DIMACS Technical Report 99-53 October 1999

Ramsey-type results for unions of comparability graphs by Adrian Dumitrescu^1 Computer Science, Rutgers University e-mail: dumitres@paul.rutgers.edu

Géza Tóth^2 Massachusetts Institute of Technology and Hungarian Academy of Sciences e-mail: toth@math.mit.edu

1Supported by DIMACS Center, Rutgers University.

2Supported by NSF grant DMS-99-70071, OTKA-T-020914 and OTKA-F-22234.

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs- Research, Bell Labs, Telcordia Technologies (formerly Bellcore) and NEC Research Institute.

DIMACS is an NSF Science and Technology Center, funded under contract STC– 91–19999; and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

It is well known that the comparability graph of any partially ordered set of n elements contains either a clique or an independent set of size at least √ n. In this note we show that any graph of n vertices which is the union of two comparability graphs on the same vertex set, contains either a clique or an independent set of size at least n^13 . On the other hand, there exist such graphs for which the size of any clique or independent set is at most n^{0.4118}. Similar results are obtained for graphs which are unions of a fixed number k comparability graphs. We also show that the same bounds hold for unions of perfect graphs.

1 Introduction

Let S = (V, ≺) be a partially ordered set on V = {v_1, v_2, . . . , v_n}. The comparability graph of S, G = (V, E) is a graph such that (v_i, v_j) ∈ E if and only if either v_i ≺ v_j or v_j ≺ v_i.

A graph G is called perfect, if for any spanned subgraph G0 ⊂ G, its chromatic number is equal to the size of its largest clique (see also [B73], [L93]). Dilworth’s Theorem. [D50] Let S be a partially ordered set containing no chain (totally ordered subset) of size k + 1. Then P can be covered by k antichains (subsets of pairwise incomparable elements).

It follows directly from Dilworth’s theorem that any comparability graph of n vertices contains either a clique or an independent set of size at least √ n. It is easy to see that this bound can not be improved.

In this note we obtain similar results for unions of two or more comparability graphs on the same vertex set. We also show that analogous results hold for unions of perfect graphs.

Definition. Let f_k(n) (resp. g_k(n)) be the largest number such that any graph G of n vertices, which is the union of k comparability graphs (resp. perfect graphs) on the same vertex set, contains either a clique or an independent set of size at least f_k(n) (resp. g_k(n)). Theorem 1.

n^{1k+1} ≤ g_k(n) ≤ f_k(n) ≤ n^{1+log kk} .

In particular, for k = 2, Theorem 2.

n^{13} ≤ g_2(n) ≤ f_2(n) ≤ n^{0.4118}.

Unions of comparability graphs are often used in combinatorial geometry, for proving Ramsey-type results ([LMPT94], [PT94], [KPT97], [KK97], [TV98], [PT99], [T99], see also the Remarks).

Let ω(G), α(G), and χ(G) denote the clique number, independence number, and the chromatic number of a graph G, respectively. Obviously, n/α(G) ≤ χ(G), therefore the inequality n^{1k+1} ≤ f_k(n) is a direct consequence of the following stronger result, which is essentially tight.

Theorem 3. If G is the union of k comparability graphs, then χ(G) ≤ ω^k(G). On the other hand, for any k there is a graph G with

χ(G) ≥ (ω(G))^{k(1}�^{o(1))} .

– 2 –

2 Proof of Theorems 1 and 2

All comparability graphs are perfect [L93], therefore g_k(n) ≤ f_k(n).

We prove the lower bound by induction on k. For k = 1, the statement is a direct consequence of the definition of perfect graphs [L93]. Suppose that we have already proved the statement for k − 1 and for all n. Let G_i(V, E_i) (1 ≤ i ≤ k) be perfect graphs, V = {v_1, v_2, . . . , v_n}. Suppose for simplicity that m = n^{1/(k+1)} is an integer. Suppose that the size of any clique in G(V, E), E = ∪^n_{i=1}E_i, is less than m. Since G_1(V, E_1) is perfect and ω(G_1) < m, it can be colored by less than m colors, so it contains an independent set of size at least n/m = m^k, say, V 0 = {v_1, v_2, . . . , v_mk }.

For i = 2, . . . , k, let G0_i be the subgraph of G_i spanned by V 0. The graphs G_i are perfect, hence G0_i are also perfect. By the induction hypothesis and the assumption, there is a set of size m, which is an independent set in each G0_i, i = 2, . . . , n. But then it is an independent set in G(V, E), proving the lower bound.

