DIMACS Technical Report 97-76 November 1997

Cyclically 5-edge connected non-bicritical critical snarks by Stefan Grünewald Bürgermeisterweg 10 32825 Blomberg, Germany

Eckhard Steffen^1 Program in Applied and Computational Mathematics Fine Hall, Washington Road Princeton University Princeton, New Jersey 08544

1supported by Deutsche Forschungsgemeinschaft

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs, Bellcore, and Bell Labs.

DIMACS is an NSF Science and Technology Center, funded under contract STC–91–19999; and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

Snarks are bridgeless cubic graphs with chromatic index χ^′ = 4. A snark G is called critical if χ^′(G − {v, w}) = 3, for any two adjacent vertices v and w.

For any k ≥ 2 we construct cyclically 5-edge connected critical snarks G having an independent set I of at least k vertices such that χ^′(G − I) = 4.

For k = 2 this solves a problem of Nedela and Škoviera [5].

1 Introduction

A snark is a bridgeless cubic graph with chromatic index χ^′ = 4. The study of the reduction of snarks is as old as the study of these graphs in itself. For a detailed introduction to this topic we refer the reader to one of [2, 4, 5, 6, 8, 11, 12]. This note deals with a reduction of snarks introduced by Nedela and Škoviera in [5].

Let G = (V (G), E(G)) be a snark and let F ⊂ E(G) be a k-edge cut (k ≥ 0) whose removal divides G into two components H_1 and H_2. If the chromatic index of one of the components is 4, say χ^′(H_1) = 4, then H_1 can be extended to a snark H = (V (H), E(H)) with |V (H)| ≤ |V (G)|, and H is called a k-reduction of G. If |V (H)| < |V (G)| then H is called a proper k-reduction of G.

A snark is called k-irreducible if it has no proper m-reduction for each m < k, and it is called irreducible if it is k-irreducible for each k ≥ 1.

A snark G is called critical if χ^′(G−{v, w}) = 3 for any two adjacent vertices v, w ∈ V (G), it is called cocritical if χ^′(G − {v, w}) = 3 for any two non-adjacent vertices v, w ∈ V (G), and it is called bicritical if it is critical and cocritical.

Nedela and Škoviera proved the following characterizations.

Theorem 1.1 ([5]) Let G be a snark. Then the following statements hold true.

1. If 5 ≤ k ≤ 6, then G is k-irreducible if and only if it is critical.

2. If k ≥ 7, then G is k-irreducible if and only if it is bicritical.

Finally it turns out that

Theorem 1.2 ([5]) A snark is irreducible if and only if it is bicritical.

In [1] it is shown that there are cocritical snarks which are not critical, and that there are snarks which are neither critical nor cocritical. Further each critical snark on less than 30 vertices is bicritical and henceforth it is irreducible. Nedela and Škoviera [5] state the following problem.

Problem 1.3 ([5]) Does there exist a snark that is critical but not bicritical? Equivalently, does there exist a 6-irreducible snark that is not irreducible?

The answer is “yes”. In [10] the second author constructed infinite families of cyclically 4-edge connected critical snarks which are not bicritical. The smallest one has 32 vertices. M. Škoviera [7] also found another infinite family of cyclically 4-edge connected snarks with these properties by using a different method.

In this note we improve these results in two directions. We construct cyclically 5-edge connected critical snarks with the property that they have a large independent set of vertices whose removal does not yield an edge 3-colorable graph. Clearly, these graphs are not bicritical.

– 2 –

2 The Main Theorem

Theorem 2.1 For each k ≥ 1 there is cyclically 5-edge connected critical snark that has an independent set I of 2k + 1 vertices such that χ^′(G − I) = 4.

Proof. The idea of the construction is as follows. Let k ≥ 1 be fixed. We construct a multigraph M_k and specify three circuits in this multigraph. We replace vertices of M_k by well specified graphs to obtain a cubic graph G_k. We show that G_k is cyclically 5-edge connected and that it is a snark. Furthermore each of the circuits in M_k can be extended to circuits in G_k to obtain a 2-factor of G_k with precisely two odd circuits. We then show that for each edge e = vw in G_k there is a 2-factor of G_k with precisely two odd circuits which are connected by e. Since if this is true, then G_k has an edge 4-coloring with a color class consisting of precisely two edges, one of them incident to v and the other incident to w. Thus G_k − {v, w} is edge 3-colorable. Hence G_k is critical.

Construction

Let k ≥ 1 be fixed and I = {w_0, w_1, . . . , w_{2k}}. Define M_k to be the multigraph with vertex set Z_{3(2k+1)} ∪ I, and for each i ∈ Z_{3(2k+1)} vertex i is joined with vertex i + 1 by two parallel edges, e(i, i + 1) and f(i, i + 1), and by one edge with w_m ∈ I if i ≡ m (mod 2k + 1). We call the elements of Z_{3(2k+1)} the outer vertices of M_k. Multigraph M_1 is shown in Figure 1.

