DIMA

CS T ec hnical Rep ort 95-40

August 1995

Lo calizi ng a Rob ot with Minim um T rav el

1

b y

Gregory Dudek

;2

Researc h Cen tre for In telligen t Mac hines and Sc ho ol of Computer Science

McGill Univ ersit y , Mon tr � eal, Qu � eb ec, Canada H3A 2A7

dudek@cim.mcgill.ca

Kathleen Romanik

3 ; 4

DIMA

CS Cen ter for Discrete Mathematics and Theoretical Computer Science

Rutgers Univ ersit y , Piscata w a y , NJ 08855-1179

romanik@dimacs.rutgers.edu

Sue Whitesides

5

Researc h Cen tre for In telligen t Mac hines and Sc ho ol of Computer Science

McGill Univ ersit y , Mon tr � eal, Qu � eb ec, Canada H3A 2A7

sue@cs.mcgill.ca

1

An earlier version of this pap er app eared as a McGill University Scho ol of Computer Science

technical rep ort SOCS-94.5 in August 1994. Also, an abridged version app eared in the Pro ceedings

of the Sixth Annual ACM-SIAM Symp osium on Discrete Algorithms, pages 437-446, in January

1995.

2

Supp orted by NSERC research grants programme.

3

DIMACS University-Industry p ostdo ctoral fellow

4

Author also received supp ort from IRIS National Network of Centres of Excellence and NSERC

while at McGill University .

5

Supp orted by NSERC research grants programme.

DIMACS is a co op erative pro ject of Rutgers University

, Princeton University , A T&T Bell

Lab ora tories and Bellcore.

DIMACS is an NSF Science and T echnology Center, funded under contract STC{91 {19 99 9;

and also receiv es supp ort from the New Jersey Commission on Science and T echnology .

ABSTRA CT

W e consider the problem of lo calizing a rob ot in a known environmen t mo deled by a simple

p olygon P . W e assume that the rob ot has a map of P but is placed at an unknown lo cation

inside P . F rom its initial lo cation, the rob ot sees a set of p oints called the visibility p olygon

V of its lo cation. In general, sensing at a single p oint will not su�ce to uniquely lo calize

the rob ot, since the set H of p oints in P with visibilit y p olygon V may have more than

one element. Hence, the rob ot must move around and use range sensing and a compass to

determine its p osition (i.e. lo calize itself ). W e seek a strategy that minimizes the distance

the rob ot travels to determine its exact lo cation.

W e show that the problem of lo calizing a rob ot with minimum travel is NP-hard. W e

then give a p olynomial time approximation scheme that causes the rob ot to travel a distance

of at most (k � 1)d, where k = jH j and d is the length of a minimum length tour that would

allow the rob ot to verify its true initial lo cation by sensing. W e also show that this b ound

is the b est p ossible.

1 In tro duction

Numerous tasks for a mobile rob ot require it to have a map of its environment and knowledge

of where it is lo cated in the map. Determining the p osition of the rob ot in the environmen t

is known as the r ob ot lo c alization pr oblem. T o date, mobile rob ot research that supp oses

the use of a map generally assumes either that the p osition of the rob ot is always known,

or that it can b e estimated using sensor data acquired by displacing the rob ot only small

amounts [BR93, KMK93, T

A92 ]. However, self-similarities b etween separate p ortions of the

environment prevent a rob ot that has b een dropp ed into or activ ated at some unknown

place from uniquely determining its exact lo cation without moving around. This motiv ates

a search for strategies that direct the rob ot to travel around its environmen t and to collect

additional sensory data [BD90, KB87, DJMW93 ] to deduce its exact p osition.

In this pap er, we view the general rob ot lo calization problem as consisting of two phases:

hyp othesis generation and hyp othesis elimination. The �rst phase is to determine the set H

of hyp othetic al lo c ations that are consistent with the sensing data obtained by the rob ot at

its initial lo cation. The second phase is to determine, in the case that H contains two or

more lo cations (see Figure 1), which lo cation is the true initial p osition of the rob ot; i.e. to

eliminate the incorrect hyp otheses.

Ideally

, the rob ot should travel the minimum distance necessary to determine its exact

lo cation. This is b ecause the time the rob ot takes to lo calize itself is prop ortional to the dis-

tance it must travel (assuming sensing and computation time are negligible in comparison).

Also, the most common devices for measuring distance, and hence p osition, on actual mobile

rob ots are relativ e measurement to ols such as o dometers. Therefore, they yield imp erfect

estimates of orientation, distance and velo city

, and the errors in these estimates accumulate

disastrously with successive motions [Dav86]. Our strategy is well-suited to handling the

accumulation of error problem via simple recalibration, as we will p oint out later.

A solution to the hyp othesis generation phase of rob ot lo calization has b een given by

Guibas, Motwani and Raghav an in [GMR92]. W e describ e this further in the next section,

after making more precise the de�nitions of the two phases of rob ot lo calization. Our pap er

is concerned with minimizing the distance traveled in the hyp othesis elimination phase of

rob ot lo calization. It b egins where [GMR92] left o�. T ogether, the two pap ers give a solution

to the general rob ot lo calization problem.

In this pap er, we de�ne a natural algorithmic v ariant of the problem of lo calizing a

rob ot with minimum travel and show this v ariant is NP-hard. W e then solve the hyp othesis

elimination phase with what we call a gr e e dy lo c alization str ate gy. Our strategy causes the

rob ot to travel a distance that is b ounded ab ove by (k � 1)d, where k = jH j and d is the

length of a minimum length tour that allows the rob ot to verify its true initial p osition by

sensing. This is remark able in view of the fact that the length of this minimum length tour

{ 1 {

cannot b e determined without a priori knowledge of which hyp othetical lo cation in H is the

true one, and yet our strategy determines a path whose length is prov ably within a factor

k � 1 of the b est p ossible without access to such a priori knowledge. Thus our strategy can

b e seen as a (k � 1)-comp etitive on-line algorithm according to the notion of comp etitive

on-line algorithms intro duced by Sleator and T arjan [ST85], since the tour it generates is no

longer than k � 1 times the shortest tour. W e also show that any lo calization strategy that

do es not have a priori knowledge of which hyp othetical lo cation in H is the true one will

travel at least distance (k � 1)d in the worst case, so our strategy is the b est p ossible.

The rest of this pap er is organized as follows. In Section 2 we give a formal de�nition of the

rob ot lo calization problem, we de�ne some of the terms used in the pap er, and we comment on

previous work. In Section 3 we prove that given a solution set H to the hyp othesis generation

phase of the lo calization problem that contains more than one hyp othetical lo cation, the

hyp othesis elimination phase, which lo calizes the rob ot by using minimum travel distance,

is NP-hard. In Section 4 we de�ne the geometric structures that we use to set-up our greedy

lo calization strategy

. In Section 5 we give our greedy lo calization strategy and prove the

previously mentioned p erformance guarantee of k � 1 times optimum. Section 6 summarizes

and comments on op en problems.