Definition. Let G_1(V_1, E_1) and G_2(V_2, E_2) be two (directed) graphs. The ordered product G(V, E) = G_1 × G_2 is a (directed) graph with vertex set V = V_1 × V_2, and edge set E(G) = {((x_1, x_2), (y_1, y_2)) | x_1, y_1 ∈ V_1, x_2, y_2 ∈ V_2, and

either (x_1, y_1) ∈ E_1 or x_1 = y_1 and (x_2, y_2) ∈ E_2} .

Let k be a fixed number. By known bounds for Ramsey numbers [AS92], we know that there is a graph G such that |V (G)| = 2^k, and ω(G), α(G) < 2k.

First we show that G is the union of k comparability graphs. Obviously, in G, the largest connected component has at most |V (G)| = 2^k vertices. There exists a bipartite graph B_1 ⊂ G on V , such that in G \ B_1 the size of the largest connected component is at most 2^k�^1. Similarly, we can take a bipartite graph B_2 ⊂ G \ B_1, such that in G \ B_1 \ B_2 the size of the largest connected component is at most 2^k�^2. After k analogous steps, the largest connected component in the remaining graph has just one vertex, so we can cover all edges of G by at most k bipartite graphs on V . Since bipartite graphs are comparability graphs, G is the union of k comparability graphs. Let

G^i = i times G × · · · × G . It is easy to see that G^i is also a union of k comparability graphs. |V (G^i)| = 2^{ik}, and ω(G^i), α(G^i) < (2k)^i = |V (G^i)|^{1+log kk} .

Now we show the upper bound of Theorem 2. We define two graphs, H_1 and H_2. V (H_1) = {v_1, v_2, . . . v_{13}}, (v_i, v_j) ∈ E(H_1) if and only if i − j ≡ 1, 5, 8, or 12 (mod 13). See Fig. 1. H_1 is the union of two comparability graphs, as shown on Fig. 1. It is easy to see that ω(H_1) = 2 and α(H_1) = 4.

– 3 –

Figure 1.

Figure 2.

– 4 –

For H_2, consider the set S of 12 chords of a cycle, shown on Fig. 2. There are no three pairwise intersecting and no five pairwise disjoint chords in S. The vertices of H_2 represent the chords in S, and two vertices are connected if and only if the corresponding chords are disjoint. Then |V (H_2)| = 12, ω(H_2) = 4 and α(H_2) = 2. We show that H_2 is the union of two comparability graphs. Suppose the endpoints of the chords in S are denoted by 1, 2, . . . , 24, in clockwise direction (starting with an arbitrary endpoint), (a, b), (c, d) ∈ S, a < b, c < d. Then let (a, b) ≺_1 (c, d) if and only if a < c < d < b, and let (a, b) ≺_2 (c, d) if and only if a < b < c < d. Clearly, both ≺_1 and ≺_2 are partial orderings, and two chords are comparable by one of them if and only if they are disjoint. This implies a decomposition of H_2 into two comparability graphs.

Let G = H_1 × H_2. G has 156 vertices, ω(G) = α(G) = 8, G is the union of two comparability graphs. Finally, let

G^i = i times G × · · · × G . Then G^i is still the union of two comparability graphs, |V (G^i)| = 156^i, and

ω(G^i), α(G^i) = 8^i = |V (G^i)|^{log 8log 156} < |V (G^i)|^{0.4118}.

3 Proof of Theorem 3

Suppose that G is the union of k comparability graphs, G_1, G_2, . . . , G_k, all on the same vertex set, and let m = ω(G). Since each G_i can be colored by m colors, the product of these colorings is a proper coloring of G, with at most m^k = ω^k(G) colors.

To establish the second statement of the theorem, take a triangle-free graph H with t vertices and α(H) ≤ √ t log t. The existence of such a graph was proved by Erdős [ES74].

Claim. For a triangle-free graph G, χ(G) ≤ α(G) + 1.

Proof of Claim. Add as many edges to G as possible without creating a triangle and call the resulting graph G0. Clearly, α(G0) ≤ α(G). Let v be a vertex of G0 and denote its neighbors by v_1, v_2, . . . , v_l. As these neighbors form an independent set, we have l ≤ α(G). By the maximality of G0, any further vertex is connected to at least one v_i. For each 1 ≤ i ≤ l, color the neighbors of v_i by the i-th color. If a vertex gets more than one color, choose any of them. Finally, color v_1, v_2, . . . , v_l by the (l + 1)-st color. This is a proper coloring of G0, hence of G.

