DIMACS Technical Report 97-12 April 1997

Threshold of Broadcast in Random Graphs by Hui Chen^1 DIMACS^2 Rutgers University Piscataway, NJ 08855 email: chenhui@dimacs.rutgers.edu

1The work of the author is supported by DIMACS through NSF grant. Part of the work was done when the author was at Carnegie Mellon Unviersity.

2Partnership of BellCore, Bell Lab, Lucent Technology, Princeton and Rutgers University.

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs, Bellcore, and Bell Labs.

DIMACS is an NSF Science and Technology Center, funded under contract STC–91–19999; and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

Broadcasting process is to send a piece of information which resides at one node in the graph to all the remaining nodes. At each time step, a node knows about the information can send it to one of its neighbors. The broadcast problem is to find the minimum time step needed. The problem is NP hard in general. For a random graph G_{n,p}, we are interested in at what value of p there exists a broadcast tree of depth exactly ⌈log_2 n⌉. Frieze and Molloy [8] show that p is of magnitude Θ(ln n/n). In this paper, we give the exact threshold of the edge probability for the existence of such a tree.

1 Introduction

The broadcast problem can be stated as follow:

Given graph G = (V, E), and for v ∈ V , let N(v) denote the set of v’s neighbors in G. Assuming initially a piece of information I is residing at one given vertex v_0, at each step, any vertex knowing I can share it with one of its neighbors.

Let V_t, t = 0, 1, 2, . . . denote the set of vertices which have I at the beginning of step t, V_0 = {v_0}. Clearly |V_{t+1}| ≤ 2|V_t|, and so it takes at least γ = ⌈log_2 n⌉ steps before I is sent to all the vertices in G. It is not hard to show that the edges used by the optimal broadcast algorithm forms a tree. The broadcast problem is to find the tree and the minimum broadcast time.

Finding the optimal broadcast tree in general graphs is NP-hard. But efficient approximation algorithm exists for the single source broadcast problem which sends a piece of information to every nodes in the network. See Ravi [10]. Various works have been done on more practical broadcast models, see [1] [2] [5]

We consider the problem that for a random graph G_{n,p} what is the threshold for p such that whp^1 a piece of information can be broadcasted in the graph in exactly ⌈log_2 n⌉ many steps.

The best upperbound to date is due to Frieze, Molloy [8] who show that, if p ≥ 18 ln n/n then whp there exists a rooted broadcating tree on every node. A trivial lower bound for the problem can be calculated using the fact that each node needs to have at least ⌈log_2 n⌉ neighbors with probability 1−o(n^{−1}), which is γ ln n/n (γ is a constant which we will specify later).

In this paper, we show that the trivial lower bound is also sufficient for the existence of a rooted optimal broadcast tree on each node of a random graph G_{n,p} by using a different scheme to construct the optimal broadcast tree.

2 The Lower Bound

We consider the following necessary condition for the existence of a rooted optimal broadcast tree on each node in the graph :

To ensure that there exists an optimal broadcast tree rooted at any v ∈ V , the degree of v is at least ⌈log_2 n⌉.

The probability for this condition to be held is stated in the following Lemma,

1An event ϵ_n is said to occur whp (with high probability) if Pr[ϵ_n] = 1 − o(1)as n → ∞.

– 2 –

Lemma 1 Given a random graph G_{n,p}, the probability threshold that each vertex v ∈ V have degree at least ⌈log_2 n⌉ whp is p = γ ln n/n, where γ = 3.864 · · · is the solution of equation

1 − γ + log_2 γ + log_2 e + log_2 ln 2 = 0. (1)

Proof We first show that it is sufficient. Let E_v be the event that vertex v has less than ⌈log_2 n⌉ neighbors. Then

Pr[ there exists a vertex with degree < ⌈log_2 n⌉] = Pr[ ⋁ v∈V E_v] ≤ ∑ v∈V Pr[E_v] ≤ 2n ( n ⌈log_2 n⌉ − 1 ) p^{⌈log2 n⌉−1}(1 − p)^{n−⌈log2 n⌉} ≤ 2n ( ne ⌈log_2 n⌉

)_{⌈log2} n_{⌉−1} ( γ ln n n )_{⌈log2} n_{⌉−1} e^{−γ ln n} ≤ 2n^{1−γ} (γe log_2 e)^{⌈log2 n⌉−1} = 2^{2−γ} (2^{1−γ} γe ln 2)^{⌈log2 n⌉−1}

The probability tends to 0 as n → ∞ if p = (γ + ϵ) ln n/n, where ϵ is any fixed constant.