2 Lo cali zatio n Through T ra v eling and Probing

In this section, we describ e our rob ot abstraction and give some key de�nitions.

The most common application domain for mobile rob ots is indo or \structured" environ-

ments. In such environments it is often p ossible to construct a map of the environmen t, and

it is acceptable to use a p olygonal approximation P of the free space [Lat91 ] as a map. A

common sensing metho d used by mobile rob ots is range sensing (for example, sonar sensing

or laser range sensing).

2.1 Assumptions ab out the rob ot

W e assume the following throughout this pap er.

� The rob ot is mobile and moves in a static 2-dimensional obstacle-free environment.

W e mo del the movemen t of the rob ot in the environment by a p oint p moving inside

and along the b oundary of an n-vertex p olygon P p ositioned somewhere in the plane.

{ 2 {

� The rob ot has the ability to make error-free motions b etween arbitrary lo cations in

the environment

1

.

� The rob ot has a map of its environment, i.e., it knows b oth P and the orientation of

P in the plane.

� The rob ot has a compass and a range sensing device. It is essential that the rob ot b e

able to determine its orientation (with the compass); otherwise it can never uniquely

determine its exact lo cation in an environment with non-trivial symmetry (such as a

square).

� At any time, the rob ot can make a set of observ ations from its current lo cation. The

observ ations at a particular lo cation determine a p olygon V of p oints that the rob ot

can see from that lo cation (see the next subsection for a de�nition of V ). The rob ot

also knows its lo cation in V .

� The rob ot’s sensor can detect the distances to those p oints on walls for which an

unobstructed straight line can b e drawn from the rob ot. This is analogous to what can

b e extracted by v arious real sensors such as laser range �nders.

In order to abstract the sensory interpretation pro cess, we de�ne a signatur e that the

rob ot will compute for its current lo cation, based on its observ ations. The particular de�-

nition of signature we will adopt is one that assures that there are only a �nite numb er of

signatures for all the p oints in P .

2.2 Some de�nitions and an example

Two p oints in P are visible to each other or se e each other if the straight line segment joining

them do es not intersect the exterior of P . The visibility p olygon V (p) for a p oint p 2 P is the

p olygon consisting of all p oints in P that are visible from p. W e denote by V the visibility

p olygon of the initial lo cation of the rob ot. The data receiv ed from a range sensing device

is mo deled as a visibilit y p olygon. Since there may b e more than one lo cation in P with

visibility p olygon V , we note that V = V (p) for one or more p oints p 2 P . The numb er of

vertices of V is denoted by m. Since the rob ot has a compass, we assume the representations

of P and V have a common reference direction.

W e break the general problem of lo calizing a rob ot into two phases as follows.

The Rob ot Lo calization Problem

1

In practice, p osition estimation errors accrue in the execution of such motions; however the strategy we

present here is exceptionally well suited to v arious metho ds for limiting these errors using sensor feedback

(see Section 5.1).

{ 3 {

Hypothesis Genera tion: Given P and V , determine the set H of all p oints p

i

2 P such

that the visibility p olygon of p

i is exactly V (i.e. V (p

i

) = V ).

Hypothesis Elimina tion: Devise a strategy by which the rob ot can correctly eliminate

all but one hyp othesis from H , thereby determining its exact initial lo cation. Ideally

, the

rob ot should travel a distance as small as p ossible to achieve this.

As previously mentioned, the hyp othesis generation phase has b een solved by Guibas,

Motwani and Raghav an. W e describ e their results in the next subsection. This pap er is

concerned with the hyp othesis elimination phase.

Consider the example illustrated in Figure 1. Imagine the rob ot knows the map p olygon

P of its environment and the visibility p olygon V representing what it can \see" in the

environment from its present lo cation. Supp ose also that it knows that P and V should b e

oriented as shown. The black dot represents the rob ot’s p osition in the visibility p olygon.

By examining P and V , the rob ot can determine that it is at either p oint p

1 or p oint p

2

in P , i.e. H = fp

1

; p

2 g. It cannot distinguish b etween these two lo cations b ecause V (p

1

) =

V (p

2

) = V . However, by traveling out into the \hallway" and taking another prob e, the

rob ot can determine its lo cation precisely .

Figure 1: Given a map p olygon P (left) and a visibility p olygon V (center), the rob ot must

determine which of the 2 p ossible initial lo cations p

1 and p

2

(right) is its actual lo cation in

P .

An optimal strategy for the hyp othesis elimination phase would direct the rob ot to follow

an optimal veri�cation tour, de�ned as follows.

De�nition. A veri�c ation tour is a tour along which a rob ot that knows its p osition a priori

can travel to verify this information by probing and then return to its starting p osition. The

tour need not b e generated by any particular strategy

. An optimal veri�c ation tour is a

veri�cation tour of minimum length d.

Since we do not assume a priori knowledge of which hyp othetical lo cation in H is correct,

{ 4 {

an optimal veri�cation tour for the hyp othesis elimination phase cannot b e pre-computed.

F or this reason, we seek an interactiv e probing strategy to lo calize the rob ot. In each step

of such a strategy

, the rob ot uses its range sensors to compute the visibility p olygon of its

present p osition, and from this information decides where to move next to make another

prob e. T o b e precise, the typ e of strategy we seek can b e represented by a lo calizing decision

tree, de�ned as follows.

De�nition. A lo c alizing de cision tr e e is a tree consisting of two kinds of no des and two

kinds of weighted edges. The no des are either sensing no des (S-no des) or reducing no des

(R-no des), and the no de typ es alternate along any path from the ro ot to a leaf. Thus tree

edges directed down the tree either join an S-no de to an R-no de (SR-edges), or join an

R-no de to an S-no de (RS-edges).

� Each S-no de is asso ciated with a p osition de�ned relative to the initial p osition of the

rob ot. The rob ot may b e instructed to prob e the environment from this p osition.

� Each R-no de is asso ciated with a set H

0

� H of hyp othetical initial lo cations that have

not yet b een ruled out. The ro ot is an R-no de asso ciated with H , and each leaf is an

R-no de asso ciated with a singleton hyp othesis set.

� Each SR-edge represents the computation that the rob ot do es to rule out hyp otheses

in light of the information gathered at the S-no de end of the edge. An SR-edge do es

not represent physical travel by the rob ot and hence has weight 0.

� Each RS-edge has an asso ciated path de�ned relative to the initial lo cation of the

rob ot. This is the path along which the rob ot is directed to travel to reach its next

sensing p oint. The weight of an RS-edge is the length of its asso ciated path.

Since we want to minimize the distance traveled by the rob ot, we de�ne the weighted

height of a lo calizing decision tree as follows.

De�nition. The weight of a ro ot-to-leaf path in a lo calizing decision tree is the sum of

the weights on the edges in the path. The weighte d height of a lo calizing decision tree is

the weight of a maximum-weight ro ot-to- leaf path. An optimal lo c alizing de cision tr e e is a

lo calizing decision tree of minimum weighted height.

In the next section, we show that the problem of �nding an optimal lo calizing decision

tree is NP-hard.

