DIMACS Technical Report 98-21 May 1998

How tight is the Bollobás-Komlós conjecture by Sarmad Abbasi Dept. of Computer Science Rutgers University Piscatawy, New Jersey 08855

email: sabbasi@paul.rutgers.edu

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs-Research, Bell Labs, Bellcore and NEC Research Institute.

DIMACS is an NSF Science and Technology Center, funded under contract STC–91–19999; and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

The bipartite case of the Bollobás and Komlós conjecture states that for every Δ_0, γ > 0 there is an α = α(Δ_0, γ) > 0 such that the following statement holds: If G is any graph with δ(G) ≥ n 2 + γn, then G contains as subgraphs all bipartite graphs, H, satisfying

Δ(H) ≤ Δ_0 and b(H) ≤ αn.

Here b(H), the bandwidth of H, is the smallest b such that the vertices of H can be ordered as v_1, . . . , v_n such that v_i ∼_H v_j implies |i − j| ≤ b.

This conjecture has been proved in [1]. In this note we show that this conjecture is tight in the sense that as γ → 0 then α → 0. More precisely, we show that for any γ ≤^1_{100} there is a Δ_0 such that that α(Δ_0, γ) ≤ 4γ.

1 Introduction

An embedding conjecture of Bollobás and Komlós states that any n vertex graph whose minimum degree exceeds (1 −^1_k )n + γn contains all k chromatic, bounded degree graphs which do not expand. The precise statement is as follows:

Conjecture 1.1 (Bollobás-Komlós [2]) For every k, Δ_0 and γ > 0 there is an α = α(k, Δ_0, γ) > 0 such that the following statement holds: If G is any graph with δ(G) ≥ ( 1 − 1 k ) n + γn, then G contains as subgraphs all graphs, H, satisfying χ(H) ≤ k, Δ(H) ≤ Δ_0 and b(H) ≤ αn. Here b(H), the bandwidth of H, is the smallest b such that the vertices of H can be ordered as v_1, . . . , v_n such that v_i ∼_H v_j implies |i − j| ≤ b.

The bipartite case of this conjecture has been settled in [1]. In this note we show that this conjecture is tight in the sense that as γ → 0 then α → 0. More precisely, we prove the following theorem.

Theorem 1.1 For any 0 < γ ≤^1_{100} there is a Δ_0 such that the following statement holds for infinitely many n: There is a graph BK_{n,γ} on n vertices with δ(BK_{n,γ}) ≥ n 2 + γn and a bipartite graph, H, on n vertices with Δ(H) ≤ Δ_0, b(H) < 4γn. Yet H is not a subgraph of BK_{n,γ}.

Throughout this paper we let γ be a fixed real number satisfying 0 < γ ≤^1_{100}. Define s = ⌊^1_{2γ} ⌋ − 3. Note that s >^3_{8γ} . We choose, ϵ^′ =^1_{10γ} and ϵ =^{ϵ0}_{20s}.

The remaining of the paper is organized as follows: In the next section we construct the graph H. In section 3 we define the graph BK_{n,γ} and prove Theorem 1.1. In the last section we give some concluding remarks.

2 A Controlled Expander

In this section we construct a graph such that the graph is a reasonably good expander and yet has low bandwidth. In oder to achieve this we will need bipartite graphs which are good expanders. The existence of these graphs follows from standard probabilistic arguments, therefore we omit the proof of the next lemma.

– 2 –

Figure 1: A lowbandwidth expander

Lemma 2.1 For every ϵ > 0 there is Δ_1 and N_0 such that the following holds for all N ≥ N_0: There is bipartite graph R_{N,N} = (V, W, E) with |V | = |W | = N such that for any A ⊆ V or A ⊆ W |A| < N 5 implies |Γ(A)| ≥ 3|A| and |A| = N 5 implies |Γ(A)| ≥ (1 − ϵ)N.

Furthermore, the maximum degree of R_{N,N} is at most Δ_1. 2

Let n = 2sN. We define a graph H on of n vertices. Let V_1, . . . , V_s and W_1, . . . , W_s be vertex disjoint sets of size N. For any i, j ∈ {1, . . . , s} with |i − j| ≤ 1 there is a copy of R_{N,N} between V_i and V_j . H is a bipartite graph as the two color classes of H are given by V = ⋃s i=1 V_i and W = ⋃s i=1 W_i. Figure 1 gives a pictorial representation of the graph H. It is also not hard to bound the bandwidth of H.