On the other hand it is also necessary. Let X_u be the indicator of random variable E_u, and X = ∑ u∈V X_u be the random variable of number of vertices which has fewer than ⌈log_2 n⌉ neighbors. It is not hard to show that

E[X^2] = E[X](1 + (1 + o(1))E[X]) and E[X] → ∞ when p = (γ − ϵ) ln n/n. Therefor, since Pr[X > 0] ≥

E^2[X] E[X^2] , Pr[X > 0] → 1 as n → ∞. 2

3 Hall’s Theorem Revisited

The analysis for the threshold of perfect bipartite matching in a random bipartite graph G_{n,n,p} relies heavily on the sufficient and necessary condition of Hall’s Theorem. We will extend Hall’s condition (2) to the existence of perfect b-matching and near perfect matching in a bipartite graph, as a tool for the analysis of our algorithm.

– 3 –

Theorem 1 (Hall’s Theorem) Let G(V_1, V_2; E) be a bipartite graph, such that |V_1| = |V_2| = n. Then G a perfect matching of size n if and only if ∀U ⊆ V_1, |N(U)| ≥ |U|, (2) where N(U) ⊆ V_2 are the neighbors of U.

Let G(V_1, V_2; E) be a bipartite graph such that |V_1| = n and |V_2| ≥ kn. A k-matching^2 of G is a set of pairs {(u; M_u)|u ∈ U ⊆ V_1, M_u ⊂ V_2, |M_u| = k} such that for u ≠ u^′, M_u ∩ M_u0 = ∅. The k-matching is called maximum if |U| = |V_1| = n.

Hall’s theorem can be extended in the following two ways.

Theorem 2 Let G(V_1, V_2; E) be a bipartite graph such that |V_1| = n and |V_2| ≥ kn. Then G has a maximum k-matching if and only if the following holds, ∀U ⊆ V_1, |N(U)| ≥ k|U|. (3) Proof The Theorem can be proved in the same way by duplicating each vertex in U to k copies. We omit the complete proof here. 2

Theorem 3 Let G(V_1, V_2; E) be a bipartite graph such that |V_1| = n and |V_2| ≥ n. Then g has a matching of size n − 1 if and only if ∀U ⊆ V_1, |N(U)| ≥ |U| − 1. This is stated as an exercise in Bondy and Murty [4].

4 The Upper Bound

The best upperbound to date is due to Frieze and Molloy [8]. They show that when p > 18 ln n/n, whp there exists a rooted broadcast tree in G_{n,p} on every node of the graph such that the broadcast time is ⌈log_2 n⌉. Even their result is asymptotically tight, it still shows a wide gap between the lower bound we derived in the previous section.

In this section we show that the lower bound is also sufficient for the existence of an optimal broadcast tree. Thus provides the exact threshold for the problem.

2This definition should be distinguished from the usual definition of a b-matching.

– 4 –

4.1 The Algorithm

For the simplicity of presenting and analyzing the algorithm, we assume that |V | = 2^ν , where ν = log_2 n is an integer. The general case can easily be proved with a small modification of our proof.

In [8] Frieze and Molloy show a tight upperbound up to a constant factor, but their method does not seem possible to find the exact threshold due to the perfect matching bottleneck. We overcome the problem by introducing a different way of evolving the broadcast tree and construct a perfect 1-matching using an almost perfect 1-matching followed by an iterative fixing step.

We consider a different evolution of the broadcast tree. A rooted broadcast tree with root v_0 of degree ν, T_ν(v_0), is defined as follow:

v_0 is connected to ν neighbors v_{1,1}, v_{1,2}, . . . , v_{1,ν} of v_0, such that under certain permutation, v_{1,i} (1 ≤ i ≤ ν) is the root of a T_{i−1}(v_{1,i}) tree.