W e call a lo calization strategy that can b e asso ciated with a lo calizing decision tree a

lo c alizing de cision tr e e str ate gy. As an example of such a strategy

, consider the map p olygon

P shown on the left in Figure 2.

{ 5 {

p

1

p

00

1 p

2

p

00

2 p

3

p

00

3 p

4

p

00

4 p

0

1 p

0

2 p

0

3 p

0

4

Go west d

1

Go south d

2

Go south d

3 fp

1

; p

2

; p

3

; p

4 g

fp

0

3

; p

0

4 g fp

0

1

; p

0

2 g

fp

00

1 g fp

00

2 g fp

00

4 g fp

00

3 g

Figure 2: A map p olygon and 4 hyp othetical lo cations fp

1

; p

2

; p

3

; p

4 g (left) with a lo calizing

decision tree for determining the true initial p osition of the rob ot (right).

Imagine that from the visibility p olygon sensed by the rob ot at its initial lo cation it is

determined that the set of hyp othetical lo cations is H = fp

1

; p

2

; p

3

; p

4 g. Hence the ro ot of

the lo calizing decision tree (shown on the right in Figure 2) is asso ciated with H . In the

�gure, the SR-edges are lab eled with the visibility p olygons seen by the rob ot at the S-no de

endp oints of these edges. Assuming that north p oints straight up, the strategy given by the

tree directs the rob ot �rst to travel west a distance d

1

, which is the distance b etween p

i and

p

0

i

, for 1 � i � 4. This p ositions the rob ot at one of p

0

1

, p

0

2

, p

0

3 or p

0

4

. The strategy then directs

the rob ot to take another prob e at its new lo cation. This is represented by an S-no de in the

decision tree. Dep ending on the outcome of the prob e, the rob ot knows it is lo cated either at

one of fp

0

1

; p

0

2 g or at one of fp

0

3

; p

0

4 g. If it is lo cated at p

0

1 or p

0

2

, then the strategy directs it to

travel south a distance d

2

, which is the distance b etween p

0

1 and p

00

1

(and b etween p

0

2 and p

00

2

),

to a p osition just past the dotted line segment shown in P . By taking a prob e from b elow

this line segment, it will b e able to see the vertex at the end of the segment if it is at lo cation

p

00

1

, and it will not see this vertex if it is at lo cation p

00

2

. Thus after this prob e it will b e able

to determine its unique lo cation in P . Similarly

, if the rob ot is lo cated at p

0

3 or p

0

4

, then the

strategy directs it to travel south a distance d

3

(which is the distance b etween p

0

3 and p

00

3 and

also b etween p

0

4 and p

00

4

) to either p

00

3 or p

00

4 and to take another prob e, determining its initial

p osition. The farthest that the rob ot must travel to determine its lo cation is d

1

+ d

3

, so the

weighted height of this decision tree is d

1

+ d

3

.

{ 6 {

2.3 Previous w ork

Previous work on rob ot lo calization by Guibas, Motwani, and Raghav an in [GMR92] showed

how to prepro cess a map p olygon P so that given the visibility p olygon V that a rob ot sees,

the set of p oints in P whose visibilit y p olygon is congruent to V , and oriented the same

way , can b e returned quickly

. Their algorithm prepro cesses P in O (n

5

log n) time and O (n

5

)

space, and it answers queries in O (m + log n + k ) time, where n is the numb er of vertices of

P , m is the numb er of vertices of V , and k is the size of the output (the numb er of places in

P at which the visibilit y p olygon is V ). They also showed how to answer a single lo calization

query in O (mn) time with no prepro cessing.

Kleinb erg [Kle94b] has indep endently given an interactive strategy for lo calizing a rob ot

in a known environment. As in our work, he seeks to minimize the ratio of the distance

traveled by the rob ot using his strategy to the length of an optimal veri�cation path. The

worst-case v alue of this ratio over all starting p oints is called the c omp etitive r atio of the

strategy

, in the sense of on-line algorithms [ST85 ]. If the rob ot travels a distance no more

than k times the length of an optimal veri�cation path, then the strategy can b e called

k -c omp etitive.

Kleinb erg’s mo del di�ers from ours in several ways. First of all, he mo dels the rob ot’s

environment as a geometric tree rather than a simple p olygon. A ge ometric tr e e is a pair

(V ; E ), where V is a �nite p oint set in R d

and E is a set of line segments whose endp oints

all lie in V . The edges E do not intersect except at p oints of V and do not form cycles.

Kleinb erg only considers geometric trees with b ounded degree �. Also, his rob ot can make

no use of vision other than to know the orientation of all edges incident to its current lo cation.

Using this mo del, Kleinb erg gives an O (n

2=3

)-comp etitive algorithm for lo calizing a rob ot in

a geometric tree with b ounded degree �, where n is the numb er of br anch vertic es (vertices

of degree greater than 2) of the tree.

The comp etitive ratio of Kleinb erg’s algorithm app ears to b e b etter than the lower b ound

illustrated by Figure 10 in Section 5.3. However, if this map p olygon were mo deled as

geometric tree it would have degree n, where n is the numb er of branch vertices, rather than

a constant degree, and the distance traveled by a rob ot using Kleinb erg’s algorithm can b e

linear in the degree of the tree. If Kleinb erg’s algorithm ran on this example, it would only

execute Step 1, which p erforms a spiral search, and it would cause the rob ot to travel a

distance almost 4n times the length of an optimal veri�cation path. Our algorithm causes

the rob ot to travel a distance less than 2n times the length of an optimal veri�cation path

on this example. Our algorithm is similar to Step 3 of Kleinb erg’s algorithm, and he gives

a lower b ound example (in Figure 3 of his pap er) illustrating that an algorithm using only

Steps 1 and 3 of his algorithm is no b etter than O (n)-comp etitive. However, this example

do es not apply to our mo del since the rob ot in our mo del has the ability to see to the end

of the hallway and lo calize itself using its distance to the end.

{ 7 {

Other theoretical work on lo calizing a rob ot in a known environment has also b een done.

Betke and Gurvits [BG94 ] gave an algorithm that uses the angles subtended by landmarks

in the rob ot’s environment to lo calize a rob ot. Their algorithm runs in time linear in the

numb er of landmarks, and it assumes that a corresp ondence is given b etween each landmark

seen by the rob ot and a p oint in the map of the environmen t. Avis and Imai [AI90] also

investigated the problem of lo calizing a rob ot using angle measurements, but they did not

assume any corresp ondence b etween the landmarks seen by the rob ot and p oints in the

environment. Instead they assumed that the environment contains n identical markers, and

the rob ot takes k angle measurements b etween an unknown subset of these markers. They

gave p olynomial time algorithms to determine all v alid placements of the rob ot, b oth in the

case where the rob ot has a compass and where it do es not. In addition they showed that

with p olynomial-time prepro cessing lo cation queries can b e answered in O (log n) time.