Lemma 2.2 The bandwidth of H is less than 4γn.

Proof. Order the vertices of H of

ρ_1(V_1), ρ(W_1), ρ(W_2), ρ(V_2), ρ(V_3), ρ(W_3), . . .

Here ρ(V_i) is any arbitrary ordering of V_i and ρ(W_i) denotes any arbitrary ordering of W_i. It is not hard to see that this ordering shows that b(H) ≤ 3N. Hence, b(H) ≤^3_{2s} n. Since s >^3_{8γ} , the lemma follows. 2

Next, our task is to show that H is a reasonably good expander. We prove the following lemma.

Lemma 2.3 Let S ⊂ V or S ⊂ W such that n 4 − γn ≤ |S| ≤ n 4 + γn, then |Γ(S)| ≥ (1 − ϵ) (|S| + N) .

– 3 –

Proof. Set |S| = t and without loss of generality assume that S ⊂ V . Let A_i = S ∩ V_i and a_i = |A_i|.

For simplicity, we define a_0 = a_{s+1} = 0. We also let, B_i = Γ(S) ∩ W_i and b_i = |B_i|.

Lemma 2.1 implies b_i ≥ { a_{i−1} + a_i + a_{i+1} if max{a_{i−1}, a_i, a_{i+1}} <^N_5 , (1 − ϵ)N otherwise. (1) Let us define c_i = { a_{i−1} + a_i + a_{i+1} if max{a_{i−1}, a_i, a_{i+1}} <^N_5 , (1 − ϵ)N otherwise. (2) We have |Γ(S)| = s∑ i=1 |B_i| = s∑ i=1 b_i ≥ s∑ i=1 c_i. Now consider the following mathematical program:

minimize s∑ i=1 c_i subjected to: c_i = { a_{i−1} + a_i + a_{i+1} if max{a_{i−1}, a_i, a_{i+1}} <^N_5 , (1 − ϵ)N otherwise. s+1∑ i=0 a_i = t and a_i ≥ 0, a_0 = a_s = 0, a_i integer.

A lower bound on the optimal solution of this program is a lower bound on the size of Γ(S). Assume a^∗_1, . . . , a^∗_s minimizes the above program. Let i and j be indices such that N 5 ≤ a_i∗ < N and a_j∗ > 0. We can replace a^∗_i with a^∗_i + 1 and a^∗_j with a^∗_j − 1 without increasing the value of the above program. To see this notice that increasing a^∗_i by one does not increase c_{i−1}, c_i, c_{i+1} as they are already equal to (1−ϵ)N. Whereas decreasing a^∗_j cannot increase c_{j−1}, c_j, c_{j+1}. A similar argument works if either one of i or j belongs to {1, s}.

Hence, we can assume that there is at most one index i such that^N_5 ≤ a^∗_i < N. We have the trivial inequality, c_i ≥ (1 − ϵ)a^∗_i for all i.

To prove the lemma, it suffices to show that there are two indices j and k such that c_j + c_k ≥ (1 − ϵ)(a^∗_j + a^∗_k + N).

– 4 –

Let us call a^∗_i full if a^∗_i ≥^N_5 . We consider two several cases: Case 1: a_1 is full.

Let j be the smallest index such that a^∗_j is not full. Hence, a^∗_1, a^∗_2, . . . , a^∗_{j−1} are full. Note that j ≤^{3s}_4 , since otherwise there is at most one of the a^∗_1, . . . , a^∗_j is less than N and we have, j−1∑ i=1 a^∗_i ≥ (j − 2)N > t We now discuss two subcases: if a^∗_{j+1} is not full then

c_j = (1 − ϵ)N and c_{j+1} ≥ a^∗_j + a^∗_{j+1}.

Hence j and j + 1 are the two indices we want.

The second subcase happens when a^∗_{j+1} is full. Then we let k be the first index larger than j such that a^∗_k is not full. Again, it is not hard to see that k exists and is less than s. Now notice that c_j = (1 − ϵ)N and c_k = (1 − ϵ)N.

Whereas, a^∗_j + a^∗_k ≤ N 5 + N 5 < (1 − ϵ)N. This yeilds, c_j + c_k ≥ a^∗_j + a^∗_k + (1 − ϵ)N.

Case 2: a_s is full. By symmetry this is similar to Case 1.

