists. Here we provide a simpler example involving only two individuals in each group. Let M = {m_1, m_2}, W = {w_1, w_2}, C = {c_1, c_2} and let the preferences of the individuals be given by the following table:

P_{(m1)} : (w_2, c_1) ≻_{m1} (w_1, c_2) ≻_{m1} (w_2, c_2) ≻_{m1} (w_1, c_1) P_{(m2)} : (w_2, c_1) ≻_{m2} (w_1, c_1) ≻_{m2} (w_2, c_2) ≻_{m2} (w_1, c_2) P_{(w1)} : (c_2, m_2) ≻_{w1} (c_1, m_2) ≻_{w1} (c_1, m_1) ≻_{w1} (c_2, m_1) P_{(w2)} : (c_2, m_2) ≻_{w2} (c_1, m_1) ≻_{w2} (c_1, m_2) ≻_{w2} (c_2, m_1) P_{(c1)} : (m_1, w_2) ≻_{c1} (m_2, w_1) ≻_{c1} (m_1, w_1) ≻_{c1} (m_2, w_2) P_{(c2)} : (m_1, w_1) ≻_{c2} (m_1, w_2) ≻_{c2} (m_2, w_2) ≻_{c2} (m_2, w_1)

It is immediate to see that there are 8 possible families formed by these 6 individuals, which can be grouped into 4 possible matchings:

– 3 –

M_1= {F_{1a} = (m_1, w_1, c_1), F_{1b} = (m_2, w_2, c_2)} M_2= {F_{2a} = (m_2, w_1, c_1), F_{2b} = (m_1, w_2, c_2)} M_3= {F_{3a} = (m_1, w_2, c_1), F_{3b} = (m_2, w_1, c_2)} M_4= {F_{4a} = (m_1, w_1, c_2), F_{4b} = (m_2, w_2, c_1)}

With respect to the above preferences, each of these matchings have a breaking family, showing that no stable matching exists for this example. For instance, it is easy to check that family F_{2a} is breaking for M_1, F_{3a} is breaking for both M_2 and M_4, and finally family F_{1b} is breaking for M_3.

3 Lexicographically Cyclic Preferences

Let us consider again a three-sided system with |M| = |W | = |C| = n, and lexicographically cyclic preferences, as defined in the introduction, i.e., if w ≠ w^′ and (w, c) ≻_m (w^′, c^′) then (w, c^{′′}) ≻_m (w^′, c^{′′′}) for every cat, and analogous implications for the women and cats hold, too. Let us say that a woman w is the first choice for a man m if (w, c) ≻_m (w^′, c^′) holds for all women w^′ ≠ w and all cats c, c^′. Analogously, we shall talk about first choices for the women and the cats, as well. Let us call a family ideal if each member of it is the first choice of the cyclically previous member. Let us further call a family super-ideal if each pair is the most preferred pair for the third member of the family, according to his/her/its preference order. Obviously, super-ideal families are also ideal.

Theorem 1 In three-sided systems with lexicographically cyclic preferences stable matchings always exist if n ≤ 2, and may fail to exist if n ≥ 3.

Before the proof of this theorem, let us first make a simple but useful observation.

Lemma 1 Let F be an ideal family and let M be a matching. If F ∈ M, then no breaking family (with respect to M) can have a common member with F . Furthermore, if F ∉ M and F is super-ideal, then M is not stable.

Proof. This claim is quite obvious, since by definition, no member of an ideal family can “imagine to be happier” with somebody else from the cyclically next group. preferences). The second part is also immediate, since if F ∉ M and F is super-ideal, then F is a breaking family for M. □

Let us show next the easier part of the theorem.

Lemma 2 A stable matching exists in a three-sided system with lexicographically cyclic preferences whenever n ≤ 2.

– 4 –

Proof. For n = 1 there is nothing to prove. Suppose n = 2. Let us first assume that two men, as well as two women, have no conflict in their first choices. In this case we just assign to each man and each woman his/her first choice and obtain two families forming a stable matching M. Indeed, suppose F = (m, w, c) is a breaking family for M. Then m and w must have their first choices also in F , implying that F ∈ M which is impossible. Let us now assume that two men (or two women) have a conflict in their top preference, that is the same women (respectively same cat) is their first choice. In this case still there exists an ideal family, which together with the complementary family forms a stable matching. Let w^∗ be the first choice woman for both men, let c^∗ ∈ C as the first choice of w^∗, and let m^∗ ∈ M be the first choice of c^∗. Let F = (m^∗, w^∗, c^∗) and let F^′ be the complementary family formed by the rest of the individuals. Then the family F is ideal by its construction, and thus M = {F, F^′} is a stable matching, since no breaking family can intersect F by Lemma 1, and since in the considered case of n = 2 all families but F^′ ∈ M intersect F . □

Let us show next that the negative part of the Theorem can easily be reduced to the case of n = 3.

