DIMACS Technical Report 2002-01

A Trade-Off for Covering the Off-Diagonal Elements of Matrices by Vince Grolmusz^1

1Department of Computer Science, Eötvös University, Budapest, Address: Pázmány P. stny. 1/C, H-1117, Budapest, HUNGARY; E-mail: grolmusz@cs.elte.hu

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs- Research, Bell Labs, NEC Research Institute and Telcordia Technologies (formerly Bellcore).

DIMACS was founded as an NSF Science and Technology Center, and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

We would like to cover all the off-diagonal elements of an n×n matrix by non-necessarily contiguous rectangular submatrices; the diagonal elements cannot be covered. It is not difficult to give a cover with 2⌈log n⌉ rectangles, where some off-diagonal elements are covered as many as ⌈log n⌉-times, or another cover, using n rectangles and any offdiagonal elements of the matrix is covered only once. We show that one cannot attain both low covering multiplicity and a small number of covering rectangles at the same time: We prove a trade-off between these two numbers.

1 Introduction

We are interested in the following problem: cover all the off-diagonal elements of the n×n matrix M = {m_{ij}} by non-necessarily contiguous rectangular submatrices (called rectangles); the diagonal elements cannot be covered. It is not difficult to give a cover with 2⌈log n⌉ rectangles, where some off-diagonal elements are covered as many as ⌈log n⌉-times: Indeed, let us consider submatrices

U_t = {m_{ij} : i_t = 0, j_t = 1}; V_t = {m_{ij} : i_t = 1, j_t = 0}

where i_t and j_t denotes the t^{th} bit in the binary form of i and j, respectively. Clearly, both U_t and V_t are rectangles, their combined number is 2⌈log n⌉, and they cover all the off-diagonal elements of M. It is also obvious, that entry m_{ij} is covered h(i, j)- times, where h(i, j) stands for the Hamming-distance of the binary forms of i and j. Consequently, there are entries in M which are covered ⌈log n⌉-times.

Another cover, where all the off-diagonal entries of M are covered once can be given as follows: For t = 1, 2, . . . , n we define W_t = {m_{t,j} : j ∈ {1, 2, . . . , n} − {t}}. Certainly, the n pairwise disjoint W_t’s cover all the off-diagonal elements of M exactly once.

So we have got a cover with few rectangles but with a large multiplicity, and another one with a lot of rectangles and multiplicity 1. The question is whether can we cover the off-diagonal elements with few rectangles and with a low multiplicity? The answer is no, as it is implied by the following theorem:

Theorem 1 (i) Suppose, that the off-diagonal elements of the n × n matrix M are covered by s rectangles while none of the diagonal elements are covered, and every entry of M are covered by at most d rectangles. Then ( s 1 ) + · · · + ( s d ) ≥ n. (1) (ii) Suppose, that the entries under the diagonal of the n×n matrix M are covered by s rectangles, and none of the diagonal or above-the-diagonal elements are covered, and every entry of M are covered by at most d rectangles. Then ( s 1 ) + · · · + ( s d ) ≥ n − 1. (2) Using graph-theoretical language, we immediately get the following re-formulation from part (i):

Corollary 2 Suppose we would like to cover the edges of the 2n-vertex complete bipartite graph K_{n,n} with color classes A = {u_1, u_2, . . . , u_n} and B = {v_1, v_2, . . . , v_n} with the edges of complete bipartite graphs, without covering any of the edges u_iv_i, i = 1, 2, . . . , n. Suppose that we have s complete bipartite graphs in the cover, and the maximum multiplicity of covering an edge is d. Then (1) is satisfied.

An easy corollary of part (ii) is the following:

Corollary 3 Suppose we would like to cover the edges of the n-vertex complete graph with the edges of complete bipartite graphs. Assume that we have s complete bipartite graphs in the cover, and the maximum multiplicity of covering an edge is d. Then (2) is satisfied.

Note, that the rectangles in the cover of Corollary 3 can be partitioned into pairs, and the members of these pairs are symmetric to the diagonal, while in Corollary 2 and in Theorem 1 part (i) this property does not necessarily hold.

We cannot show that our Theorem 1 is sharp. It is easy to construct rectanglecovers of m + 2⌈log⌈n/m⌉⌉ rectangles and 1 + ⌈log⌈n/m⌉⌉ mutiplicity by unifying the n-cover and the 2 log n cover, but we do not think that this construction is optimal.