Case 3: We assume that both of the above cases do not happen. It is easy to see that at least one of the a^∗_i is full. Let j be the first index such that a^∗_j is full. Furthermore, let k be the last index such that a^∗_k is full. Note that 2 ≤ j ≤ k ≤ s − 1. It is easy to see that

c_{j−1} + c_{k+1} ≥ (1 − ϵ)(a^∗_{j−1} + a^∗_{k+1} + N).

This concludes our proof. 2

3 The Bollobás-Komlós Graph

We let BK_{n,γ} denote the graph with the vertex set {1, . . . , n}. It consists of two cliques of size^n_2 + γn + 1 sharing γn + 2 vertices. More precisely, the edge set of BK_{n,γ} is given by, {{i, j} : i, j ≤ n 2 + γn + 1} ∪ {{i, j} : i, j ≥ n 2 − γn − 1}. The minimum degree of BK_{n,γ} is n 2 + γn. Note that BK_{n,γ} is not a very good expander. Hence, any subgraph of BK_{n,γ} is also not a good expander. This fact is enough to prove our main theorem.

– 5 –

Theorem 3.1 H is not a subgraph of BK_{n,γ}.

Assume that H is a subgraph of BK_{n,γ}, then there is a one to one mapping ψ : V ∪ W → {1, . . . , n} such that, x ∼_H y implies ψ(x) ∼_{BKn,γ} ψ(y). Let X be the set of H which are mapped to {1, . . . ,^n_2 − γn − 2}. Define, S_1 = X ∩ V and S_2 = X ∩ W . First we show that |S_1|, |S_2| < n 4 + γn. Suppose this is not the case and |S_1| ≥^n_4 + γn. Let S^′_1 be any subset of S_1 of size exactly n 4 + γn. Then Γ(S^′_1) ⊂ {1, . . . ,^n_2 + γn + 1}. Hence,

|S^′_1| + |Γ(S^′_1)| ≤ n 2 + γn + 1. This gives us |Γ(S^′_1) ≤ n 2 + 1, Contradicting Lemma 2.3. Similarly, |S_2| ≤^n_4 + γn. This implies that |S_1|, |S_2| ≥ n 4 − 2γn. Hence, we can apply Lemma 2.3 to both S_1 and S_2. From Lemma 2.3 we have, |Γ(S_1)| + |Γ(S_2)| ≥ (1 − ϵ)(|S_1| + |S_2| + 2N) ≥ n 2 − γn + 2N − 2ϵ^′N

Whereas, we must have ψ(Γ(X)) ⊆ {1, . . . ,^n_2 + γn + 1} and hence,

|Γ(S_1)| + |Γ(S_2)| ≤ n 2 + γn + 1. This implies that 2N(1 − ϵ^′) ≥ 2γn; that is s ≥ 1 2γ − ϵ^′ 2γ a contradiction. 2

– 6 –

4 Conclusion

We have prove that the Bollobás-Komlós conjecture is tight in some sense. It is interesting to contrast the results of this note with those in [1]. In [1] it is shown that if γ > 0 then α(Δ_0, γ) > 0 for all Δ_0. However, the proof uses of regularity lemma of Szemerédi[3]. Hence, the lower bounds on α are extremely poor. Although the bounds are not explicitly computed in [1] it is clear that the proof will gives bounds α(γ, 3) > 1 T (^1_γ )

where T grows at least as fast as the tower function. Hence, the gap between the upper bounds on α and lower bounds is huge. The author is inclined to believe that the upper bound is perhaps closer to the truth. In this case improving the lower bounds would mean finding a proof of the bipartite case of Bollobás-Komlós conjecture without using the regularity lemma. This seems to be a very challenging problem.

5 Acknowledgments

I would like to thank Endre Szemerédi for his constant encouragement and guidance. I have had many stimulating discussions with him. This note actually answers a question he raised while discussing the results of [1].

References

[1] S. Abbbasi. On an embedding conjecture of Bollobás and Komlós, 1998. sumbitted.

[2] J. Komlós and M. Simonovits. Szemerédi’s regularity lemma and its applications in graph theory. In Paul Erdős is 80, Proc. Colloq. Math. Soc. János Bolyai, volume 2, pages 295–352, 1996.

[3] E. Szemerédi. Regular partitions of graphs. In Colloques Internationaux C.N.R.S. N^o 260 - Problèmes Combinatoires et Théorie des Graphes, Orsay, pages 399–401, 1976.