Lemma 3 If a three-sided system S_n, having n individuals in each group, and having lexicographically cyclic preferences, has no stable matching, then it can be extended to an analogous system S_{n+1} with n + 1 members in each group, which still does not have a stable matching.

Proof. Let us denote the groups of S_n by M = {m_1, ..., m_n}, W = {w_1, ..., w_n} and C = {c_1, ..., c_n} and let ≻ denote the lexicographically cyclic preference order in S_n. Let us introduce three new members, m_{n+1}, w_{n+1}, and c_{n+1}, different from all others, and let M^′ = M ∪{m_{n+1}}, W^′ = W ∪{w_{n+1}}, and C^′ = C ∪{c_{n+1}}. Let us next define an extension ≻^′ of ≻, accommodating the new members, so that the following relations

(w_j , c_k) ≻^′_{mi} (w_{n+1}, c_{n+1}), (c_j , m_k) ≻^′_{wi} (c_{n+1}, m_{n+1}), (m_j , w_k) ≻^′_{ci} (m_{n+1}, w_{n+1}), (w_{n+1}, c_{n+1}) ≻^′_{mn+1} (w_j , c_k), (c_{n+1}, m_{n+1}) ≻^′_{wn+1} (c_k, m_i), and (m_{n+1}, w_{n+1}) ≻^′_{cn+1} (m_i, w_j )

hold for all i, j, k ≤ n. In addition, we assume that ≻^′ agrees with ≻ for all other cases not involving the new members. Clearly, we can do this and ensure that the extended preference order ≻^′ is still lexicographically cyclic over the n + 1 member groups M^′, W^′ and C^′.

We claim that the obtained three-sided system S_{n+1} with the preference order ≻^′ cannot have a stable matching, either. To see this let us observe first that the family F = (m_{n+1}, w_{n+1}, c_{n+1}) is super-ideal in S_{n+1}. Thus, by Lemma 1, F is a breaking family with respect to each matching M which does not contain it. On the other hand, if F ∈ M, then no breaking family with respect to M can intersect F , again by Lemma 1. Thus M is stable in S_{n+1} if and only if M \ {F } is stable in S_n. Since by our assumption S_n has no stable matching, M cannot be stable, either. □

– 5 –

Proof of Theorem 1: According to lemmas 2 and 3, it is enough to construct a three-sided system with lexicographically cyclical preference order and with n = 3 for which there is no stable matching. Let M = {m_1, m_2, m_3}, W = {w_1, w_2, w_3}, and C = {c_1, c_2, c_3}, and let us define a lexicographically cyclic preference order ≻ satisfying the following relations:

(w_1, c_i) ≻_m (w_2, c_j ) ≻_m (w_3, c_k) for m ∈ {m_1, m_3} (w_2, c_i) ≻_m (w_3, c_j ) ≻_m (w_1, c_k) for m = m_2 (w_i, c_2) ≻_m (w_i, c_1) ≻_m (w_i, c_3) for m ∈ {m_1, m_2, m_3};

(c_1, m_i) ≻_w (c_2, m_j ) ≻_w (c_3, m_k) for w ∈ {w_1, w_3} (c_2, m_i) ≻_w (c_3, m_j ) ≻_w (c_1, m_k) for w = w_2 (c_i, m_2) ≻_w (c_i, m_1) ≻_w (c_i, m_3) for w ∈ {w_1, w_2, w_3};

(m_1, w_i) ≻_c (m_2, w_j ) ≻_c (m_3, w_k) for c ∈ {c_2, c_3} (m_2, w_i) ≻_c (m_3, w_j ) ≻_c (m_1, w_k) for c = c_1 (m_i, w_2) ≻_c (m_i, w_1) ≻_c (m_i, w_3) for c ∈ {c_1, c_2, c_3},

for all 1 ≤ i, j, k ≤ 3. Clearly, the preference order ≻ defined by the above relations is lexicographically cyclic. Let us also note the following property of ≻: for each individual, his/her/its secondary preference does not depend on the first partner, moreover, the corresponding sequence of indexes 2,1,3 is the same for all 9 individuals.

There are (3!)^2 = 36 possible matchings in this example. We show that for each one of these there exists a breaking family. For 9 of these 36 matchings there exists in fact a unique breaking family. We list these matchings together with the corresponding breaking families first.