We can recursively define the tree, where T_1 is simply an edge and T_0 is empty. It can easily be shown that this is actually an optimal broadcast tree on n = 2^ν nodes. The degree sequence (outgoing edges) of the roots of these subtrees can be sorted as follow:

1 node of degree log_2 n, 1 node of degree log_2 n − 1, 2 nodes of degree log_2 n − 2, . . . , 2^t nodes of degree log_2 n − t − 1, . . . ,^n_8 nodes of degree 2,^n_4 nodes of degree 1. For simplicity, a node of outgoing degree k (1 ≤ k ≤ ν) will be called a k-node. We will use this term throughout the paper.

We will construct the broadcast tree in the descending order of the degree sequence.

The algorithm can be described in two stages:

Algorithm Rooted Broadcast Tree.

Let G = (V, E) and v_0 be the root.

Stage 1. Quasi-Tree grow.

Find ν arbitrary neighbors for the ν-node v_0. If fails then halt.

In the order of i = ν − 1, ν − 2, . . . , 3, 2, pick a set of 2^{ν−i−1} leaves of the current tree (none of two leaves can share a common parent), find i neighbors from the remaining vertex set for each of them. If fails then halt.

Stage 2. Final matching.

Find a perfect matching of the remaining^n_4 nodes to^n_4 leaves of the current tree (none of two can share the same parent in the current tee) to form a complete optimal broadcast tree.

– 5 –

4.2 Analysis of Rooted Broadcast Tree

In this section we show that whp both stage 1 and stage 2 of Rooted Broadcast Tree succeed with probability 1 − o(n^{−1}). Thus will lead to the following main Theorem,

Theorem 4 Let G = (V, E) be a random graph G_{n,p}, and γ be the solution of equation

1 − γ + log_2 γ + log_2 e + log_2 ln 2 = 0.

Then for any positive constant ϵ,

(i) If p = γ(1 − ϵ) ln n/n, then whp ∃ v ∈ V such that there is no optimal broadcast tree rooted on v.

(ii) If p = γ(1 + ϵ) ln n/n, then whp ∀ v ∈ V , there is an optimal broadcast tree rooted on v.

4.2.1 Analysis of Stage 1

The analysis of this stage relies on the following result of Erdös and Rényi [6].

Theorem 5 Let G_{n,n,p} be a random bipartite graph with edge probability p. If p ≥ (1 + δ) ln n/n where δ is any positive constant, then whp a G_{n,n,p} has a perfect matching.

Remark 1 The probability is the same as the probability to ensure that each node has at least one neighbor whp.

To show that with probability at least 1−o(n^{−1}) stage 1 will succeed, we notice that stage 1 consists of a sequence of k-matchings, i.e. a ν-matching of (1, n − 1)^3, a (ν − 1)-matching of (1, n − ν − 1), a (ν − 2)-matching of (2, n − 2ν − 2), . . ., a 3-matching of (^n_{16} ,^{11n}_{16} ) and a 2-matching of (^n_8 ,^n_2 ).

Lemma 2 Let G = (V, E) be a random graph G_{n,p} where p = γ(1 + ϵ) ln n/n and γ as defined in (1). Then with probability at least 1 − o(n^{−1}), finding all the k-matchings in stage 1 except for k = 2 and 3 will succeed.

Proof First notice that according to the order of the sequence of the matchings, the edge slots used in i-matching is disjoint with those used in j-matchings, i + 1 ≤ j ≤ ν.

To calculate the fail probability of the t-matching in Stage 1, where 4 ≤ t ≤ ν, we compute the fail probability of the existence of a maximum t-matching of (2^{ν−t−1}, n − 1 − 2^{ν−t−1}ν − ∑ν_−t_{−1} i=0 2^i(i + 1)) with edge probability (1 + ϵ)γ ln n/n.

3We mean a t-matching of (l, m) by a maximum t-matching in a bipartite graph G_{l,m}.

– 6 –

Let v_0 be the root, we show that Pr[|N(v)| < ν] dominates the other probability terms. We will consider two cases,

Case 1. A ≤ t ≤ ν, where A is a large constant.

CLAIM 1 There are at least as many as (1 −^A_{2A}�_2 )n nodes which haven’t been matched after the A-matching.

