Limiting The Search for 2 -Dimensional Optimal Alphabetic Trees

Ahmed Belal*

E mail: belala@usa.net

Dept. of Co mputer Science &

Auto matic Co ntrol,

Faculty of E ngineering,

Alexandria University,

Egypt.

Magd yA. Ahmed

E mai l: magd ya@alex.eun.eg

Dept. of Co mputer Science &

Auto matic Co ntrol,

Faculty of E ngineering,

Alexandria University,

Egypt.

Shymaa M. Arafat

E mail: shymaa@alex.eun.eg

Infor mat ics Institutio n,

Mubarak Cityfor Scientific

Research,

Alexandria,

Egypt.

Abstract

T wo -dimensio nal alphabetic trees have many applications in a wide varietyof diverse fields. Although, a relatively fast algorithm that finds an approximate optimal alph abetic tree (OAT ) does exist, yet, the onlywayto find the exact o ne is to use d ynamic programming. In d ynamic programming the (OAT ) is found b ysimplyexamining all nodes in the two dimensio nal arrayof weights as possible roots ( cuts ) at each level of t he tree and finding the one with minimal cost. In this paper, we introduce the concept of for each cut to limit the search for an optimal solutio n. T he measure of goodness is a value we call the expense of the cut , onlycuts with expense less t han a given limit L are considered good cuts . T hen at each level o f the tree, onlygood cuts are tested as possible candidates for an optimal solution.

Key Words : alphabetic tree - optimal tree - d ynamic programming -t wo dimensional alp habetic trees- branc h and bound.

1 Introduction

With the advent o f technology and infor mation exchange all around the world, the abilityto store and quickly retrieve lar ge amo unts of infor mation became a persistent need. A lar ge information systemis essential to any corporation; digital libraries and dictionaries are commo n in anyinstitution. Co nseq uently, handling infor mation systems has become a major computer application and a wide area for continuo us research.

One kind of infor mation system s is probabilistic retrieval systems where fast retrieval is guaranteed to high frequency items. Alphabetic trees are a suitable structure for such systems. W hen data need to be stored in a multi dimension structure, like in multimedia and visualization f or example, multi-dimensional alphabetic trees are used.

A tree is considered optimal if its cost is minimal o ver all possible trees for the same set of weights [ 1 , 2 ]. T he problemof obtaining the OAT for the M x N two dimensional arrayo f weig hts is equivalent to the problemof minimizing the cost of cutting the arrayinto individual cells using planar cuts along the edges, where the cost of a cut is equal to the sumo f the weights o f its t wo parts. T he root of the tree corresponds to the first cut. In what follo ws, we will interchangeablyuse the words root and cut. Similarly, b yan optimal tree we will mean an optimal alphabetic tree.

Fast O( n log n) algorithms for finding the one dimensional OAT were found earlyin the seventies [ 1 , 3 ].

Ho wever, no fast algorithmwas developed for the two dimensional problemat that time. T hen, and for the

existence of new applications, recent research was directed to the OAT problemin the last few years [ 4 , 5 , 6 ]. Some results for finding an approximate two -dimensional OAT were reported in [ 7 ]. Other results were also reported for the one dimensional problem[ 8 , 9 ].

Altho ugh this two dimensional problemcan be solved in polyno mial time ( O( N 4 ) ) when M=O(N) using dynamic programming, this is not fast enough for many applications. Also, the co mp utatio n beco mes more excessive when the dimensions increase; that is, the po wer of the polyno mial function increases with the number of dimensions k ( O( N k+ 2

) ). In this paper, we use a measure of goo dness for each cut to limit the number of feasible solutio ns to the problemand thus, reduce the number of possible choices for the root of the optimal tree. Here, we examine this method for the two -dimensional case, but the concept is applicable to higher dimensions as well.

In section 2 for each cut and ho w its value is co mputed. In section 3 , the expected number of good cuts is discussed using experimental results.

In section 4 , an algorithm for finding the O AT for an arbitrary MxN two dimensional arrayis introduced. Section

5 contains experiments that empiricallysho w the effectiveness of our technique. T he paper is concluded in section 6 .

2 The Expense of a Cut

T he expense of a cut is defined as the value this cut has contributed to the deviation from the optimal solution .

A cut is considered if its expense is less than a limit

L. First, we define a lo wer bound on the cost of OAT , then we define the limit L. Finally, we explain the way of comp uting the expense o f each cut.

2 . 1 Bound

If T (R i

), T (C j

) denote the cost of the optimal trees for ro wi and column j respectively, then the cost o f the optimal tree for the two dimensio nal arrayis bounded by:

å å

= =

+ = ³

N

1 j

j

M

1 i

i optimal

) C ( T ) R ( T Bound

T ( 1 )

T his lo wer bound is achieved when all the ro ws, or all the columns, have the same optimal tree .

