DIMACS Technical Report 98-42 September 1998

Note on the Permanent Rank of a Matrix^{� ;y} by YANG YU Department of Mathematics, Rutgers University, Piscataway, NJ 08854 Email: yangyu@math.rutgers.edu

∗This is part of the author’s Ph.D. thesis, written under the guidance of Professor J. Kahn and supported by DIMACS. DIMACS is an NSF Science and Technology Center, funded under contract STC 91-19999.

†To appear in J. Comb. Theory Ser. A (1999).

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs-Research, Bell Labs, Bellcore and NEC Research Institute.

DIMACS is an NSF Science and Technology Center, funded under contract STC–91–19999; and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

Define the perrank of a matrix A to be the size of a largest square submatrix of A with nonzero permanent. Motivated in part by the Alon-Jaeger-Tarsi Conjecture [3], we prove several results on perranks.

1 Introduction

Recall that the permanent of an n × n matrix is defined like the determinant, but with all n! terms having positive signs (see [9]). Define the perrank of a matrix A to be the size of a largest square submatrix of A with nonzero permanent. Throughout this paper F denotes a field, p denotes char(F ) and Z_p denotes the finite prime field of p elements. All matrices have entries in F . We assume p ≠ 2 throughout. Of course when p = 2 permanent and determinant coincide.

Lemma 1.1 Suppose A is an n × m matrix with perrank(A) = m < n. Let (A x) be the n × (m + 1) matrix formed by A following with the column vector x. Then dim{x : perrank(A x) = m} ≤ m. Proof. It is clear that L := {x : perrank(A x) = m} is a subspace. We may assume that the submatrix of A formed by its first m rows has nonzero permanent. Then since for every x ∈ L the perrank of (A x) is not full, the projection of L to the first m coordinates is one to one. Hence dim(L) ≤ m.

In this lemma if we replace perrank by rank, then dim(L) = m; so by induction on m we have

Corollary 1.2 Let m ≤ n and A be an n×m random matrix with each entry chosen independently and uniformly from a finite field F. Then P r(perrank(A) = m) ≥ P r(rank(A) = m). In particular, if m = n we have Pr(per(A)=0) ≤ Pr(det(A)=0). As n → ∞, lim(Pr(det(A) = 0)) is well-known (see e.g. [5]). But as far as we know, lim(Pr(per(A) = 0)) is not known.

Theorem 1.3 For any matrix A, perrank(A) ≥ rank(A)/2.

Proof. We may assume A is an n × n nonsingular matrix and let m = perrank(A). There exists an n × m submatrix B with full perrank. Lemma 1.1 gives n − m ≤ dim{x : perrank(B x) = m} ≤ m.

Theorem 1.3 is tight as shown by ( I I I −I ) . This is essentially the only tight example

we know at this point.

On the other hand, for p > 0 perrank is also bounded above in terms of rank: it is easy to see that perrank(A) ≤ (p − 1) rank(A). The key is, if a square matrix has a column (or row) repeating p times, then its permanent is 0. This simple and known observation also gives

Lemma 1.4 Suppose A is a matrix with a column repeating p − 1 times, p > 0. Then adding a multiple of this column to any other column doesn’t change perrank(A).

– 2 –

This lemma suggests that we can use elementary operations to study the permanent. (This idea has also been discovered independently by Kogan and Makowsky; see section 3.5 of [8].) The following result (true for p = 3 only) is an application of this idea.

Theorem 1.5 If p = 3, then perrank(A) = perrank(A^{−1}) for any nonsingular A.

Proof. Let T_1, T_2, T_3, · · · be a sequence of elementary column operations that change A_{n×n} to I. Consider the sequence of operations T_1, T^′_1, T_2, T^′_2,

T_3, T^′_3, · · · on ( I I A A ) , where T_i is applied to the left n columns, and T^′_i is the corre-

sponding operation applied to the right n columns. We do operations in pairs so that every column in each intermediate matrix is repeated.

By Lemma 1.4, perrank ( I I A A ) = perrank ( A^{−1} A^{−1} I I ) . Set C = ( I I A A ) . It

suffices to show perrank(C) = n + perrank(A).

On the one hand, if B is an r × r submatrix of A with nonzero permanent, then the submatrix of C generated (in the obvious sense) by the left upper I and the right lower B has nonzero permanent 2^r per(B). So perrank(C) ≥ n + perrank(A).

On the other hand let D be a square submatrix of C with nonzero permanent. Suppose D has r + s rows from (I I) with r of them having two ones, s of them having a single one; and D has t rows from (A A). The general form of D is:

D = I_r I_r 0 0 0 0 I_s 0 U_{t×r} U_{t×r} V_{t×s} W_{t×(t−r)} Here U, V are submatrices of A and W is a submatrix of (A A). Write W = (W_1 W_2) where W_1, W_2 are submatrices of A and W_1 has at least (t−r)/2 columns. It is clear that (U V W_1) is a submatrix of A, so in particular n ≥ r+s+(t−r)/2, or equivalently (t+r)/2 ≥ r+s+t−n. Since per(U W ) = 2^{−r} per(D) ≠ 0, we have perrank(U W_1) ≥ (t + r)/2 ≥ r + s + t − n. So perrank(C) ≤ n + perrank(A).

