DIMACS Technical Report 2002-08 March 2002

On a conjecture of Baïou and Balinski by David Avis School of Computer Science

McGill University Montreal, Quebec, H3A 2A7

Vašek Chvátal Department of Computer Science Rutgers University Piscataway, NJ 08854^1

1Permanent Member

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs-Research, Bell Labs, NEC Research Institute and Telcordia Technologies (formerly Bellcore).

DIMACS was founded as an NSF Science and Technology Center, and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT We disprove a conjecture of Baïou and Balinski concerning a variation on the Birkhoff-von Neumann theorem.

Let BB_n denote the set of all integer n × n matrices X that satisfy n∑ j=1 X(i, j) ≤ 1 for all i = 1, 2, . . . , n (1) n∑ i=1 X(i, 1) ≤ 1 (2) n∑ i=1 X(i, j) ≤ n∑ i=1 X(i, j − 1) for all j = 2, 3, . . . , n (3) X(i, j) ≥ 0 for all i and j; (4) to put it differently, BB_n is the set of all matrices that arise from n×n permutation matrices by first choosing an integer k such that 0 ≤ k ≤ n and then overwriting all entries in the last k columns with zeros. Mourad Baïou and Michel Balinski (2001) conjectured that an arbitrary n × n matrix X belongs to the convex hull of BB_n if and only if it satisfies (1), (2), (3), (4) as well as all inequalities ∑ i∉I ∑ j∈J X(i, j) ≥ ∑ i∈I n∑ j=k+1

X(i, j) (5)

where k ∈ {1, 2, . . . , n − 1}, I ⊆ {1, 2, . . . , n}, J ⊆ {1, 2, . . . , k}, and |I| = |J|.

Verifying the “only if” part means verifying that every X in BB_n satisfies every inequality (5). If the right-hand side of (5) is zero, then (5) follows from (4). If the right-hand side of (5) is a positive integer, then (2) and (3) imply that

∑_n

i=1 X(i, j) = 1 whenever 1 ≤ j ≤ k, and so ∑ j∈J n∑ i=1 X(i, j) = |J|; (6) (1) guarantees that ∑ i∈I n∑ j=1 X(i, j) ≤ |I|; (7) (6) and (7) together yield_n ∑ i=1 ∑ j∈J X(i, j) ≥ ∑ i∈I n∑ j=1 X(i, j), which can be written as ∑

i∉I ∑ j∈J X(i, j) ≥ ∑ i∈I ∑ j∉J

X(i, j); (8) now (5) follows from (8) and (4).

The purpose of this note is to point out that the “if” part of the conjecture is false whenever n > 4.

– 2 – Theorem 1 For all positive integers n greater than four, every X in BB_n satisfies n∑ i=4 X(i, 1) + n∑ i=2 X(i, 2) − X(1, 3) + n∑ i=4 X(i, 4) − 3∑ i=1 n∑ j=5 X(i, j) ≥ 0 (9) and inequality (9) induces a facet of the convex hull of BB_n. Proof. First, consider an arbitrary X in BB_n. We have n∑ i=4 X(i, 1) + n∑ i=2 X(i, 2) − X(1, 3) + n∑ i=4 X(i, 4) − 3∑ i=1 n∑ j=5 X(i, j) ≥ n∑ i=1 (X(i, 1) + X(i, 2) + X(i, 4)) − n∑ j=1 (X(1, j) + X(2, j) + X(3, j)) ≥ n∑ i=1 (X(i, 1) + X(i, 2) + X(i, 4)) − 3, and so (9) holds as long as

∑_n

i=1 X(i, 4) = 1. If

∑_n

i=1 X(i, 4) = 0, then n∑ i=4 X(i, 1) + n∑ i=2 X(i, 2) − X(1, 3) + n∑ i=4 X(i, 4) − 3∑ i=1 n∑ j=5 X(i, j) = n∑ i=4 X(i, 1) + n∑ i=2 X(i, 2) − X(1, 3) ≥ n∑ i=1 X(i, 2) − n∑ j=1 X(1, j) ≥ n∑ i=1 X(i, 2) − 1, and so (9) holds as long as

∑_n

i=1 X(i, 2) = 1. If

∑_n

i=1 X(i, 2) = 0, then n∑ i=4 X(i, 1) + n∑ i=2 X(i, 2) − X(1, 3) + n∑ i=4 X(i, 4) − 3∑ i=1 n∑ j=5 X(i, j) = n∑ i=4 X(i, 1) ≥ 0, and so (9) holds again.