For k ≥ 1 the circuits P_e, P_f and Q in M_k are defined as follows: Let 2k + 1 = K,

– 3 –

P_e = e(0, 1), e(1, w_1), e(w_1, K + 1), e(K + 1, K + 2), e(K + 2, w_2), e(w_2, 2), e(2, 3), . . . , e(2K − 1, w_{K−1}), e(w_{K−1}, K − 1), e(K − 1, K), e(K, w_0), e(w_0, 0). P_f = f(0, 1), e(1, w_1), e(w_1, K + 1), f(K + 1, K + 2), e(K + 2, w_2), e(w_2, 2), f(2, 3), . . . , e(2K − 1, w_{K−1}), e(w_{K−1}, K − 1), f(K − 1, K), e(K, w_0), e(w_0, 0). Q = 2K − 1, e(2K − 1, 2K), e(2K, 2K + 1), e(2K + 1, 2K + 2), . . . , e(3K − 1, 0), f(0, 3K − 1), f(3K − 1, 3K − 2), . . . , f(2K, 2K − 1). The 7-block B_i (i ∈ Z_{3(2k+1)}) is the graph obtained from a cycle C_6 on the vertices v^i_0, v^i_1, . . . , v^i_5 by adding a vertex v^i_6 and edges v^i_1v^i_6 and v^i_4v^i_6.

For each k ≥ 1 construct the cubic graph G_k as follows:

For each i ∈ Z_{3(2k+1)} take block B_i and vertices w_0, . . . , w_{2k}, add edges v^i_0v^{i+1}_5 , v^i_3v^{i+1}_2 and for 0 ≤ j ≤ 2k add edges w_jv^n_6 if n ≡ j (mod 2k + 1).

If we contract each subgraph B_i to a single vertex i, we obtain multigraph M_k. For the following we may assume that the edges v^i_0v^{i+1}_5 and v^i_3v^{i+1}_2 of G_k are denoted by e(i, i + 1) and f(i, i + 1) in the contracted graph, respectively. Vice versa G_k can be obtained from M_k by successively replacing the outer vertices by 7-blocks. A fact which we will use in the following.

Claim 2.1.1 G_k is a cyclically 5-edge connected snark, that has an independent set I of 2k + 1 vertices such that G_k − I is not edge 3-colorable.

Proof. A 7-block B_i is obtained from the Petersen graph by removing three vertices of a path of length 2, and hence for each 3-coloring of B_i the same colors are missing at v^i_0 and v^i_3 and two different colors are missing at v^i_2 and v^{i+1}_5 or vice versa. Thus G_k − I cannot be edge 3-colorable.

Since between any two outer vertices of M_k there are five edge disjoint paths and since no 5-circuit of B_i can be separated by removing less than five edges from G_k, it follows that G_k is cyclically 5-edge connected. • Claim 2.1.2 G_k is critical.

Proof. We have to show that for each edge vw = e ∈ E(G_k) there is a 2-factor F_e of G_k with precisely two odd circuits which are connected by e.

We reconstruct G_k from M_k by successively replacing outer vertices of M_k by the 7- blocks. We show that the circuits P_e, P_f and Q can be extended to circuits of the new graphs. Eventually (after replacing all outer vertices of M_k) we obtain a spanning 2-factor of G_k with precisely two odd circuits.

In G_k we have basically the following types of edges: v^i_0v^i_1, v^i_1v^i_2, v^i_2v^i_3, v^i_3v^i_4, v^i_4v^i_5, v^i_5v^i_0, v^i_1v^i_6, v^i_4v^i_6, v^i_0v^{i+1}_5 , v^i_3v^{i+1}_2 , and v^i_6w_l (where i ≡ l (mod 2k + 1)).

We have V (M_k) = Z_{3(2k+1)} ∪ {w_0, . . . , w_{2k}}, and we define for j = 1, . . . , 3(2k + 1) − 1 the function f_j : V (M_k) → V (M_k) with f_j(i) = i + j if i ∈ Z_{3(2k+1)} and f_j (w_k) = w_{k+j}, where the indices are added modulo 2k + 1. This function is an automorphism on M_k.

– 4 –

Thus the aforementioned construction can be applied on M_k where vertices v are labeled by f_j (v), for each j = 1, . . . , 3(2k + 1) − 1. Hence it suffices to show for one 2-factor the two odd circuits are connected by at least one edge of each type.

It is easy to see that there are hamiltonian paths in B_i with terminal vertices v^i_0, v^i_6 and v^i_5, v^i_6 and v^i_2, v^i_6 and v^i_3, v^i_6, respectively.