1.1 Related work

Graham and Pollack [GP72] asked that how many edge-disjoint bipartite graphs can cover the edges of an n-vertex complete graph. They proved that n − 1 bipartite graphs are sufficient and necessary. Later, Tverberg gave a very nice proof for this statement [Tve82]. Having relaxed the disjointness-property, Babai and Frankl [BF92] asked that what is the minimum number of bipartite-graphs, which covers every edge of an n-vertex complete graph an odd multiplicity. Babai and Frankl proved that (n − 1)/2 bipartite graphs are necessary. The optimum upper bound for the odd-cover was proved by Radhakrishnan, Sen and Vishwanathan [RSV00]. Radhakrishnan, Sen and Vishwanathan also gave matching upper bounds for covers, when the off-diagonal elements of matrix M are covered by multiplicity 1 modulo a prime number.

1.2 Motivation

Our questions, leading to Theorem 1 were motivated by examining the constructibility or at least the existence of low-rank matrices, containing 0’s in the diagonal and nonzeroes elsewhere. We have given constructions of such matrices in [Gro00], with the help of the BBR-polynomials [BBR94]. Our goal was to find lower rank matrices of this property, and it turned out that the rank depends on the degree of the BBR polynomial. Roughly, the degree of the BBR-polynomial in that construction depends on the covering-multiplicity d, so that is the reason that we were interested in covers with low multiplicity.

2 Proof

Obviously, the intersection of two rectangles are also a (possibly empty) rectangle. Similarly, the intersection of a finite number of rectangles is also a rectangle.

We should also remark, that if a matrix M of rank r can be given over some field as a sum of t all-1 rectangles, then t ≥ r, simply because then M = t∑ i=1 M_i, where (the rank-1) matrix M_i has entries 1, corresponding to the elements of rectangle i, and 0’s everywhere else, for i = 1, 2, . . . , t, and using the sub-additivity property of the rank function.

Now, let us consider matrix M, and a cover of s rectangles with multiplicity d. Let us correspond matrix M_i to the rectangle i as in the previous paragraph. Then obviously the n × n matrix ∑s i=1 M_i has 0’s in the diagonal and non-0’s everywhere else, and the largest entry is at most d.

For a K ⊂ {1, 2, . . . , s} let M_K denote the rank-1 matrix, corresponding to the intersection of the rectangles i, where i ∈ K. Let J denote the all-1 matrix and let I denote the unit-matrix.

Now we prove part (i) of the Theorem. From the inclusion-exclusion formula: J − I = ∑ K⊂{1,2,...,s},|K|=1 M_K − ∑ K⊂{1,2,...,s},|K|=2 M_K + · · · + (−1)^{d+1} ∑ K⊂{1,2,...,s},|K|=d M_K

The right-hand-side of this formula is a sum of ( s 1 ) + · · · + ( s d ) rank-1 matrices; the left-hand-side has rank n for n ≥ 2 over the rationals, so (1) follows.

The proof of part (ii):

Let H denote the n × n matrix with 0’s in the diagonal and above, and 1’s under the diagonal. Obviously, this is a matrix of rank n − 1. On the other hand:

H = ∑ K⊂{1,2,...,s},|K|=1 M_K − ∑ K⊂{1,2,...,s},|K|=2 M_K + · · · + (−1)^{d+1} ∑ K⊂{1,2,...,s},|K|=d M_K, so (2) follows again.2

Acknowledgment.

The author also acknowledges the partial support of János Bolyai Fellowship, and research grants OTKA T030059, TéT No. D-39/2000.

References

[BBR94] David A. Mix Barrington, Richard Beigel, and Steven Rudich. Representing Boolean functions as polynomials modulo composite numbers. Comput. Complexity, 4:367–382, 1994. Appeared also in Proc. 24th Ann. ACM Symp. Theor. Comput., 1992.

[BF92] László Babai and Péter Frankl. Linear algebra methods in combinatorics.

Department of Computer Science, The University of Chicago, September 1992. preliminary version.

[GP72] R. Graham and H. Pollak. On embedding graphs in squashed cubes. Lecture Notes in Mathematics, 303:99–110, 1972.

[Gro00] Vince Grolmusz. Low-rank co-diagonal matrices and Ramsey graphs. The Electronic Journal of Combinatorics, 7:R15, 2000. www.combinatorics.org.

[RSV00] Jaikumar Radhakrishnan, Pranab Sen, and Sundar Vishwanathan. Depth-3 arithmetic circuits for s^2_n(x) and extensions of the Graham-Pollack theorem. In LNCS 1974, Proceedings of FSTTCS, New Delhi, India, December 13-15, 2000., 2000.

[Tve82] Helge Tverberg. On the decomposition of K_n into complete bipartite graphs.

Journal of Graph Theory, 6:493–494, 1982.