Theoretical work with a similar avor to ours has also b een done on navigating a rob ot

in an unknown environment. In this work a p oint rob ot must navigate from a p oint s to a

target t, which is either a p oint or an in�nite wall, where the Euclidean distance from s to

t is n. There are obstacles in the scene, which are not known a priori, but which the rob ot

learns ab out only as it encounters them. The goal is to optimize (i.e. minimize) the ratio of

the distance traveled by the rob ot to the length of a shortest (obstacle-free) path from s to

t. As with lo calization strategies, this ratio is called the comp etitive ratio of the strategy

. If

a dynamic navigation strategy always reaches the target t by traveling a distance no more

than k times the length of the shortest path, then the strategy is called k -comp etitive.

Papadimitriou and Y annak akis [PY91] gave a strategy for navigating b etween two p oints,

where all obstacles are unit squares, that achieves a comp etitiv e ratio of 1.5, which they show

is optimal. F or squares of arbitrary size they gave a strategy achieving a ratio of p

26 =3.

They also showed, along with Eades, Lin and W ormald [EL

W93 ], that when t is an in�nite

wall and the obstacles are oriented rectangles, there is a lower b ound of ( p

n) on the ratio

achiev able by any strategy .

Blum, Raghav an and Schieb er [BRS91] gave a strategy that matched the ( p

n) lower

b ound for navigating b etween two p oints with oriented, rectangular obstacles. Their strategy

combines strategies for navigating from a p oint to an in�nite wall and from a p oint on the

wall of a ro om to the center of the ro om, with comp etitiv e ratios of O ( p

n) and O (2 p

3 log n

)

resp ectively .

Several p eople have studied the problem of navigating from a vertex s to a vertex t inside

an unknown simple p olygon. They assume that at every p oint on its path the rob ot can

get the visibility p olygon of that p oint. Klein [Kle92] proved a lower b ound of p

2 and gave

a strategy achieving a ratio of 5:72 for the class of street p olygons. A str e et is a simple

p olygon such that the clo ckwise chain L and the counterclo ckwise chain R from s to t are

mutually weakly visible. That is, every p oint on L is visible to some p oint on R and visa

versa. Kleinb erg [Kle94a] gave a strategy that improved Klein’s ratio to 2 p

2 , and Datta

{ 8 {

and Icking [DI94] gave a strategy with a ratio of 9.06 for a more general class of p olygons

called gener alize d str e ets, where every p oint on the b oundary is visible from a p oint on a

horizontal line segment joining L and R. They also showed a lower b ound of 9 for this class

of p olygons.

Previous work in the area of geometric probing has examined the complexit y of con-

structing minimum height decision trees to uniquely identify one of a library of p olygons in

the plane using p oint prob es. Such prob es examine a single p oint in the plane to determine

if an ob ject is lo cated at that p oint. If each p olygon in the library is given a �xed p osition,

orientation and scale, then it has b een shown that b oth the problem of �nding a minimum

cardinality prob e set (for a noninteractive probing strategy) [BS91] and the problem of con-

structing a minim um height decision tree for probing (for an interactiv e strategy) [AMM

+

93]

are NP-Complete. Arkin et al.[AMM

+

93 ] give a greedy strategy that builds a decision tree

of height at most dlog k e times that of an optimal decision tree, where k is the numb er of

p olygons in the library

. The minimum height decision tree used for probing in [AMM

+

93 ] is

di�erent than our lo calizing decision tree. It is a binary decision tree whose internal no des

represent p oint prob es whose outcome is either p ositive or negative and whose edges are

unweighted. The height of such a decision tree is just the numb er of levels of the tree, and it

represents the maximum numb er of prob es necessary to identify any p olygon in the library .

3 Hardness of Lo cali zati on

In this section we show that the problem of constructing an optimal lo calizing decision tree,

as de�ned in the previous section, is NP-hard. T o do this, we �rst formulate the problem as

a decision problem.

Robot-Localizing Decision Tree (RLDT)

INST

ANCE: A simple p olygon P and a star-shap ed p olygon V , b oth with a common refer-

ence direction, the set H of all lo cations p

i

2 P such that V (p

i

) = V , and a p ositive integer

h.

QUESTION: Do es there exist a lo calizing decision tree of weighted height less than or equal

to h that lo calizes a rob ot with initial visibility p olygon V in the map p olygon P ? In other

words, do es there exist a lo calizing decision tree of weighted height less than or equal to h

that determines which of the p ossible initial lo cations in H is the true lo cation of a rob ot,

given that the initial visibility p olygon of the rob ot is V ?

W e show that this problem is NP-hard by giving a reduction from the Abstract Deci-

sion Tree problem, proven NP-complete by Hya�l and Rivest in [HR76]. The Abstract

Decision Tree problem is stated as follows:

{ 9 {

Abstract Decision Tree (ADT)

INST

ANCE: A set X = fx

1

; : : : ; x

k g of ob jects, a set T = fT

1

; : : : ; T

n g of subsets of X

representing binary tests, where test T

j is p ositive on ob ject x

i if x

i

2 T

j and is negative

otherwise, and a p ositive integer h

0

� n.

QUESTION: Do es there exist an abstract decision tree of height less than or equal to h

0

,

where the height of a tree is the maximum numb er of edges on a path from the ro ot to a

leaf, that can b e constructed to identify the ob jects in X ? Such a decision tree has a binary

test at all internal no des and an ob ject at every leaf. T o identify an unknown ob ject, the

test at the ro ot is p erformed on the ob ject, and if it is p ositive the right branch is taken,

otherwise the left branch is taken. This pro cedure is rep eated until a leaf is reached, which

identi�es the unknown ob ject.

Theorem 1 RLDT is NP-har d.

Pro of: Given an instance of ADT, we create an instance of RLDT as follows. W e construct

P to b e a staircase p olygon, with a stairstep for each ob ject x

i

2 X (see Figure 3). F or each

stairstep we construct n = jT j protrusions, one for each test in T (see Figure 4). If test T

j

is a p ositive test for ob ject x

i

, then protrusion T

j on stairstep x

i has an extra ho ok on its

end (such as T

3

, T

4

, and T

n in Figure 4). The length of a protrusion is denoted by l and the

distance b etween protrusions T

1 and T

n is denoted by d, where d and l are chosen so that

dh

0

< l . The vertical piece b etween adjacent stairsteps is longer than (2l + d)h

0

, and the

width w of each stairstep is much smaller than the other measurements. The p olygon P has

O (nk ) vertices, where n = jT j and k = jX j.

Consider a rob ot that is initially lo cated at the shaded circle shown in Figure 4 on one

of the k stairsteps. The visibility p olygon V at this p oint has O (n) vertices and is the same

at an analogous p oint on any internal stairstep x

i

. W e output the p olygons P and V , which

can b e constructed in p olynomial time, the k lo cations p

i

2 P such that V (p

i

) = V , and

weighted height h = (2l + d)h

0

as an instance of RLDT.

