DIMACS Technical Report 96-05 February 1996

Subpolytopes of Cyclic Polytopes by Tibor Bisztriczky^1 Department of Mathematics University of Calgary Calgary, Alta. T2N 1N4 Canada tbisztri@math.ucalgary.ca and Gyula Károlyi^{2,3} School of Mathematics Institute for Advanced Study Princeton, NJ 08540 U.S.A.

karolyi@math.ias.edu

1Supported by the Natural Sciences and Engineering Research Council of Canada. 2DIMACS Postdoctoral Fellow.

3Supported by the Alfred Sloan Foundation and by NSF grant DMS-9304580.

DIMACS is a cooperative project of Rutgers University, Princeton University, AT&T Bell Laboratories and Bellcore.

DIMACS is an NSF Science and Technology Center, funded under contract STC–91–19999; and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

A remarkable result of I. Shemer [4] states that the combinatorial structure of a neighbourly 2m-polytope determines the combinatorial structure of each of its subpolytopes. From this, it follows that every subpolytope of a cyclic 2m-polytope is cyclic. In this note, we present a direct proof of this consequence that also yields that certain subpolytopes of a cyclic (2m + 1)-polytope are cyclic.

1 Introduction

Let P be a (convex) d-polytope in IE^d. The combinatorial structure, or face lattice, of P is the collection of all faces of P ordered by inclusion. We recall that the face lattice of P is completely determined by the set of facets of P , and that two polytopes are combinatorially equivalent if their face lattices are isomorphic. Next, a facet system of P is a pair (F, X) where X is a finite set, F ⊆ 2^X and there is a bijection f : X −→ vert(P ) such that {conv({f(v) | v ∈ X0}) | X0 ∈ F} is the set of facets of P . A subpolytope of P is the convex hull of a subset of its vertex set. For other elementary properties of P , we refer to [2].

A d-polytope P is neighbourly if every [d/2] vertices of P determine a face of P . A well known family of neighbourly d-polytopes are the cyclic d-polytopes.

Let C(n, d) denote the convex hull of n points on the moment curve x(t) = (t, t^2, . . . , t^d) in IE^d, say,

C(n, d) = conv({x(t_i) | t_1 < t_2 < . . . < t_n in IE^1, n ≥ d + 1}) .

A polytope that is combinatorally equivalent to some C(n, d) is called a cyclic d-polytope.

Let C be a cyclic d-polytope with the vertex set V = {v_1, v_2, . . . , v_n}. From the combinatorial equivalence to C(n, d), we obtain (see [1]) that C is simplicial and that there is a total ordering of V , say, v_1 < v_2 < . . . < v_n and called a vertex array, that satisfies Gale’s Evenness Condition (GEC): a d element subset Y of V determines a facet of C if and only if any two vertices of V \Y are separated in the vertex array by an even number of elements of Y . We note that if d is even (odd) then v_i < v_{i+1} < . . . < v_n < v_1 < . . . < v_i�_1 (v_n < v_n�_1 < . . . < v_1) also satisfies GEC for any 2 ≤ i ≤ n.

For the sake of simplicity, we say that C is cyclic with v_1 < v_2 < . . . < v_n if that vertex array of C satisfies GEC. Let C0 = conv(V 0), V 0 ⊂ V , be a subpolytope of C. We say that

C0_{is cyclic with v1 < v2 < . . . < vn if that vertex array induces one of C}0_{that satisfies}

GEC. Finally, we say that v_i and v_{i+1} are successive vertices in v_1 < v_2 < . . . < v_n.

As noted above, we wish to present a direct proof of the following result.

Theorem. Let C be a cyclic d-polytope with the vertex array v_1 < v_2 < . . . < v_n, n ≥ d + 1 ≥ 4. If d is even (odd) then every subpolytope of C (that contains v_1 and v_n) is cyclic with v_1 < v_2 < . . . < v_n.

The following consequence of the theorem is of particular interest in the light of a result of B. Sturmfels [5] that states that if every subpolytope of a cyclic d-polytope C is cyclic with respect to the original vertex array then there is an arc of order d in IE^d that contains the vertices of C.

Corollary. Let d ≥ 3 be odd and let C be a cyclic d-polytope with vertex array v_1 < v_2 < < . . . < v_n, n ≥ d + 1. If for every 1 ≤ i < j ≤ n, conv({v_i, v_{i+1}, . . . , v_j }) is cyclic with v_1 < v_2 < . . . < v_n then every subpolytope of C is cyclic with v_1 < v_2 < . . . < v_n.