By the Claim, χ(H) ≤ √ t log t + 1. Therefore, as in the proof of Theorem 1, we can decompose H into ⌈log(χ(H))⌉ ≤ (1/2 + o(1)) log t bipartite graphs. Since all bipartite graphs are comparability graphs, H is the union of k = (1/2 + o(1)) log t

– 5 –

comparability graphs. Let

G^r = r times H × · · · × H . G^r has t^r vertices, ω(G^r) = 2^r, α(G^r) ≤ ( √ t log t)^r and χ(G^r) ≥ t^r/α(G^r) ≥ ( √ t/ log t)^r. Since the product of comparability graphs is also a comparability graph, G^r is the union of k = (1/2 + o(1)) log t comparability graphs. Thus, we have,

χ(G^r) ≥ ( √ t/ log t)^r ≥ (ω(G^r))^{k(1}�^{o(1))} .

4 Remarks

Probably the first Ramsey-type result in geometry that used unions of comparability graphs is the result of Larman et. al.

Theorem [LMPT94] Among any n convex sets in the plane, there are either n^{1/5} pairwise intersecting or n^{1/5} pairwise disjoint.

This result is very likely not the best possible. The best known result from the other direction is given by Károlyi et. al.

Theorem [PT94] For any n large enough, there exists a collection of n convex sets in the plane such that no n^{0.4207} of them are pairwise intersecting or pairwise disjoint.

For some special classes of convex sets there are even stronger results.

Theorem [PT99] Among any n translates of a convex set in the plane there are either c √ n pairwise intersecting or c √ n pairwise disjoint.

It is the consequence of the following more general result. We say that a convex planar set K-fat, if the ratio of the radii of the smallest covering disc and the largest inscribed circle R/r < K.

Theorem [P80] For any K > 0, any collection of n K-fat convex sets in the plane contains c_K √ n pairwise intersecting or pairwise disjoint.

Theorem [LMPT94] Any set of n axis-parallel rectangles contains √ n/(2 log n) pairwise intersecting or pairwise disjoint.

Theorem [KK97] Any set of n chords of a circle contains (1 + o(1)) √ 2n/ log n pairwise intersecting or pairwise disjoint.

A geometric graph is a graph drawn in the plane so that the vertices are represented by points in general position, the edges are represented by straight line segments connecting the corresponding points. Using comparability graphs, Pach and Törőcsik obtained the following result.

Theorem [PT94] Any geometric graph of n vertices and more than k^4n edges contains k + 1 pairwise disjoint edges.

– 6 –

Using similar methods, this bound was improved in [TV98] and recently further improved in [T99].

Theorem [T99] Any geometric graph of n vertices and more than 2^9k^2n edges contains k + 1 pairwise disjoint edges.

Acknowledgements. We are very grateful to János Pach and Michael Saks for their comments.

References

[AS92] N. Alon and J. Spencer, The probabilistic method, Wiley, New York, 1992. [B73] C. Berge, Graphs and Hypergraphs, North-Holland, Amsterdam, 1973. [D50] R. P. Dilworth, A decomposition theorem for partially ordered sets, Annals of Mathematics 51 (1950), 161-166.

[ES74] P. Erdős and J. Spencer, Probabilistic methods in combinatorics, Academic Press, Harcourt Brace Jovanovich, Publishers, London-New York, 1974.

[KK97] A. Kostochka and J. Kratochvil, Covering and coloring polygon-circle graphs, Discrete Mathematics 163 (1997) 299-305.

[KPT97] G. Károlyi, J. Pach and G. Tóth, Ramsey-type results for geometric graphs, I, Discrete and Computational Geometry 18 (1997), 247-255.

[L93] L. Lovász, Combinatorial Problems and Exercises Akadémiai Kiadó, Budapest, 2nd edition 1993.

[LMPT94] D. G. Larman, J. Matoušek, J. Pach and J. Törőcsik, A Ramsey-type result for convex sets, Bulletin of the London Mathematical Society 26 (1994), 132-136.

[P80] J. Pach, Decomposition of multiple packing and covering, 2. Kolloquium über Diskrete Geometrie, Salzburg (1980), 169-178.

[PA95] J. Pach and P. K. Agarwal, Combinatorial Geometry, John Wiley, New York, 1995.

[PT94] J. Pach and J. Törőcsik, Some geometric applications of Dilworth’s theorem, Discrete and Computational Geometry 12 (1994), 1-7.

[PT99] J. Pach and G. Tardos, Cutting glass, (manuscript).

[R30] F. P. Ramsey, On a problem of formal logic, Proceedings of the London Mathematical Society 30 (1930), 264-286.

– 7 –

[T99] G. Tóth, Note on geometric graphs, Journal of Combinatorial Theory, Ser.

A, (to appear).

[TV98] G. Tóth and P. Valtr, Geometric graphs with few disjoint edges, Discrete and Computational Geometry 22 (1999), 633-642.