In order for the rob ot to lo calize itself, it must either travel to one of the \ends" of

P (either the top or the b ottom stairstep) to discover on which stairstep it was lo cated

initially

, or it must examine a su�cient numb er of the n protrusions on the stairstep where

it is lo cated to distinguish that stairstep from all the others. Since the vertical piece of each

stairstep is longer than h = (2l + d)h

0

, only a strategy that directs the rob ot to remain on

the same stairstep can lead to a decision tree of weighted height � h.

Any decision tree that lo calizes the rob ot by examining protrusions on the stairstep

corresp onds to an equiv alent abstract decision tree to identify the ob jects of X using tests

in T . Each time the rob ot travels to the end of protrusion T

j to see if it has an extra ho ok

{ 10 {

x

1

x

2

> (2l + d)h

0

x

k �1

x

k

Figure 3: Construction showing lo calization is NP-hard.

on its end, it corresp onds to p erforming binary test T

j on an unknown ob ject to observe the

outcome. The rob ot must travel 2l to \p erform" this test (since the rob ot is a p oint and w

is small, we can assume that it starts exactly at the b ottom of the protrusion), and it travels

at most d in b etween tests. Therefore, if the rob ot can always lo calize itself by examining

no more than h

0

protrusions, then it has a decision tree of weighted height no more than

h = (2l + d)h

0

, which corresp onds to an abstract decision tree of height h

0

for the ADT

problem. Since dh

0

< l , in a lo calizing decision tree of weighted height � h the rob ot cannot

examine more than h

0

protrusions on any ro ot-to- leaf path. Similarly

, any abstract decision

tree to identify the ob jects of X using tests in T corresp onds to an equiv alent decision tree

Figure 4: Close-up of a stairstep x

i in NP-hard construction. Not to scale: l >> d >> w .

{ 11 {

to lo calize the rob ot by examining protrusions. u t

4 Using a Visibility Cell Decomp osition for Lo caliza -

tion

In this section we discuss the geometric issues involv ed in building a data structure for our

greedy lo calization strategy .

4.1 Visibilit y cells and the o v erla y arrangemen t

When we consider p ositions where the rob ot can move to lo calize itself, we reduce the in�nite

numb er of lo cations in P to a �nite numb er by �rst creating a visibilit y cell decomp osition

of P [Bos91 , BLM92 , GMR92].

A visibility c el l (or visibility r e gion) C of P is a maximally connected subset of P with the

prop erty that any two p oints in C see the same subset of vertices of P ([Bos91 , BLM92 ]).

A visibility c el l de c omp osition of P is simply a sub division of P into visibility cells. This

decomp osition can b e computed in O (n

3

log n) using techniques in [Bos91 , BLM92]. It is

created by intro ducing O (nr ) lines, called visibility e dges, into the interior of P , where r

is the numb er of re ex vertices

2

of P . Each line starts at a re ex vertex u, ends at the

b oundary of P , and is collinear with a vertex v that is either visible from u or is adjacent

to it. The numb er of cells in this decomp osition, as well as their total complexit y , is O (n

2

r )

(see [GMR92] for a pro of ).

Although two p oints p and q in the same visibility cell C see the same subset of vertices

of P , they may not have the same visibilit y p olygon (i.e. it may b e that V (p) 6= V (q )).

This is b ecause some edges of V (p) may not actually lie on the b oundary of P (these edges

are collinear with p and are pro duced by visibility lines), so these edges may b e di�erent in

V (q ). Therefore, in order to represent the p ortion of P visible to a p oint p in a visibility cell

C in such a way that all p oints in C are equiv alent, we need a di�erent structure than the

visibility p olygon. The structure that we use is the visibility skeleton of p.

De�nition. The visibility skeleton V

�

(p) of a lo cation p 2 P is the skeleton of the visibility

p olygon V (p). That is, it is the p olygon induced by the non-spurious vertices of V (p), where

a spurious vertex of V (p) is one that lies on an edge of V (p) that is collinear with p, and the

other endp oint of this edge is closer to p. The edges of the skeleton are lab eled to indicate

2

A r e ex vertex of P is a vertex that subtends an angle greater than 180

�

.

{ 12 {

which ones corresp ond to real edges from P and which ones are arti�cial edges induced by

the spurious vertices. If p is outside P , then V

�

(p) is equal to the sp ecial symb ol ;.

F or a complete discussion of visibilit y skeletons and a pro of that V

�

(p) = V

�

(q ) for any

two p oints p and q in the same visibilit y cell, see [Bos91, BLM92 , GMR92 ]. Because p oints in

the same visibility cell have the same visibilit y skeleton, and there are only O (n

2

r ) visibility

cells, we use this for the signature of a lo cation.

Choice of signature

The signatur e asso ciated with a lo cation p 2 P is its visibilit y skeleton V

�

(p).

As stated in Section 2, the hyp othesis generation phase of the rob ot lo calization problem

generates a set H = fp

1

; p

2

; : : : p

k g � P of hyp othetic al lo c ations at which the rob ot might

b e lo cated initially

. The numb er k of such lo cations is b ounded ab ove by r (see [GMR92]

for a pro of ). F rom this set H , we can select the �rst lo cation p

1

(or any arbitrary lo cation)

to serve as an origin for a lo cal co ordinate system. F or each lo cation p

j

, 1 � j � k , we

de�ne the tr anslation ve ctor t

j

= p

j

� p

1 that translates lo cation p

j to lo cation p

1

, and we

de�ne P

j to b e the tr anslate of P by vector t

j

. That is, P

j is the translate of P in which p

j

and p

1 are coincident (note that P

1

= P ). W e thus have a set fP

1

; P

2

; : : : P

k g of translates

of P corresp onding to the set H of hyp othetical lo cations. Note that in each P

j

, the p oint

corresp onding to the hyp othetical lo cation p

j is lo cated at the origin.

In order to determine the hyp othetical lo cation corresp onding to the true initial lo cation

of the rob ot, we construct an overlay arr angement A that combines the k translates P

j that

corresp ond to the hyp othetical lo cations, together with their visibility cell decomp ositions.

More formally

, we de�ne A as follows.

De�nition. The overlay arr angement A for the map p olygon P corresp onding to the set of

hyp othetical lo cations H is obtained by taking the union of the edges of each translate P

j

as well as the visibility edges in the visibilit y cell decomp osition of P

j

.

See Figure 5 for an example of an overlay arrangement. Since each visibility cell decom-

p osition is created from O (nr ) lines intro duced in the interior of P

j

, a b ound on the total

numb er of cells in the overlay arrangement as well as their total complexity is O (k

2

n

2

r

2

),

which may b e O (n

6

).

Figure 6 shows a map p olygon P whose corresp onding overlay arrangement for the vis-

ibilit y p olygon shown in Figure 7(a) has (n

5

) cells. This p olygon has a long horizontal

\hallway" with k identical, equally spaced \ro oms" on the b ottom side of it (in Figure 6

k = 4). Each ro om has width 1 unit, and the distance b etween ro oms is 2k � 1 units. If the

rob ot is far enough inside one of these ro oms so that it cannot see any of the ro oms on the

top of the hallway

, then its visibilit y p olygon is the same no matter which ro om it is in. The

k � 1 ro oms on the top side of the hallway are identical, have width 1 unit, and are spaced

{ 13 {

V (p

1

) = V (p

2

)

P

2

P

1

p

1 p

2

Figure 5: A visibilit y p olygon, a map p olygon and the corresp onding overlay arrangement.