Proof of Claim. This can be shown by counting the number of nodes which have already been matched, ν∑ i=A # of nodes matched in i-matching

= 1 + ν−1∑ i=A 2^{ν−i−1} i ≤ A 2^{A−2} n. 2 Choose A large enough so that there are at least (1 − ϵ^′)n nodes remaining after the A-matching, where 0 < ϵ^′ < ϵ/2. For a fixed positive δ, we have

Pr[∃t, A ≤ t ≤ ν such that there exists no maximum t-matching] ≤ ν∑ t=A Pr[ there does not exist a t-matching in G_2ν�t�1_{,(1−ϵ}0_{)n,p}] ≤ ν∑ t=A (1 + δ)Pr[∃v, |N(v)| < t in G_2ν�t�1_{,(1−ϵ}0_{)n,p}] ≤ ν∑ t=A (1 + δ) n 2^{t+1} ( (1 − ϵ^′)n t − 1 ) p^{t−1}(1 − p)^{(1−ϵ} 0_{)n−t+1}

≤ ν∑ t=A (1 + δ) n 2^{t+1} ( γ(1 + ϵ)(1 − ϵ^′)e ln n t − 1 )t_{−1} n^{−γ(1+ϵ)(1−ϵ} 0_) = O(n^{−1−(γ−log2 e)(ϵ−ϵ} 0_) ), using the fact that 1 2^{t+1} ( γ(1 + ϵ)(1 − ϵ^′)e ln n t − 1 )t_{−1}

is a monotone increasing function for t ∈ [A, ν] and there are at most log_2 n terms in the sum.

Case 2. 4 ≤ t < A.

– 7 –

It is easy to show that after the maximum 4-matching has been found, there are still^{11n}_{16} nodes left. Thus the probability of failing to find a maximum t-matching for 4 ≤ t ≤ A − 1 can be bounded as, A−1∑ t=4 Pr[ there does not exist a maximum t-matching in G_2ν�t�1_, 11n_{16 ,p}] ≤ A−1∑ t=4 (1 + δ)Pr[∃v, |N(v)| < t in G_2ν�t�1_, 11n_{16 ,p}] ≤ A−1∑ t=4 (1 + δ) n 2^{t+1}

(_{11}n 16 t − 1 ) p^{t−1}(1 − p)^{11n16 −t+1} ≤ A−1∑ t=4 (1 + δ) n 2^{t+1} ( 11eγ ln n 16(t − 1) )t_{−1} e^{− 1116 γ ln n} = O(n^{−1.5}), for some δ > 0. Since A is a constant and γ > 3.86. This completes the proof of Case 2. 2

4.2.2 Analysis of Stage 2

We only need to show that both 3-matching, 2-matching and 1-matching will suceed with probability 1 − o(n^{−1}). Notice that when p = (4 + ϵ) ln n/n, with pobability 1 − o(n^{−1}) a perfect 2-matching exists in G^n_{8 ,}^n_{2 ,p} , and when p = (8 + ϵ) ln n/n, with probability 1 − o(n^{−1}) there exists a perfect matching in G^n_{4 ,}^n_{4 ,p}. By these two facts, it can be shown that when p = (4 + ϵ) ln n/n, stage 2 will succeed with probability 1 − o(n^{−1}). But this still exhibits a small gap between the lower bound.

Since a perfect matching seems indispensible to complete the broadcast tree, a different strategy need to be applied to circumvent the perfect matching bottleneck in order to show the threshold.

We break the proof into two parts. We first show that a maximum 3 and 2-matching can be constructed using one copy of the decomposed random graph with probability at least 1 − o(n^{−1}), and an almost perfect 1-matching will be constructed with the same confidence, except that at most one node will be left unmatched. Then an iterative procedure will complete the perfect matching using the other copy of the decomposed random graph.

Let V_M (|V_M | = v_m) be the vertex set that has been matched and V_{UM} (|V_{UM} | = n − v_m) be the vertex set that hasn’t been matched ( Thus v_m =^{5n}_{16} ). Consider random graph model G_{V,E/E(VM),p} such that each edge which has at least one of its end points not belonging to V_M , appears independently with probability p. Because all the edge slots induced by V_M have been conditioned, a further exploration of these edges will certainly complicate our analysis.

We then decompose the random graph G_{V,E/E(VM),p} into two independent copies G^1 and G^2 of G_{V,E/E(VM),p1} and G_{V,E/E(VM),p2}, where 1−p = (1−p_1)(1−p_2). Let p_1 = 3(1+ϵ) ln n/n,

– 8 –

and p_2 > (γ − 3)(1 + ϵ) ln n/n.