2 The Alon-Jaeger-Tarsi Conjecture

The Alon-Jaeger-Tarsi Conjecture, first proposed in 1981, is

Conjecture 2.1 For any field F with |F | ≥ 4 and any nonsingular matrix A over F, there is a vector x such that both x and Ax have only nonzero entries.

This was proved by Alon-Tarsi [3] for every non-prime finite field. The case |F | = ∞ is trivial, but the case F = Z_p (p ≥ 5) remains open. See [4] for a matroid approach. Motivated by Conjecture 2.1, Jeff Kahn (personal communication) proposed:

Conjecture 2.2 For any n×n nonsingular matrix A over any field, perrank(A A) = n.

– 3 –

Conjecture 2.2 implies Conjecture 2.1 via the polynomial argument of [3]. It also immediately implies Theorem 1.3. Actually Theorem 1.3 was motivated by Conjecture 2.2. Conjecture 2.2 is true when p = 3 (see [3]) and we also verified it for n ≤ 4.

Theorem 2.3 For any n × n nonsingular matrices A_1, A_2, · · · , A_l, perrank(A_1 A_2 · · · A_l) ≥ (1 − 2^{−l})n Proof. Theorem 1.3 gives perrank(A_1) ≥ n/2, and Lemma 1.1 implies perrank(A_1 A_2 · · · A_{k+1}) ≥ (perrank(A_1 A_2 · · · A_k) + n)/2. The theorem follows by induction on l.

This theorem implies a small result on Conjecture 2.1. Choose l = p − 2 and A_1 = A_2 = · · · = A_l = A. Then the argument of [3] gives

Proposition 2.4 For any n×n nonsingular matrix A over Z_p, there is a vector x without zero entries such that Ax has at most n/2^{p−2} zero entries. In particular, Conjecture 2.1 is true if n < 2^{p−2}.

We don’t know examples of equality in Theorem 2.3 if l ≥ 2 and we believe the theorem is not tight. In fact, we don’t know any example with perrank(A_1 A_2) < n. Motivated by the additive basis problem, the authors of [2] conjectured that perrank(A B) = n for any nonsingular n × n matrices A, B over Z_3. (Remarks: this statement can be shown by Lemma 1.4 to be equivalent to Conjecture 4.3 (in the case p = 3) of [2]. The additive basis problem was motivated by the nowhere-zero flow problem, see section 3.3 of [6] for more details.)

Noga Alon (personal communication) has shown that for A chosen uniformly from the nonsingular n × n matrices over F , Conjecture 2.1 is true almost surely as n → ∞. We will show that Conjecture 2.2 is true almost surely in the same sense.

Lemma 2.5 For an m × n matrix A with perrank(A A) = m < 2n, dim(L := {x : perrank ( x x A A ) = m}) ≤ m 2 (where x runs over row vectors of length n).

Proof. We regard the columns of A as distinct even though A may have identical columns, so that we can label the column set of A by [n]. Then the column set of (A A) is naturally the multiset W := [n] ∪ [n]. For any U ⊆ W , define |U| to be the cardinality of U, ‖U‖ to be the number of repeated elements in U and A(U) to be the m × |U| submatrix of (A A) consisting of the columns in U. For example, |W | = 2n, ‖W ‖ = n, A([n]) = A.

Choose V ∈ {U : U ⊆ W, |U| = m, per(A(U)) ≠ 0} such that ‖V ‖ is maximum. We may assume that V = [r] ∪ [s] (multiset union), where r = ‖V ‖, 0 ≤ r ≤ s, r + s = m.

It suffices to show that the projection of L to the first r coordinates is one to one, since r ≤ m/2. So assume x ∈ L and x_1 = x_2 = · · · = x_r = 0. It is in fact enough to show that

– 4 –

x_{r+1} = x_{r+2} = · · · = x_s = 0, since x = 0 is then immediate (this is as in the proof of Lemma 1.1).

Assume r < s (otherwise we are done). Let V^′ = V ∪ {r + 1}. Since ‖V^′ \ {r + 2}‖ = ‖V^′ \ {r + 3}‖ = · · · = ‖V^′ \ {s}‖ = r + 1 > ‖V ‖, we have per(A(V^′ \ {r + 2})) = · · · = per(A(V^′ \ {s})) = 0 by our choice of V .

Since x ∈ L, the (m + 1) × (m + 1) submatrix of ( x x A A ) consisting of the columns

in V^′ has zero permanent. This means exactly that x_{r+1} = 0 (using p ≠ 2). Similarly x_{r+2} = · · · = x_s = 0.