2k + 1 units apart. Each top ro om is b etween two b ottom ro oms. The i th

top ro om from

the left has its left edge a distance 2i � 1 to the right of the right edge of the b ottom ro om

to its left, and it has its right edge a distance 2(k � i) � 1 to the left of the left edge of the

b ottom ro om to its right (see Figure 6).

Figure 6: A map p olygon whose overlay arrangement contains (n

5

) cells.

Consider the visibilit y edges starting from the re ex vertices of the b ottom ro oms that

are generated by (i.e. collinear with) the re ex vertices of the top ro oms. The i th

b ottom

ro om from the left will have 2(k � i) such visibility edges starting from its right re ex vertex

and 2(i � 1) starting from its left re ex vertex. Due to the spacing of the top ro oms, the

visibility edges starting from the re ex vertices of one b ottom ro om will b e at di�erent angles

than those in any other b ottom ro om. See the picture in Figure 7(b) for an illustration of

the visibility cells inside a b ottom ro om.

When the overlay arrangement A for the visibilit y p olygon shown in Figure 7(a) is con-

{ 14 {

Figure 7: (a) A visibilit y p olygon (b) Visibility cells in a b ottom ro om

structed, it will consist of k translates, one for each of the b ottom ro oms of P . Since these

ro oms are identical and equally spaced, A will have 2k � 1 ro oms on its b ottom side. Since

the visibility edges inside one b ottom ro om are at di�erent angles from those inside another

b ottom ro om, these edges will not coincide when b ottom ro oms from two di�erent translates

overlap in A. This means that A will have (k ) b ottom ro oms with (k

2

) visibilit y edges

starting from the left re ex vertex, and (k

2

) visibilit y edges starting from the right re ex

vertex, resulting in (k

4

) cells inside each of these b ottom ro oms of A. Therefore, A will

have (k

5

) cells in total. Since the numb er of vertices of P is 8k , A has (n

5

) cells.

Closing the gap b etween the upp er and lower b ounds on the size of the arrangement is

an op en problem.

4.2 The reference p oin t set Q

Each cell in the overlay arrangement A represents a p otential prob e p osition, which can b e

used to distinguish b etween di�erent hyp othetical lo cations of the rob ot. F or each cell C of

A and for each translate P

j that contains C , there is an asso ciated visibility skeleton V

�

j

(C ).

If two translates P

i and P

j have di�erent skeletons for cell C , or if C is outside of exactly

one of P

i and P

j

, then C distinguishes hyp othetical lo cation p

i from p

j

.

F or our lo calization strategy we cho ose a set Q of r efer enc e p oints in A that will b e used

to distinguish b etween di�erent hyp othetical lo cations. F or each cell C in A that lies in at

least one translate of P , and for each translate P

j that contains C , let q

C;j denote the p oint

on the b oundary of C that is closest to the origin (recall that translating P to P

j moves p

j to

the origin). Here, the distance d

j

(q

C;j

) from the origin to the closest p oint in C is measured

inside P

j

. W e cho ose Q = fq

C;j g. In the remainder of this pap er we drop the subscripts

from q

C;j when they are not necessary .

Computing the reference p oints in Q involves computing Euclidean shortest paths in P

j

from the origin to each cell C . T o compute these paths we can use existing algorithms in

{ 15 {

the literature for shortest paths in simple p olygons. W e �rst compute for each hyp othetical

initial lo cation p

j the shortest path tree from the origin to all of the vertices of P

j using

the algorithm given in [GHL

+

87 ]. Since a simple p olygon can b e triangulated in linear

time [Cha90 ], the shortest path tree for each p

j can also b e computed in linear time. The

algorithm in [GHL

+

87 ] also gives a data-structure for storing the shortest path tree so that

the length of the shortest path from the origin to any p oint x 2 P

j can b e found in time

O (log n) and the path from the origin to x can b e found in time O (log n + l ), where l is the

numb er of segments along this path. W e use � (p

j

; x) to denote the shortest path from the

origin to x in P

j

.

T o �nd the shortest path from the origin to a segment xy contained in P

j we use the

following theorem.

Theorem 2 If P is a simple p olygon, then the Euclide an shortest p ath � (s; xy ) fr om a p oint

s in P to a line se gment xy in P is either the shortest p ath � (s; x) fr om s to x, the shortest

p ath � (s; y ) fr om s to y , or a p olygonal p ath with l e dges such that the �rst l � 1 e dges ar e

the �rst l � 1 e dges on either � (s; x) or � (s; y ) and the last e dge is p erp endicular to xy .

Pro of: It is shown in [LP84 ] that the shortest paths � (s; x) and � (s; y ) are p olygonal paths

whose interior vertices are vertices of P , and that the union of these two paths (in fact, the

union of any �nite numb er of shortest paths from s to p oints in P ) forms a planar tree T

s

ro oted at s. F urthermore, it is shown that if v is the least common ancestor of x and y in

T

s

, then � (v ; x) and � (v ; y ) are b oth outwar d-c onvex (i.e. the convex hull of each of these

subpaths lies outside the region b ounded by � (v ; x), � (v ; y ) and the segment xy ). As in

[LP84 ] we call the union � (v ; x) [ � (v ; y ) the funnel asso ciated with xy , and we call v the

cusp of the funnel. See Figure 8 for an example of a simple p olygon with edges of this funnel

shown as dashed line segments.

Figure 8: A simple p olygon with shortest paths from s to x, y and xy shown.

{ 16 {

The shortest path � (s; xy) has � (s; v ) as its initial subpath. Supp ose not, and let z b e

the p oint on xy where � (s; xy ) ends. Then � (s; xy) is also the shortest path � (s; z ). Note

that z 6= x and z 6= y or else there would b e two di�erent shortest paths to one of these

p oints, which is a contradiction. At some p oint the path � (s; z ) must enter the funnel with

cusp v , thereby crossing either � (s; x) or � (s; y ). But this contradicts the fact that the union

of these paths forms a planar tree.

T o complete the shortest path � (s; xy) we must �nd a shortest path � (v ; xy). If v has

a p erp endicular line of sight to xy , then this visibility line will b e � (v ; xy). If v do es not

have a p erp endicular line of sight to xy , then consider the edge e adjacent to v on the funnel

that is the closest to p erp endicular. Without loss of generality

, assume e is the �rst edge on

� (v ; y ). The path � (v ; xy) will follow � (v ; y ) until it reaches y or it reaches a vertex that has

a p erp endicular line of sight to xy .