M_1 = {(m_1, w_1, c_1), (m_2, w_2, c_2), (m_3, w_3, c_3)} ←− (m_3, w_3, c_1) = F_1 M_2 = {(m_1, w_1, c_2), (m_2, w_2, c_1), (m_3, w_3, c_3)} ←− (m_3, w_2, c_3) = F_2 M_3 = {(m_1, w_1, c_2), (m_2, w_2, c_3), (m_3, w_3, c_1)} ←− (m_3, w_1, c_1) = F_3 M_4 = {(m_1, w_1, c_2), (m_2, w_3, c_1), (m_3, w_2, c_3)} ←− (m_2, w_2, c_3) = F_4 M_5 = {(m_1, w_2, c_2), (m_2, w_1, c_1), (m_3, w_3, c_3)} ←− (m_2, w_3, c_3) = F_5 M_6 = {(m_1, w_2, c_2), (m_2, w_3, c_3), (m_3, w_1, c_1)} ←− (m_2, w_3, c_1) = F_6 M_7 = {(m_1, w_2, c_2), (m_2, w_3, c_1), (m_3, w_1, c_3)} ←− (m_1, w_1, c_3) = F_7 M_8 = {(m_1, w_3, c_3), (m_2, w_2, c_2), (m_3, w_1, c_1)} ←− (m_1, w_3, c_2) = F_8 M_9 = {(m_1, w_3, c_2), (m_2, w_2, c_3), (m_3, w_1, c_1)} ←− (m_1, w_2, c_2) = F_9

Let us next consider a matching M such that (m_2, w_2, c_2) /∈ M and (m_1, w_i, c_2) /∈ M for i = 1, 2, 3. Then it is easy to check that (m_2, w_2, c_2) = F_{10} will be a breaking family for every such matching. This way we break twenty other matchings, leaving us with only 7 to

– 6 –

check. Finally, we list these 7 matchings with their corresponding breaking families.

M_{10} = {(m_1, w_1, c_3), (m_2, w_2, c_2), (m_3, w_3, c_1)} ←− (m_3, w_1, c_1) = F_3 M_{11} = {(m_1, w_1, c_2), (m_2, w_3, c_3), (m_3, w_2, c_1)} ←− (m_2, w_3, c_1) = F_6 M_{12} = {(m_1, w_2, c_2), (m_2, w_1, c_3), (m_3, w_3, c_1)} ←− (m_2, w_3, c_1) = F_6 M_{13} = {(m_1, w_3, c_2), (m_2, w_1, c_1), (m_3, w_2, c_3)} ←− (m_1, w_2, c_2) = F_9 M_{14} = {(m_1, w_3, c_2), (m_2, w_1, c_3), (m_3, w_2, c_1)} ←− (m_1, w_2, c_2) = F_9 M_{15} = {(m_1, w_3, c_2), (m_2, w_2, c_1), (m_3, w_1, c_3)} ←− (m_1, w_2, c_2) = F_9 M_{16} = {(m_1, w_3, c_1), (m_2, w_2, c_2), (m_3, w_1, c_3)} ←− (m_1, w_1, c_3) = F_7

Let us note that F_3, F_6, F_7, F_9 were the only breaking families for matchings M_3, M_6, M_7, M_9 respectively. Thus the obtained set of 10 breaking families is a minimum cardinality set necessary to break every matching. □

4 Purely Cyclic Preferences

Purely cyclic preferences, as defined in the introduction, constitute a further special case of lexicographically cyclic preferences. Let us formally extend this notion to m member families where m ≥ 2 is an integer.

Let Z_m = {0, 1, ..., m − 1} denote the additive group of modulo m addition of integers and let I_n = {1, 2, ..., n}. Let us consider m groups G_j = {(i, j) | i ∈ I_n} for j ∈ Z_m, with exactly n individuals in each group. Let us further denote the preference order of individual (i, j) ∈ G_j over the cyclically next group G_{j+1} by ≻_{i,j} for all j ∈ Z_m (additions within Z_m are taken modulo m). A family consists of exactly one individual from each of the groups. For simplicity, let us represent a family F ∈ G_0 × G_1 × · · · × G_{m−1} by an associated vector (f_0, f_1, ..., f_{m−1}), where F = {(f_j , j) | j ∈ Z_m}. A matching M is a collection of n pairwise disjoint families. We say that a family F is breaking with respect to a matching M, if all individuals (f_j , j) ∈ F prefer (f_{j+1}, j + 1) to (i, j + 1), where (i, j + 1) is their current partner in the family they belong to in M. More formally, if M = {F^i | i ∈ I_n}, and F^i = {(f^i_j , j) | j ∈ Z_m}, for i ∈ I_n, then F = {(f_j , j) | j ∈ Z_m} is breaking with respect to M, if

(f_{j+1}, j + 1) ≻_{(fj,j)} (f^i_{j+1}, j + 1) where f_j = f^i_j ,

for all j ∈ Z_m. Finally, we call a matching stable if there is no breaking family with respect to it.