2 . 2 The Limit L

T he limit L is set to be:

Bound T L approx

- =

( 2 )

Where T appro x

is obtained using a fast greed yalgorithmfor finding an approximate OAT [ 7 ].

Substituting fro m Eq .( 1 ) , the limit L beco mes:

÷ ÷ ø

ö ç ç è

æ

+ - = å å

= =

N

1 j

j

M

1 i

i approx

) C ( T ) R ( T T L

2 . 3 Computing the Expense

Suppose that a vertical cut divides an MxN arrayinto a left array and a right array. If each of the resulting arrays can be solved such that their respective lo wer bounds are achieved, then we have:

å å + = = ) C ( T ) ( T part left of tree of Cost ) left ( C ’ j

’ i

R å å + = = ) C ( T ) ( T part right of tree of Cost ) right ( C " j

" i

R

Where R ’ ,C ’ are the ro ws and columns of the left part, and

R " , C " are the r espective ones for the right part.

T he resulting tree obtained b ymaking this vertical cut will have the cost:

Cost of tree = C( left) + C(right) + W where W is the weight of the original array

T he expense (Ex) of the cut is defined as the deviation o f this cost fro mthe lo wer bound of the original array. T hus, å å

å å å å

- - +

+ + + =

) C ( T ) R ( T W

) ( T ) ( T ) ( T ) ( T Ex j i

" j

" i

’ j

’ i

C R C R

Giving å å å - + + = ) R ( T W ) ( T ) ( T cut) ical vert ( Ex i

" i

’ i

R R ( 3 )

Simi larly , if the cut is horizontal, we get å å å - + + = ) C ( T W ) ( T ) ( T cut) horizontal ( Ex j

" j

’ j

C C ( 4 )

As an example, for the arrayw ith two ro ws R

1

, R

2

and N columns the horizontal cut has zero expense, using Eq .( 4 ) and noting that in this case T (C j

’ )=T (C j

" )= 0 for j= 1 , 2 and å = W ) C ( T j

. T he optimal tree in this case has the lo wer bound of Eq.( 1 ) as its cost. T his is expect ed since in the 2 xN arrays, all the columns have the same optimal tree.

3 Good Cuts

Before carrying this concept any further, we need to have so me idea about the number of good cuts we are going to have at each step. First, we present experimen tal results on the number of good cuts at the first level and their nature.

3 . 1 Experimental Results

Altho ugh we do not have a theoretical bound on the number of good cuts, sample runs can give us so me indication. T hrough more than 1000 runs fo r each of 25 different values of M &N, the number of good cuts never exceeded half the possible cuts, and it is about one third in the average. Also, through all these runs good cuts where always adjacent to each other; we never encountered a case where a b ad cut is between two good cuts. Figure 1 sho ws the minimu m, maximum and average number of good cuts at the first step for an n x n square array.

˛

£

ˇ˛

ˇ£

¢˛ £˛

WKH�VL]H�RI�WKH�DUUD\

JRRG�FXWV

PD[ PLQ

Figure 1 : the number of good cuts at the first l evel

Further more, we expect the number of good cuts to

decrease at each step.

4 Proposed Method

In this sectio n, we describe the proposed algorithm,

which uses the concept of goodness, then we follo wb y an

example to demo nstrat e the process.

4 . 1 Algorithm

Given an M xN arrayof weights, the limit L is

comp uted fro mEq .( 2 ) then the expense of all possible

(M- 1 )+(N- 1 ) cuts is co mputed using Eq.s( 3 ),( 4 ). Onlythe

cuts with expense less than L are retained as candida tes to

an optimal solutio n. T hen for a given candidate with

expense E x<L, the two parts generated b ythe cut are

explored for candidate cuts b ylooking for a pair of cuts, one

for each part, whose sumo f expenses is less than the new

limit ( L-Ex). Finally, when the size along one of the

dimensions reaches the value 4 , no further exploration is

needed and dynamic programming can be used to obtain the

optimal tree for this array.

4 . 2 Exa mple

For the purpose of illustration, the procedure is applied to

the s imple 5 x 5 arrayof weights sho wn in figure 3 .

260 62 244 183 6

Y

1

230 140 127 49 93

Y

2

249 168 116 s 63 241

Y

3

115 194 91 179 126

Y

4

28 169 50 126 269

X

1

X

2

X

3

X

4

Figure 3 : a 5 x 5 array

T he cost of the optimal tree for each ro wand column is

obtained and this sum deter mines the bound of equatio n ( 1 ):

Bound = 15892 .