T o see this, consider extending the edge e towards xy until it intersects xy at some p oint

z . If z 6= y , then

6

v z y is less than 90

�

. Similarly

, every other edge on � (v ; y ) can b e

extended to xy , and the angle that it forms with resp ect to y can b e determined. Since the

chain � (v ; y ) is outward-convex, these angles will increase as we move down the chain. When

the angle b ecomes greater than 90

�

, a p erp endicular line of sight exists from the endp oints

of the edge. u t

Using this theorem we can in O (n) time determine the length of the shortest path in P

j

from the origin o to xy and the closest p oint on xy to o. W e �rst use the data-structure in

[GHL

+

87 ] to determine in O (log n) time the length d

x and the last edge e

x on the shortest

path � (o; x) and the length d

y and the last edge e

y on the shortest path � (o; y ). F or each of

these edges we check its angle with resp ect to xy . Note that b oth of these angles cannot b e

90

�

or greater, or else it would b e imp ossible to form a funnel with � (o; x) and � (o; y ). If the

angle b etween e

x

(e

y

) and xy is at least 90

�

, then we return d

x

(d

y

) as the shortest distance

to xy and x (y ) as the closest p oint on xy .

If b oth the angles formed by e

x and e

y with xy are less than 90

�

, then the last edge on the

shortest path � (o; xy ) will b e a p erp endicular drawn from one of the vertices on the funnel

asso ciated with xy . T o �nd this edge we again use the data-structure in [GHL

+

87 ] and follow

the paths � (o; x) and � (o; y ) to �nd the cusp v of the funnel. Since the data-structure in

[GHL

+

87 ] stores the shortest path tree by storing a parent p ointer for each no de of the tree,

v can b e found by tracing � (o; x) back from x to o and marking all the vertices on the path

and then tracing � (o; y ) back from y to the �rst marked vertex, which will b e v . This can

b e done in time prop ortional to the numb er of edges examined, which is O (n).

Next we examine the edges of the funnel in order, starting with e

x

, and for each edge

we calculate the angle formed by its extension with xy . That is, for each edge (u; w ) whose

extension intersects xy at p oint z , we calculate the angle

6

uz y . As we move around the

funnel these angles increase. When the angle b ecomes greater than 90

�

, we have found the

{ 17 {

vertex from which to drop a p erp endicular to xy . It takes O (n) time to �nd this vertex, and

an additional O (log n) time to calculate the distance to xy and the closest p oint (this is the

time it takes to determine the length of the shortest path from o to this vertex).

T o compute the reference p oint q

C;j

, we compute the shortest path distance in P

j from the

origin to each edge of C . W e then cho ose the smallest distance as the distance to the cell C .

F or each cell C we will have up to k reference p oints fq

C;1

; : : : ; q

C;k g and their corresp onding

distances fd

1

(q

C;1

); : : : ; d

k

(q

C;k

)g. W e de�ne d

j

(q ) = 1 for all p oints q not within P

j

.

P artition of H

F or each cell C we compute a p artition of H that represents which hyp othetical lo cations

can b e distinguished from one another by probing from inside C . If two translates P

i and

P

j have the same visibility skeleton for cell C , then p

i and p

j are in the same subset of the

partition of H corresp onding to cell C . Also, if C is outside of b oth translates P

i and P

j

,

then p

i and p

j are in the same subset of the partition.

Since the visibility p olygon and the visibility skeleton for a p oint p 2 P can b e computed

in O (n) time (see [GA81 ]) and we can compare two visibility skeletons with m vertices in

O (m) time to see if they are identical, we can compute the partition of H for C in O (k n + k

2

m)

time, where m is the maximum numb er of vertices on any of the k visibilit y skeletons.

Although there may b e O (n

6

) cells in the overlay arrangement A, yielding up to O (k n

6

)

reference p oints, we show in Section 5.4 that only O (k

2

) reference p oints are needed for our

lo calization strategy

, so we do not need to compute a partition of H for all O (n

6

) cells.

By keeping the shortest path tree computed by the algorithm in [GHL

+

87 ] for each

hyp othetical initial lo cation p

j

, we can later extract the actual shortest path to any cell C

in A within any translate P

j in time O (log n + l ), where l is the numb er of segments on the

shortest path.

5 A Greedy Strategy for Lo calizati on

In this section we present a lo calizing decision tree strategy

, called Minimum Distanc e L o-

c alization Str ate gy or Str ate gy MDL for short, for completing the solution of the hyp othesis

elimination phase of the rob ot lo calization problem. Our strategy

, which has a greedy avor,

uses the set Q of reference p oints describ ed in the previous section for cho osing probing

lo cations. Strategy MDL will enable the rob ot to lo calize itself by traveling distance at most

(k � 1)d, where k = jH j and d is the length of an optimal veri�cation tour.

In devising a lo calizing decision tree strategy

, there are two main criteria to consider

when deciding where the rob ot should make the next prob e: (1) the distance to the new

{ 18 {

prob e p osition, and (2) the information to b e gained at the new prob e p osition. It is easy

to see that a strategy that only considers the second criterion can do arbitrarily worse than

a strategy given by a minimum height lo calizing decision tree. Strategy MDL considers (2)

only to the extent that it never directs the rob ot to make a useless prob e. Nevertheless, its

p erformance is the b est p ossible. Although it would seem b ene�cial to weight each p ossible

prob e lo cation with the amount of information that could b e gained in the worst case by

probing at that lo cation, this change will not improve the worst-case b ehavior of Strategy

MDL, as the lower b ound example given in Section 5.3 illustrates.

Even a strategy that considers b oth the distance and the information criteria when cho os-

ing the next prob e p osition can do p o orly . F or example, if the rob ot employs an incremental

strategy that at each step tells it to travel to the closest prob e lo cation that yields some

information, then a map p olygon can b e constructed such that in the worst case the rob ot

will travel distance 2 k

d.

Using Strategy MDL for hyp othesis elimination, a strategy for the complete rob ot lo cal-

ization problem can b e obtained as follows. Prepro cess the map p olygon P using a metho d

similar to that in [GMR92]. This prepro cessing yields a data structure that stores for each

equiv alence class of visibilit y p olygons either the lo cation in P yielding that visibility p oly-

gon, if there is only one lo cation, or a lo calizing decision tree that tells the rob ot how to

travel to determine its true initial lo cation.

5.1 Strategy MDL

In this subsection we present the details of Strategy MDL. Using the results of Section 4, it is

p ossible to pre-compute Strategy MDL’s entire decision tree. However, we will describ e the

strategy by explaining how it directs the rob ot to b ehave. This amounts to describing the

nature of a ro ot-to- leaf path in the tree. This is easier to understand than the description

of an algorithm to compute the entire decision tree. Also, in practice, it may sometimes b e

preferable not to pre-compute the entire tree, but rather to compute the rob ot’s next move

on an interactive basis, as the rob ot carries out the strategy .

Information used b y Strategy MDL

The following are used by Strategy MDL:

� The map p olygon P .

� The set H generated in the hyp othesis generation phase.

� The set Q of reference p oints de�ned in Section 4.2.

{ 19 {

� F or each p oint q 2 Q the distance d

j

(q ) of q from the origin, measured within P

j

.