Let us note that for m = 2 all classical stable matching problems are purely cyclic by the above definitions, and thus a stable matching always exists for these purely cyclic problems when m = 2 by Gale and Shapley (1962). The same question is open already for m = 3, since the negative example for three-sided systems with lexicographically cyclic preferences in the previous section is not purely cyclic. In this section we prove that a stable matching always exists for purely cyclic preferences, whenever n ≤ m, leaving the cases n > m open.

– 7 –

Before proving our claim, let us introduce a few more notations, to simplify our analysis. To an m-sided system with purely cyclic preferences let us associate a directed graph G = (V, E), where V = G_0 ∪ G_1 ∪ · · · ∪ G_{m−1}, and where there is a directed edge from every individual of G_j to every individual of the cyclically next group G_{j+1} for j ∈ Z_m. To a directed edge e = [(i, j), (k, j +1)] let us associate its rank, denoted by r(e), which is the rank of individual (k, j+1) in the preference list of (i, j), i.e., r(e) = 1+|{l : (l, j+1) ≻_{(i,j)} (k, j+ 1)}|. Given a subset W ⊆ V of the vertices of G, let us denote by G[W ] the subgraph induced by W . We call a directed path P = {(i_j , j), (i_{j+1}, j +1), · · · , (i_{j+s}, j +s)} a best choice path in G[W ], if P ⊆ W and the directed edges of this path e_l = [(i_{j+l}, j+l), (i_{j+l+1}, j+l+1)] have the lowest possible rank among the outgoing edges from (i_{j+l}, j +l) in G[W ] for l = 0, 1, ..., s−1.

Given a permutation π = (a^1_0, a^2_0, ..., a^n_0 ) of I_n, let us construct a corresponding matching M_π as follows: Let W = V initially, and let us consider the (unique) best choice path

F^1 = {(a^1_0, 0), (a^1, 1), · · · , (a^1_{m−1}, m − 1)}

starting from (a^1_0, 0) in G[W ]. Let us then delete these vertices, set W^′ = W \ F^1, and consider the (unique) best choice path

F^2 = {(a^2_0, 0), (a^2_1, 1), · · · , (a^2_{m−1}, m − 1)}

starting from (a^2_0, 0) in the induced subgraph G[W^′], etc. Clearly, the paths F^1, F^2, ..., F^n are pairwise disjoint families, and thus

M_π = {F^1, F^2, ..., F^n}

is a matching. Let us call a matching M a best choice matching if M = M_π for some permutation π.

Theorem 2 If n ≤ m, a stable best choice matching always exists in an m-sided system with purely cyclic preferences.

Before proving this claim, let us state a few helpful lemmas.

Note that we can view the sets {a^i_j | i ∈ I_n} for j ∈ Z_m as permutations of I_n, and a family as a selection of one element from each of these sets. Accordingly, we shall refer to a family F as F = (a^{i(j)}_j | j ∈ Z_m) in the sequel.

Lemma 4 Let M_π be a best choice matching, and let F = (a^{i(j)}_j | j ∈ Z_m) be a breaking family with respect to M_π . Then

i(0) > i(1) > · · · > i(m − 1).

– 8 –

Proof. By the definition of a breaking family, we must have

(a^{i(j+1)}_{j+1} , j + 1) ≻_{(a}i(j)_{j ,j)} (a^{i(j)}_{j+1}, j + 1)

for all j ∈ Z_m, where (a^{i(j)}_j , j) belongs to in the matching M_π. By the definition of M_π, (a^{i(j)}_{j+1}, j + 1) is the best choice of (a^{i(j)}_j , j) among all those in G_{j+1} not appearing in the first i(j) − 1 families F^1, ..., F^{i(j)−1}. Hence, the individual (a^{i(j+1)}_{j+1} , j + 1) must belong to one of these first i(j) − 1 families, i.e. i(j) > i(j + 1). □

Corollary 1 If n < m, all best choice matchings are stable in a m-sided system with purely cyclic preferences.