Next, let S_n denote the set of all X in BB_n that satisfy n∑ i=4 X(i, 1) + n∑ i=2 X(i, 2) − X(1, 3) + n∑ i=4 X(i, 4) − 3∑ i=1 n∑ j=5 X(i, j) = 0 (10) and consider an arbitrary equation n∑ i=1 n∑ j=1 A(i, j)X(i, j) = b (11)

– 3 –

that is satisfied by all X in S_n. To prove that (9) induces a facet of the convex hull of BB_n, we will show that (11) is a multiple of (10).

Since the all zeros matrix belongs to S_n, we have

b = 0.

For each i = 1, 2, 3, the X in BB_n defined by X(i, 1) = 1 and X(r, s) = 0 whenever s > 1 belongs to S_n; it follows that

A(1, 1) = A(2, 1) = A(3, 1) = 0.

The X in BB_n defined by X(2, 1) = X(1, 2) = 1 and X(r, s) = 0 whenever s > 2 belongs to S_n; it follows that A(1, 2) = 0.

For every choice of i such that 2 ≤ i ≤ n, there is an i^′ in {2, 3} − {i}; the X in BB_n defined by X(i^′, 1) = X(1, 2) = X(i, 3) = 1 and X(r, s) = 0 whenever s > 3 belongs to S_n; it follows that A(i, 3) = 0 whenever 2 ≤ i ≤ n.

For either choice of i in {2, 3}, there is an i^′ in {2, 3}−{i}; the X in BB_n defined by X(i^′, 1) = X(1, 2) = X(4, 3) = X(i, 4) = 1 and X(r, s) = 0 whenever s > 4 belongs to S_n; it follows that A(2, 4) = A(3, 4) = 0.

For every choice of i and j such that 4 ≤ i ≤ n and 5 ≤ j ≤ n, there are an i^′ in {4, 5} − {i} and an X in S_n such that X(2, 1) = X(1, 2) = X(i^′, 3) = X(3, 4) = X(i, j) = 1 and X(r, s) = 0 whenever s > j; it follows by induction on j that

A(i, j) = 0 whenever 4 ≤ i ≤ n and 5 ≤ j ≤ n.

For every choice of i such that 2 ≤ i ≤ n, there is an i^′ in {2, 3} − {i}; the X in BB_n defined by X(i^′, 1) = X(i, 2) = X(1, 3) = 1 and X(r, s) = 0 whenever s > 3 belongs to S_n; it follows that A(i, 2) = −A(1, 3) whenever 2 ≤ i ≤ n.

For every choice of i in {1, 2, 3} and j such that 5 ≤ j ≤ n, there are an i^′ in {1, 2, 3} − {i} and an i^{′′} in {2, 3} − {i}, such that i^′ ≠ i^{′′}; every X in BB_n such that X(i^′, 1) = X(4, 2) = X(5, 3) = X(i^{′′}, 4) = X(i, j) = 1 belongs to S_n; it follows that

A(1, j) = A(2, j) = A(3, j) = A(1, 3) whenever 5 ≤ j ≤ n.

For every choice of i such that 4 ≤ i ≤ n, there is an i^′ in {4, 5} − {i}; every X in BB_n such that X(i, 1) = X(1, 2) = X(i^′, 3) = X(2, 4) = X(3, 5) = 1 belongs to S_n; it follows that

A(i, 1) = −A(1, 3) whenever 4 ≤ i ≤ n.

– 4 –

Every X in BB_n such that X(2, 1) = X(4, 2) = X(5, 3) = X(1, 4) = X(3, 5) = 1 belongs to S_n; it follows that A(1, 4) = 0.

For every choice of i such that 4 ≤ i ≤ n, there is an i^′ in {4, 5} − {i}; every X in BB_n such that X(2, 1) = X(1, 2) = X(i^′, 3) = X(i, 4) = X(3, 5) = 1 belongs to S_n; it follows that

A(i, 4) = −A(1, 3) whenever 4 ≤ i ≤ n.

Reference

M. Baïou and M. Balinski (1999), “A Conjecture”, manuscript.