T he cost of the approximate optimal tree is deter mined a nd

found to be: T

approx

= 16236 and the limit is set to the

value: L = 16236 - 15892 = 344 .

Using Eq.s ( 3 ), ( 4 ) we no w deter mine all vertical

and horizontal cuts with expense < 344 . T here is onlyone

such cut at X

2 with expense Ex(X 2 ) = 72 . T his is the o nly

possible cut that may result in a tree with cost less than

T

approx

= 16236 .

T he left part produced bythe cut X

2 is an arraywith two

columns and thus the cut at X

1 will have zero expense.

We no whave to look for a cut o f the 5 x 3 right arraywhose

expense is less than

L - E x(X

2

) = 344 - 72 = 272 . T he onlypossible cut is Y

3

with expense E x(Y

3

) = 103 .

T he resulting two parts will be cut respectively at Y

4 with

zero expense and X

3 with expense E x(X

3

)= 125 .

T he optimal tree is no wob tained, and it will have a total

cost:

T

optimal

= Bound + 72 + 103 + 125

= Bound + 300 = 16192

5 Experiments

Since we do not have a theoretical estimate on the

number of good cuts, we can not reach a closed for m time

complexity of th e algorithm. We onlykno w the added

complexity in finding T

approx which is O( MNlogN) . T he

summations calculated for finding the bound are needed in

further steps whether in the proposed algorithmor in the

dynamic programming method. T he reduction in furth er

steps depends on the number of good cuts. T hus, we

measured the perfor mance of the algorithmusing

experimental results. Run time is measured for the proposed

algorithm and the d ynamic programming as the only

existing optimal algorithm for finding OAT . Figure 4

presents the cur ves and sho ws the advantage of using the

proposed method.

˛

ˇ

¡

¢

£

¤

¥

¦

§

ˇ˛

¦ § ˇ˛ ˇˇ ˇ ˇ¡ ˇ¢ ˇ£ ˇ¤ ˇ¥ ˇ¦

WKH�VL]H�RI�WKH�DUUD\

G\QDPLF�SURJ

([SHQVH�PHWKRG

Figure 4 : Runtime of the proposed algorithmversus

dynamic programming

6 Conclusion

In this paper, we have introduced a new concept

for limiti ng the search for a two -dimensional OAT . A value

we call the expense of the cut is used to measure the

o f each possible cut (root). Onlycuts with

expense less than a given limit L are considered good cuts.

An algorithm is suggested as a possib le wayto benefit fro m such concept where cuts are tested for goodness, then at

each level o nlygood cuts are tested as possible candidates

for an optimal solutio n. T he performance of the algorithmis

tested and co mpared to the dynamic programming ; result s

sho w impro vement in run time.

References

[ 1 ] T . C. Hu and A. C. T ucker "Optimal co mputer search

trees and variable length alphabetical codes", SIAM Journal

on Applied Mathematics , 21 ( 4 ) : 514 - 532 , 1971 .

[ 2 ] Alon Itai "Optimal alphabetic trees", SIAM J ournal on

Computing , 5 ( 1 ): 9 - 18 , March 1976 .

[ 3 ] A. M. Garsia and M. L. Wachs "A new algorithmfor

minimum cost binar ytrees", SIAM Journal on Computing ,

6 ( 4 ) : 622 - 642 , 1977 .

[ 4 ] P. Ramanan "T esting the optimality of alphabetic trees",

T heoretical Comp u ter Science, 93 , 1992 .

[ 5 ] T eresa M. Przytycka and Lawrence L. Lar more "T he

optimal alphabetic tree problemrevisited", In Serge

Abiteboul and Eli Shamir, editors, Automata, Languages

and Programming, 21 st International Colloquium , volume

820 of Lecture No tes in Computer Science , pages 251 - 262 ,

Jerusalem, Israel, 11 - 14 July 1994 . Springer-Verlag.

[ 6 ] Lawrence L. Lar more and T eresa M. Przytycka " T he

optimal alphabetic tree problemrevisited", Journal of

Algorithms , 28 ( 1 ): 1 - 20 , July 1998 .

[ 7 ] M. A. Ahmed, A. A. Belal and K.M. Ahmed "Optimal

insertio n in two -dimensional arrays", International Journal

of Information Sciences , 99 ( 1 / 2 ) : 1 - 20 , June 1997 .

[ 8 ] Lawrence L. Lar more and T eresa M. Przytycka "A

parallel algorithm for optimum height-limited alphabetic

binar ytrees", Journal of Parallel and Distributed

Co mputing, 35 ( 1 ): 49 - 56 , May 1996 .

[ 9 ] B. M. Mumey"So me ne w results for constructing

optimal alphabetic binar ytrees", Master’s thesis, Univer sity

of British Colo mbia, 1992 .