Then, if for 1 ≤ i ≤ 2(2k + 1) − 2 vertex i of M_k is replaced by B_i circuits P_e and P_f can be extended to a circuits of the new graph, respectively.

Pathes v^i_2, v^i_1, v^i_6, v^i_4, v^i_3 and v^i_0, v^i_5 span B_i. Then, if for 0 ≤ l ≤ 2k vertex 2(2k + 1) + l of M_k is replaced by B_{2(2k+1)+l} circuit Q can be extended to a circuit of the new graph.

Let G^−_k be the graph obtained from M_k by replacing all degree 5 vertices but 0 and 2(2k+1)−1. To show that G_k is critical we consider the following cases: Let s = 2(2k+1)−1.

Case 1: We consider the extended circuits P_e and Q in G^−_k . Replace vertices 0 and s by B_0 and B_s, respectively.

In B_0 extend P_e by the path v^0 , v^0_1 , v^0_6 , and Q by the path v^0_2 , v^0_3 , v^0_4 , v^0_5 . In B_s extend P_e by the path v^s_5, v^s_4, v^s_6, and Q by the path v^s_0, v^s_1, v^s_2, v^s_3 to obtain two disjoint spanning circuits P^∗ and Q^∗ of odd length which form a 2-factor of G_k.

These two odd circuits are connected by edges v^0 v^0_5 , v^0_1 v^0_2 , v^0_4 v^0_6 , v^s_1v^s_6, v^s_3v^s_4, v^{s−1}_3 v^s_2 and by edges v^{s+1+l}_6 w_l for 0 ≤ l ≤ 2k

Case 2: We consider the extended circuits P_f and Q in G^−_k . Let vertices 0 and s be replaced by B_0 and B_s, respectively. In B_0 extend P_f by the path v^0_3 , v^0_4 , v^0_6 and Q by the path v^0_2 , v^0_1 , v^0 , v^0_5 . In B_s extend P_f by the path v^s_2, v^s_1, v^s_6, and Q by v^s_0, v^s_5, v^s_4, v^s_3.

As in case 1 we obtain two disjoint spanning circuits P^∗ and Q^∗ of odd length which form a 2-factor of G_k. These two circuits are connected by v^0_2 v^0_3 , v^0_4 v^0_5 , v^s_0v^s_1 and v^{s−1}_0 v^s_5. • The flower snark J_{2k+1} (cf. [4]) has vertex set V J_{2k+1} = {a_i, b_i, c_i, d_i|i = 1, 2, . . . , 2k + 1} and edge set EJ_{2k+1} = {b_ia_i, b_ic_i, b_id_i; a_ia_{i+1}; c_id_{i+1}; d_ic_{i+1}|i = 1, 2, . . . , 2k + 1}. The above construction can also be carried out by using copies of J_7 − {a_1, a_2, a_7} instead of the B_i’s. This yields a cyclically 5-edge connected snark H_k with girth 6. By the same argumentation as above, it follows that H_k is critical and that χ^′(H_k − I) = 4, for each k ≥ 1. Because the proof is long and tedious we omit it here and state:

Corollary 2.2 For any k ≥ 1 there are cyclically 5-edge connected critical snarks with girth 6 having an independent set of 2k+1 vertices whose removal does not yield an edge 3-colorable graph.

References

[1] G. Brinkmann, E. Steffen, Snarks and Reducibility, to appear in Ars Combinatoria

– 5 –

[2] P. J. Cameron, A. G. Chetwynd, J. J. Watkins, Decomposition of Snarks, J. of Graph Theory 11 (1987) 13-19 [3] M. K. Goldberg, Construction of class 2 graphs with maximum vertex degree 3, J. of Comb. Theory, Ser. B 31 (1981), 282-291 [4] R. Isaacs, Infinite families of non-trivial trivalent graphs which are not Tait colorable, Am. Math. Monthly 82 (1975) 221-239 [5] R. Nedela, M. Škoviera, Decompositions and Reductions of Snarks, J. of Graph Theory 22 (1996) 253-279 [6] M. Preissmann, C-minimal Snarks, Annals of Discrete Mathematics 17 (1983) 559- 565 [7] M. Škoviera, personal communication [8] E. Steffen, Classifications and Characterizations of Snarks, to appear in Discrete Mathematics [9] E. Steffen, On bicritical Snarks, Preprint 97-027, SFB 343, Universität Bielefeld (1997) [10] E. Steffen, Critical Non-bicritical Snarks, Preprint 97-042,, SFB 343, Universität Bielefeld (1997) [11] J. J. Watkins, Snarks, Ann. New York Acad. Sci. 576 (1989) 606-622 [12] J. J. Watkins, R. J. Wilson, A Survey of Snarks in “Graph theory, Combinatorics and Applications” (Y. Alavi et al. eds.) Wiley, New York (1991) 1129-1144