2 The proof

We note first that if every subpolytope of C that has at least d + 1 vertices (and contains v_1 and v_n when d is odd) is a cyclic d-polytope then for 0 ≤ k < d, every k-subpolytope of C (that contains v_1 and v_n when d is odd) is a k-simplex, and hence cyclic. Accordingly; we may asume that n ≥ d + 2, and we need only to verify that the dsubpolytope C_i = conv({v_1, . . . , v_i�_1, v_{i+1}, . . . , v_n}), with 1 < i < n for d odd and v_0 = v_n, v_{n+1} = v_1 for d even, is cyclic with v_1 < v_2 < . . . < v_n.

We recall the following elementary fact from [3] or [6], Ex. 2.8.

Proposition. If (F, X) and (F0, X) are facet systems of convex d-polytopes then F ⊆ F0 implies F = F0.

Let V = {v_1, v_2, . . . , v_n}, and Z ⊂ V \ {v_i} be a d element set that satisfies the evenness part of GEC with v_1 < . . . < v_i�_1 < v_{i+1} < . . . < v_n. In view of the Proposition, we need only to show that conv(Z) is a facet of C_i. Since this is immediate if conv(Z) is a facet of C, we assume that it is not a facet of C.

Since v_i ∉ Z and Z satisfies the evenness part of GEC with v_1 < . . . < v_i�_1 < v_{i+1} < . . . < v_n but not with v_1 < . . . < v_i�_1 < v_i < v_{i+1} < . . . < v_n, it is easy to check that {v_i�_1, v_{i+1}} ⊂ Z and that both (Z \ {v_{i+1}}) ∪ {v_i} and (Z \ {v_i�_1}) ∪ {v_i} satisfy the evenness part of GEC with v_1 < . . . < v_i�_1 < v_i < v_{i+1} < . . . < v_n.

Let W = Z \ {v_i�_1, v_{i+1}}, Y_i�_1 = W ∪ {v_i�_1} and Y_{i+1} = W ∪ {v_{i+1}}. Since C is simplicial and F_j = conv(Y_j ∪{v_i}), j ∈ {i−1, i+1}, is a facet of C, we obtain that aff(W ) is a (d − 3)-flat and aff(Y_j ) is a (d − 2)-flat of IE^d. Thus, H = aff(Z) is a hyperplane of IE^d.

The central notion of the proof is the following lemma.

Lemma. Let F = conv(W ∪ {v_k, v_l}) be a facet of C such that F ∩ {v_i�_1, v_i, v_{i+1}} = ∅. Then H ∩ conv({v_k, v_l}) = ∅.

Proof. By way of contradiction, we suppose that there is a point p ∈ H ∩ conv({v_k, v_l}). Since W is a (d − 3)-flat and aff(F ) is a (d − 1)-flat, we conclude that p ∉ W .

We note that aff(Y_j ) = H ∩ aff(F_j ) and that aff(F_j ) is a supporting hyperplane of C for j ∈ {i − 1, i + 1}. Thus, it follows that H ∩ C is contained in a closed quarterspace S of H bounded by aff(Y_i�_1) and aff(Y_{i+1}). Then p ∈ S and either the (d − 2)-flat aff(W ∪ {p}) strictly separates v_i�_1 and v_{i+1} in H or p ∈ aff(Y_i�_1) ∪ aff(Y_{i+1}). Since the former yields that aff(F ) strictly separates v_i�_1 and v_{i+1}, and so F is not a facet of C, it follows that p ∈ aff(Y_i�_1), say. But then v_i�_1 ∈ aff(W ∪ {p}) ⊂ aff(F ) and v_i�_1 ∈ F , a contradiction.

Returning to the Theorem, we assume first that d is even. Next, because of the cyclic nature of the vertex array, we assume without loss of generality that i = n. Then Z = ∪^m_{j=1}Z_j ⊂ {v_1, . . . , v_n�_1} where m ≥ 2 and each Z_j is a maximal set of successive vertices of C in Z. With v_k < v_l for v_k ∈ Z_k, v_l ∈ Z_l and k < l, we note that |Z_1| and |Z_m| are odd, and |Z_j | is even for 1 < j < m. As v_1 ∈ Z_1, v_n�_1 ∈ Z_m and W = Z \ {v_1, v_n�_1}, it is clear that conv(W ∪ {v_k, v_{k+1}}) is a facet of C whenever W ∩ {v_k, v_{k+1}} = ∅. Next, if Z_j = {v ∈ V | v_k < v < v_l} for some 1 < j < m then it is also clear that conv(W ∪{v_k, v_l}) is a facet of C. A repeated application of the Lemma now yields that {v_1, . . . , v_n�_1} is contained in one of the closed half-spaces of IE^d bounded by H. Thus, H supports C_n and conv(Z) is indeed a facet of C.