Proof. Clearly, the condition in Lemma 4 cannot hold, unless the matching M_π has at least m families. Thus, if n < m, a best choice matching M_π cannot have a breaking family with respect to it. □

Proof of Theorem 2: In view of Corollary 1, it is enough to show that if n = m then there always exists a stable best choice matching in an m-sided system with purely cyclic preferences.

To see this, let us observe first that in a best choice matching M_π the element a^1_{m−1} depends only on the selection of a^1_0 (and not on the rest of the permutation π). This defines a mapping τ : I_n −→ I_n by setting τ(a^1_0) = a^1_{m−1} for all possible choices of a^1_0 ∈ I_n.

Let us observe next that if n = m then by Lemma 4 there is only one candidate breaking family, namely F = (a^n_0 , a^{n−1}_1 , ..., a^1_{m−1}). For this unique family to be breaking with respect to M_π it is necessary that

(a^n_0 , 0) ≻_{(a}1_{m−1,m−1)} (a^1_0, 0), and (1)

(a^{n−1}_1 , 1) ≻_{(a}n_{0 ,0)} (a^n_1 , 1). (2)

Case I: There exists an index i ∈ I_n such that (i, 0) ∈ G_0 is not the worst choice of the individual (τ(i), m − 1) ∈ G_{m−1}. In this case let us choose π such that a^1_0 = i, and a^n_0 is the element for which (a^n_0 , 0) ∈ G_0 is the worst choice of (τ(i), m − 1) ∈ G_{m−1}. Then the unique candidate family F cannot be breaking by the necessity of (1), and thus the matching M_π is stable.

Case II: For all i ∈ I_n the individual (i, 0) ∈ G_0 is the worst choice of (τ(i), m − 1) ∈ G_{m−1}. This implies that τ(i) ≠ τ(i^′) whenever i ≠ i^′ (since no individual can have two different worst choices). This fact further implies that all individuals in G_0 have different first choices (since otherwise two first choice paths would converge, implying the existence of indices i ≠ i^′ with τ(i) = τ(i^′), i.e., Case I would apply). Thus, (a^n_1 , 1) ∈ G_1 is the first choice of

– 9 –

(a^n_0 , 0), and hence it is preferred more than (a^{n−1}_1 , 1), implying that F cannot be breaking by the necessity of (2). Since this conclusion is reached regardless how the permutation π was chosen, all best choice matchings are stable in this case. □

Let us remark finally that for n > m we may not be able to find a stable matching among best choice ones. Namely, in a best choice matching at least m − 1 > 0 individuals realize their first choice (the first m−1 individuals in the first family F^1 surely do so). This however is not true already for m = 2. To see this, let us consider an example involving 4 men and 4 women, M = {m_1, m_2, m_3, m_4} and W = {w_1, w_2, w_3, w_4}, and the purely cyclic preferences

w_2 ≻_{m1} w_1 ≻_{m1} w_3 ≻_{m1} w_4 w_3 ≻_{m2} w_2 ≻_{m2} w_1 ≻_{m2} w_4 w_2 ≻_{m3} w_3 ≻_{m3} w_1 ≻_{m3} w_4 w_3 ≻_{m4} w_4 ≻_{m4} w_2 ≻_{m4} w_1

m_4 ≻_{w1} m_1 ≻_{w1} m_2 ≻_{w1} m_3 m_4 ≻_{w2} m_2 ≻_{w2} m_1 ≻_{w2} m_3 m_1 ≻_{w3} m_3 ≻_{w3} m_4 ≻_{w3} m_2 m_1 ≻_{w4} m_4 ≻_{w4} m_2 ≻_{w4} m_3

It is easy to see that M = {(m_1, w_1), (m_2, w_2), (m_3, w_3), (m_4, w_4)} is the only stable matching in this instance, and in this matcing no individual could realize his/her first choice. In fact, all individuals got their second best choices.

References

[1] A. Alkan, Nonexistence of stable threesome matchings, Math. Soc. Sci., 16 (1988) 207- 209.

[2] V.I. Danilov, Stable matchings in some three-sided systems, NATO Advanced Research Workshop on Mathematical Theory of Allocation of Discrete Resources: Equilibria, Matching, Mechanisms, Sabanci University, (Istanbul, Turkey, Dec. 16-19, 2001).

[3] D. Gale and L.S. Shapley, College admissions and the stability of marriage, American Mathematical Monthly, 69 (1962) 9-15.

[4] D. Gusfield and R.W. Irving, The Stable Marriage Problem, (MIT Press, Cambridge, Mass., 1989).