Part 1. Maximum 3-matching and 2-matching.

We will show that in G_1, almost surely a maximum 3-matching and a maximum 2- matching can be constructed.

Lemma 3 Given a random bipartite graph G n_{16 ,} 11n_{16 ,p1} , with probability 1 − o(n^{−1}) there exists a maximum 3-matching.

Proof Follow from Theorem 3 and the proof of Lemma 2. 2

Lemma 4 Let B be a random bipartite graph G^n_{8 ,}^n_{2 ,p1} where p_1 = 3(1 + ϵ) ln n/n. Then with probability 1 − o(n^{−1}), there exists a 2-matching of size^n_8 − 1 .

Proof Let V_1, V_2 be the two vertex sets such that |V_1| =^n_8 , |V_2| =^n_2 . It is sufficient to show with probability 1 − o(n^{−1}), ∀U ⊆ V_1, |N(U)| ≥ 2|U| − 1. By Theorem 2 and Theorem 3, we will have a 2-matching of size at least^n_8 − 1 .

The probability of failure can be bounded as Pr[ ∃U ⊆ V_1, |U| ≥ 2, such that |N(U)| ≤ 2|U| − 2] ≤ n/8∑ i=2 ( n/8 i )( n/2 2i − 2 ) p^{3i−3}(1 − p_1)^{i(n/2−2i+2)} ≤ C ( n/8 2 )( n/2 2 ) p^3(1 − p_1)^{2(n/2−2)} = Cn ln^3 ne^{−3 ln n} = Õ(n^{−2}).

Thus at most one vertex will be left unmatched. This completes the proof of the Lemma. 2 Let this vertex be ω, now consider the other two vertices which share the same parent as ω. Let E_i (i = 1, 2) be the events that one of the two nodes can be 2-matched to the remaining^n_4 + 2 nodes. Since the edge slots are uncoditioned, the probability that they will both fail is bounded by, ( (1 − p_1)^{n4 +2} + (n 4 + 2 1 ) p_1(1 − p_1)^{n4 +1}

)_2 = O(n^{−1.5}). Thus a perfect 2-matching can be constructed with probability at least 1 − o(n^{−1}).

Part 2. Almost perfect 1-matching and the iterative step.

We now consider completing the optimal broadcast tree by finding a perfect 1-matching with probability at least 1 − o(n^{−1}).

– 9 –

First, we show that an almost perfect 1-matching can be constructed with probability 1 − o(n^{−1}), i.e. at most one node will be unmatched in G^1. Notice that we have to match^n_4 nodes to^n_4 slots where each slot has two nodes, thus it is equivalent to think that the edge probability between the^n_4 nodes and^n_4 slots is 2p_1. We have the following lemma,

Lemma 5 Let B(V_1, V_2) be a random bipartite graph G^n_{4 ,}^n_{4 ,2p1} where p_1 = 3(1 + ϵ) ln n/n. Then

(i) with probability 1 − o(n^{−1}), there exists an 1-matching of size at least^n_4 − 1, (ii) with probability 1 − o(n^{−0.5}), there exists a perfect 1-matching. (iii) Pr[ there exists exactly one isolated vertex |B does not have a perfect 1-matching] = 1 − o(n^{−1}). Proof Let E_1 be the event that B does not have a perfect matching, E_2 be the event that B does not have a matching of size^n_4 − 1 and E_3 be the event that B has exactly one isolated vertex. Follow from Theorem 3, the probability that B does not have a matching of size^n_4 − 1 is at most, Pr[E_2] ≤ Pr[∃U ⊆ V_1, |N(U)| < |U| − 1] ≤ n 4∑ i=2 Pr[∃|U| = i, |N(U)| < |U| − 1]

≤ n 4∑ i=2 ( n 4 i )( n 4 i − 2 ) p^{2i−4}_2 (1 − p_2)^{i( n4 −i+2)}

≤ (1 + o(n^{−0.5})) ( n 4 2 ) (1 − p_2)^{i n4} ≤ o(n^{−1}) This proved (i), and (ii) can be proved in the similar way by replacing |N(U)| < |U|− 1 with |N(U)| < |U|. To show (iii), since

Pr[E_1] ≤ n/4∑ i=1 Pr[∃|U| = i, |N(U)| = i − 1] = (1 + o(n^{−2}))Pr[∃v ∈ V_1, |N(v)| = 0]

= (1 + o(n^{−2})) n/4∑ j=1 Pr[∃ exactly j isolated nodes in V_1] ≤ (1 + o(n^{−2}))(1 + o(n^{−1}))Pr[∃ exactly one isolated nodes in V_1] = (1 + o(n^{−1}))Pr[E_3],

– 10 –

therefor we have

Pr[E_3|E_1] =

Pr[E_3 ⋀ E_1] Pr[E_1] = Pr[E_3] Pr[E_1] = (1 − o(n^{−1})).