We argue similarly when d is odd.

Remark 1. Let d ≥ 3 be odd and let n ≥ d+3. Then there exists a cyclic d-polytope with vertex array v_1 < v_2 < . . . < v_n such that for every V 0 ⊂ {v_1, . . . , v_n}, {v_1, v_2} ⊄ V 0 and

|V 0_{| ≥ d + 2, conv(V} 0_{) is a non-cyclic d-polytope. Such polytopes are easy to construct.}

Remark 2. A slightly different argument can be used to show that certain deformations of cyclic polytopes do not affect the cyclic property. In fact, our Theorem can be regarded as a ‘limit version’ of the following result, when u tends to v_{i+1}.

Theorem’. Suppose that the vertex array v_1 < v_2 < . . . < v_n satisfies GEC in IE^d, d ≥ 3. If u is an inner point of conv({v_i, v_{i+1}}) for some 1 ≤ i < n (2 ≤ i < n when d is odd) then the vertex array v_1 < . . . v_i�_1 < u < v_{i+1} < . . . < v_n also satisfies GEC in IE^d.

Proof (sketch). Let V = {v_1, . . . , v_n}, V 0 = V \ {v_i} ∪ {u}, and C0 = conv(V 0) ⊂ conv(V ) = C. Let Z ⊂ V 0 be a d element set that satisfies the evenness part of GEC with v_1 < . . . < v_i�_1 < u < v_{i+1} < . . . < v_n. As in the previous proof, we need only to show that conv(Z) is a facet of C0. Since this is immediate if conv(Z) is a facet of C, we assume that u ∈ Z.

Let Z0 = Z \ {u} ∪ {v_i}. Then F_i�_1 = conv(Z0) is a facet of C. If v_{i+1} ∈ Z then aff(Z) = aff(Z0) and conv(Z) is indeed a facet of C0. Suppose therefore that v_{i+1} ∉ Z. Then v_i�_1 ∈ Z, with v_0 = v_n when d is even. To utilize the notation of the previous proof, let W = Z \ {v_i�_1, u}, Y_i�_1 = W ∪ {v_i�_1}, Y_{i+1} = W ∪ {u}, F_{i+1} = conv({W ∪ {v_i, v_{i+1}}) and H = aff(Z). Then the affine subspaces aff(W ), aff(Y_j ) (j ∈ {i − 1, i + 1}) and H have, again, dimension d − 3, d − 2 and d − 1, respectively.

Now we are ready to state the following counterpart of the Lemma.

Lemma’. Let F = conv(W ∪ {v_k, v_l}) be a facet of C such that F ∩ {v_i�_1, v_i} = ∅. Then H ∩ conv({v_k, v_l}) = ∅.

The proof of Lemma’ is literally the same as that of the Lemma, if we substitute v_{i+1} by u throughout the proof. A difference emerges only when p ∈ aff(Y_{i+1}). But then aff(W ∪{p}) = aff(Y_{i+1}) ⊆ aff(F )∩aff(F_{i+1}) and either aff(F ) = aff(F_{i+1}) or aff(F ) strictly separates v_i and v_{i+1}, a contradiction in either case.

The remaining part of the proof follows as for the Theorem, and we leave the details to the reader. We note only that the statement is not true when d is odd and i = 1.

References

[1] D. Gale, Neighborly and cyclic polytopes. In: Convexity, V. Klee, ed., Proc. Symp.

Pure Math. 7, 225–232 (1963).

[2] B. Grünbaum, Convex Polytopes. Interscience, London 1967. [3] V. Klee and G.J. Minty, How good is the simplex algorithm? In: Inequalities III, O. Shisha, ed., 159–175, Academic Press, New York 1972.

[4] I. Shemer, Neighborly polytopes. Israel J. Math. 43, 291–314 (1982). [5] B. Sturmfels, Cyclic polytopes and d-order curves. Geom. Ded. 24, 103–107 (1987).

[6] G.M. Ziegler, Lectures on Polytopes. GTM 152, Springer 1995.