The next result gives Conjecture 2.2 almost surely for a uniformly chosen random nonsingular matrix, since lim(Pr(det(A) ≠ 0)) > 0 (again see [5]).

Corollary 2.6 Suppose A is an n × n random matrix with each entry chosen independently and uniformly from a finite field F, then P r(perrank(A A) = n) → 1 as n → ∞. Proof. Let A_i be an i×n random matrix and q = |F |. It is clear that Pr(perrank(A_1 A_1) = 1) = (1 − q^{−n}). By Lemma 2.5 we have Pr(perrank(A_2 A_2) = 2) ≥ (1 − q^{−n})^2. By induction (and again Lemma 2.5) we have for i ≤ n,

Pr(perrank(A_{2i} A_{2i}) = 2i) ≥ (1 − q^{−n})^2(1 − q^{−n+1})^2 · · · (1 − q^{−n+i−1})^2

Applying this with i = [n/2] + 1. yields the corollary.

We mention that Lemma 2.5 can be generalized. Suppose (A A · · · A), with A repeated k times, has full perrank m < kn, and p > k or p = 0, then with L defined in analogy with Lemma 2.5, dim(L) ≤ m/k. We can use this and Lemma 1.4 to give an alternative proof of (essentially) the bound in Lemma 3.6 of [2].

Finally we have a strange result for fields of characteristic 0.

Lemma 2.7 Suppose the i–th row of A_{m×n} has at least 2i − 1 nonzero elements and p = 0, then perrank(A) = m.

Proof. We proceed by induction, the lemma being trivial when m = 1. We label the column set of A by [n] and let B be the submatrix of A formed by its first m − 1 rows. Any (m−1)-set U of [n] corresponds to an (m − 1) × (m − 1) submatrix of B and we use per(U) to denote its permanent. Since dividing a column by a nonzero number or permuting columns doesn’t affect the problem, we may assume that the last row of A is (1, 1, · · · , 1, 0, 0, · · · , 0) with k ones.

Now suppose perrank(A) < m. For any fixed (m−1)-set U ⊆ [n], let R = U ∩ [k], r = |R| and V = U \ R. For any (r + 1)-set T ⊆ [k], the m × m submatrix of A corresponding to T ∪ V has zero permanent, that is ∑ S⊆T, |S|=r per(S ∪ V ) = 0

– 5 –

We have an unknown per(S ∪ V ) for each r-set S ⊆ [k] and we have an equation for each (r + 1)-set T ⊆ [k]. The coefficient matrix of this linear system is exactly the inclusion matrix M(k, r, r + 1). Kantor [7] showed that inclusion matrix always has full rank over field of characteristic 0. Since k ≥ 2m − 1 > 2r, the number of equations is at least the number of unknowns, so all unknowns are zero. In particular, per(U)=0, that is, perrank(B) < m − 1, a contradiction.

This lemma gives the first part of the following theorem, and the second part then follows via the argument of [3] and Theorem 1.2 of [1].

Theorem 2.8 Suppose the i–th row of A_{n×n} has at least i nonzero elements and p = 0, then (1) perrank (A A) = n;

(2) for any S_1, S_2, · · · , S_n ⊆ F with |S_i| = 3, there are x_i ∈ S_i such that Ax has no zero entries.

Acknowledgement. The author would like to thank Noga Alon for a very helpful conversation.

References

[1] N. Alon, Combinatorial Nullstellensatz, to appear in Combinatorics, Probability and Computing.

[2] N. Alon, N. Linial and R. Meshulam, Additive bases of vector spaces over prime fields, J. Comb. Theory Ser. A 57 (1991), 203-210.

[3] N. Alon and M. Tarsi, A nowhere-zero point in linear mappings, Combinatorica 9 (1989), 393-395.

[4] R. Baker, J. Bonin, F. Lazebnik and E. Shustin, On the number of nowhere zero points in linear mappings, Combinatorica 14 (1994), 149-157.

[5] L. Charlap, H. Rees and D. Robbins, The asymptotic probability that a random biased matrix is invertible, Discrete Math. 82 (1990), 153-163.

[6] F. Jaeger, N. Linial, C. Payan and M. Tarsi, Group connectivity of graphs- a nonhomogeneous analogue of nowhere-zero flow, J. Comb. Theory Ser. B 56 (1992), 165-182.

[7] W.M. Kantor, On Incidence Matrices of Finite Projective and Affine Spaces, Math. Z.

124 (1972), 315-318.

[8] G. Kogan and J.A. Makowsky, Computing Permanents over Fields of Characteristic 3:

Where and Why it Becomes Difficult, to appear in Computational Complexity.

[9] Henryk Minc, Permanents, Reading, Mass. : Addison-Wesley Publishing Co., 1978.