This completes the proof of this Lemma. 2

Thus we can claim that if a perfect 1-matching is not found, then almost surely (with probability 1 − o(n^{−0.5}). there will be exactly one isolated vertex left unmatched. Let s be the unmatched node and (t_1, t_2) be the unmatched slot, M_3 = {(w_i; x_i, y_i, z_i)| 1 ≤ i ≤^n_{16} } be the 3-matching constructed in Part 2 and M_2 = {(p_i; q_i, r_i)|1 ≤ i ≤^n_8 } be the 2-matching constructed in Part 2. W.l.o.g., assume that x_i = p_i, ∀i, 1 ≤ i ≤^n_{16} ; y_i (1 ≤ i ≤^n_{16} ) and q_i (1 ≤ i ≤^n_8 ) are not used in the 1-matching.

Corollary 1 Given that there is an unmatched vertex s after the 1-matching, then with probability 1 − o(n^{−1}), s has a neighbor in W ∪ P in G^1 where W = {w_i| 1 ≤ i ≤^n_{16} } and P = {p_i| 1 ≤ i ≤^n_8 }.

We need to show that s can be matched with probability at least 1 − o(n^{−0.5}), since these two stages are independent events, the probability that they both fail is o(n^{−1}), which will be sufficient for the completion of Theorem 4.

We consider the following iterative procedure. Let R be the set of the remaining nodes after the 2-matching is constructed , V_1 = W ∪ P ∪ {z_i|1 ≤ i ≤^n_{16} } ∪ {r_i|1 ≤ i ≤^n_8 } and V_2 = {y_i|1 ≤ i ≤^n_{16} } ∪ {q_i|1 ≤ i ≤^n_{16} } ∪ R\{s}. It is easy to check the following fact:

If there exists an alternating path s = u_0 → v_0 → u_1 · · · → v_k → u_{k+1} → t where u_i ∈ V_2, v_i ∈ V_1, (u_i, v_i) ∈ E, (v_i, u_{i+1}) ∈ E and t = t_1 or t_2, then the size of the matching can be increased by one, thus we will get a perfect 1-matching.

To circumvent the conditioning on G^1, we use random bipartite graph G^2 during the iterative step. Recall that p_2 = (1 + ϵ)(γ − 3) ln n/n.

Lemma 6 Let B(V_1, V_2) be a random bipartite graph G 3n_{8 ,} 3n_{8 ,p2} , then with probability 1 − o(n^{−ncϵ} ) where c > 0 is a fixed constant, the largest connected component of B, C_B has at least (1 − o(n^{− 3(γ}

�3)_8 ))^{3n}_4 many vertices.

Proof Let C_1, C_2, . . . , C_l be the connected components of B in the decreasing order of their size. Assume that |C_1| ≥^{3n}_8 , the case that |C_1| <^{3n}_8 can easily been shown by adding smaller components until the union has size bigger than^{3n}_8 . Let |C_2 ∪ C_3 ∪ · · · ∪ C_l| = t_1 + t_2

– 11 –

where t_i denote the number of nodes in V_i (i = 1, 2).

Pr[B has a disjoint component which has t_1 nodes in V_1, t_2 nodes in V_2] ≤ (_3n 8 t_1 )(_3n 8 t_2 ) (1 − p_2)^{t1( 3n8 −t2)+t2( 3n8 −t1)} ≤ (cn)^{t1+t2} t^{t1}_1 t^{t2}_2 e^{− 3n8 (t1+t2)p2} ≤ ( 2cn^{1−3(γ−3)(1+ϵ)/8} t_1 + t_2

)t_{1+}t_2 , = o(n^{−ϵn1/2} ), by taking t_1 +t_2 ≥ n^{1−3(γ−3)(1+ϵ/2)/8}. Therefor almost surely the largest connected component of B is of size (1 − o(n^{− 3(γ}

�3)_8 ))^{3n}_4 . 2 Let V (C_B) be the vertex set of C_B, then

Lemma 7 With probability 1−o(n^{− 3(γ}

�3)_4

), s has a neighbor in V (C_B)∩V_1 and one of {t_1, t_2} is connected to V (C_B) ∩ V_2.

Proof To show that s is connected to some node in T_1 given that it is the only unmatched node in the 1-matching, we consider the following two events. By Corollary 1, with probability 1 − o(n^{−1}) it has a neighbor in T_1 in G^1. Since the largest connected component C_B if of size (1−o(n^{− 3(γ}

�3)_8 ))^{3n}_4 , the probability that the neighbor does not belong to V_1(C_B) is o(n^{− 3(γ}

�3)_8 ). On the other hand, the probability that s does not have a neighbor in V_1(C_B) in G^2 is at most, (1 − p_2)^{(1−o(n}

�3(γ�3)/8_{))} 3n_8 ≤ e^{(1−o(n} �3(γ�3)/8_{))(−3(1+ϵ)(γ−3) ln n/8)} = o(n^{−3(γ−3)/8}). Since these two events are independent, the probability that s does not have a neighbor in V_1(C_B) is o(n^{−3(γ−3)/4}).

It is similar to show that with probability 1 − o(n^{−3(γ−3)/4}), one of t_1, t_2 has a neighbor in V_2(C_B). We omit the simple detail here. 2

CLAIM 2 The probability that s can not be matched using the alternating path is o(n^{−3(γ−3)/4}).

Proof Let n_s ∈ V_1(C_B) be the neighbor of s and n_t ∈ V_2(C_B) be the neighbor of t_1 or t_2. Since C_B is a connected component, there is a path ϱ from n_s to n_t. Obviously

– 12 –

augment through path s → ϱ → t_1 or t_2 will increase the size of the matching by 1. And the probability that this will fail is o(n^{−3(γ−3)/4}). 2

Thus with probability o(n^{−3(γ−3)/4}) = o(n^{−0.6}) , s will fail to be matched during the iterative stage. Since the probability that a perfect 1-match exists in G^1 is at least 1−o(n^{−0.5}), with probability 1 − o(n^{−1}) an optimal broadcast tree could be constructed. This completes the proof of Theorem 4.

Acknowledgement: The author thanks Alan Frieze for bringing this problem to his attention and many helpful discussions and corrections, Jonathan Aronson for sharing his insights.

References

[1] J.-C.Bermond, L.Gargano, A.Rescigno and U.Vaccaro, Fast Gossiping by Short Messages, Proceeding of 21st Internaional Workshop on Graph-Theoretic Concepts in Computer Science. 135-146 1995.

[2] B.Birchler, A.-H. Esfahania and E.Torng, Toward a General Theory of Unicast-Based Multicast Communication, Proceeding of 21st Internaion Workshop on Graph-Theoretic Concepts in Computer Science. 237-251 1995.

[3] B.Bollobas, Random Graphs, Academic Press, New York/ Lond, 1985.

[4] J.Bondy and U.Murty, Graph Theory with Applications. American Elsevier, New York 1976.

[5] P.Fraigniaud, S.Vial, Approximation algorithms for information dissemination problems, RR 95-15, Laboratoire de l’Informatique du Parallélisme, Ecole Normale Supérieure de Lyon, 1995.

[6] P.Erdös, A.Rényi, On random matrices, Publ.Math.Inst.Hungary Academy of Science.8 (1964) 455-461.

[7] A.M.Frieze and C.McDiarmid, Algorithmic Theory of Random Graphs. To appear. 1996.

[8] A.M.Frieze, M.Molloy, Broadcasting in random graphs. Discrete Applied Mathematics 54 (1994) 77-79.

[9] A.Gerbessiotis, Broadcasting in random graphs, Discrete math., to appear.

[10] R.Ravi, Rapid rumor ramification: approximating the minimum broadcast time. 35-th Symposium on Foundation of Computer Science, 202-213, 1994.

[11] E.Scheinerman, J.Wierman, Optimal and near-optimal broadcasting in random graphs, Discrete Applied Math.25 (1989)289-297.