� F or each p oint q 2 Q, a path path

j

(q ) within P

j of length d

j

(q ), which is de�ned by

a series of relative motions that take the rob ot from the origin to q in P

j

. Using the

data structure in [GHL

+

87 ] these paths can b e easily computed.

� F or each p oint q

C;j

2 Q, the partition of H asso ciated with cell C , as de�ned in

Section 4.2.

Next we describ e how Strategy MDL directs the rob ot to b ehave. Initially

, the set of

hyp othetical lo cations is the given set H . As the rob ot carries out the strategy

, hyp othetical

lo cations are eliminated from H . Thus in our description of Strategy MDL, we abuse notation

and use H to denote the shrinking set of active hyp othetic al lo c ations; i.e. those that have

not yet b een ruled out. Similarly

, we use Q to denote the shrinking set of active r efer enc e

p oints; i.e. those that non-trivially partition the set of active hyp othetical lo cations. W e call

a path path

j

(q ) active if p

j

2 H and q 2 Q are b oth active.

Notation. Let d

�

(q �) denote the minim um of

f d

j

(q ) j q 2 Q and p

j

2 H are active g.

Let path

�

(q �) denote an active path of length d

�

(q �).

Strategy MDL

Strategy MDL directs the rob ot to travel along paths from the origin to p oints in the

overlay arrangement A. Supp ose that p

j is the true initial lo cation of the rob ot. W e will

prove in the next subsection that Strategy MDL only directs the rob ot to follow paths that

are contained in translate P

j

. Note that a path from the origin that is contained in P

j is

analogous to a path in P from lo cation p

j

.

F rom the initial H and Q, an initial path

�

(q �) can b e selected. The strategy directs the

rob ot to travel along this path and to make a prob e at its endp oint. The rob ot then uses

the information gained at the prob e p osition to up date H and Q and to determine a new

q � and a new path

�

(q �) from the origin. The strategy then directs the rob ot to retrace its

previous path back to the origin, and then to follow the new path to its endp oint, which is

the next prob e lo cation. This pro cess stops when the size of H shrinks to 1. At this p oint

the initial lo cation of the rob ot is determined, and the rob ot can, if desired, b e directed to

return to its initial lo cation by retracing its last path.

Note that Strategy MDL is well-suited to handling the problem of accumulation of errors

caused by successive motions in the estimates of orientation, distance and velo city made by

the rob ot’s sensors . This is b ecause the rob ot always returns to the origin after making a

prob e, so it can recalibrate its sensors.

{ 20 {

5.2 A p erformance guaran tee for Strategy MDL

The following theorems show that Strategy MDL directs the rob ot along a path whose length

compares favorably with the minim um veri�cation length d. First we show that Strategy

MDL never directs the rob ot to pass through a wall. Then we show that Strategy MDL

eliminates all hyp othetical lo cations except the v alid one, and we establish an upp er b ound

on the length of the path pro duced by Strategy MDL. A corollary of Theorem 4 is that the

lo calizing decision tree asso ciated with Strategy MDL has a weighted height that is at most

2(k � 1) times the weighted height of an optimal lo calizing decision tree.

Theorem 3 Str ate gy MDL never dir e cts the r ob ot to p ass thr ough a wal l.

Pro of: The pro of is by contradiction. Supp ose that p

j is the true initial lo cation of the

rob ot and x

j is the p oint on the b oundary of P

j where the rob ot would �rst pass through

a wall. F urthermore, supp ose that when the rob ot attempts to pass through the wall at x

j

,

the path it has b een directed to follow is path

i

(q ).

Let C denote the cell of arrangement A (see Section 4.1) that contains the p ortion of

path

i

(q ) just b efore x

j

. Since cell C is contained in P

j

, it contributes a reference p oint q

C;j

to the set Q of reference p oints.

In order to arrive at a contradiction, it su�ces to show that q

C;j is active at the time

Strategy MDL cho oses path

i

(q ) for the rob ot to follow. This is b ecause d

j

(q

C;j

) � d

j

(x

j

)

by de�nition of q

C;j

; furthermore, d

j

(x

j

) � d

i

(x

j

) since the p ortion of path

i

(q ) from the

origin to x

j is contained within P

j

, and d

j

(x

j

) is equal to the length of a shortest path in P

j

from the origin to x

j

; �nally , d

i

(x

j

) < d

i

(q ) b ecause x

j is an intermediate p oint on path

i

(q ).

Chaining these inequalities together gives d

j

(q

C;j

) < d

i

(q ). Hence Strategy MDL would

cho ose path

j

(q

C;j

) rather than path

i

(q ) provided that q

C;j is active at the time path

i

(q ) is

selected.

Now we show that q

C;j is active when path

i

(q ) is selected. Point q

C;j is active if and only

if the following two conditions hold: (1) p

j has not b een eliminated from H and (2) the

signature (visibility skeleton) asso ciated with C distinguishes b etween at least two active

hyp othetical lo cations. Clearly condition (1) holds, since the correct hyp othetical lo cation

is never eliminated from H . Condition (2) holds b ecause the skeleton V

�

j

(C ) asso ciated with

C relative to P

j has a real edge through the p oint x

j

, whereas the skeleton V

�

i

(C ) asso ciated

with C relative to P

i do es not have a real edge through x

j

. Therefore, the signature asso ciated

with p oints in C distinguishes b etween p

i and p

j

, which are b oth active at the time path

i

(q )

is chosen, so p oint q

C;j is active.

This completes the pro of that Strategy MDL never directs the rob ot to pass through a

wall. u t

{ 21 {

Theorem 4 Str ate gy MDL lo c alizes the r ob ot by dir e cting it along a p ath whose lengt h is

at most (k � 1)d, wher e k = jH j and d is the length of an optimal veri�c ation tour for the

r ob ot’s initial p osition.

Pro of: Let p

t denote the true initial lo cation of the rob ot. First we show that Strategy

MDL eliminates all hyp othetical initial lo cations in H except p

t

. Supp ose the contrary is

true. This means that the set Q of active reference p oints b ecomes empty b efore the size

of H shrinks to one. Let p

i b e an active hyp othetical initial lo cation di�erent from p

t at

the time Q b ecomes empty . T ranslates P

i and P

t are not identical, so there is some p oint

x

t on the b oundary of P

t that do es not b elong to the b oundary of P

i

. Let C b e the cell of

arrangement A contained in P

t and containing x

t

. C distinguishes b etween p

i and p

t b ecause

the skeletons asso ciated with C relative to P

i and P

t are not the same. Therefore q

C;t is still

in the active set Q, a contradiction.

Next we establish the upp er b ound on the length of the path determined by Strategy

MDL. Because the strategy never directs the rob ot to a probing site that do es not eliminate

one or more elements from H , it requires the rob ot to make a trip from its initial lo cation

to some sensing p oint and back at most k � 1 times.

W e claim that each round trip has length at most d. T o see this, we �rst consider how

a rob ot traveling along an optimal veri�cation tour L would rule out an arbitrary incorrect

hyp othetical lo cation p

b

. Then we consider how Strategy MDL would rule out p

b

.

Consider a rob ot traveling along tour L that eliminates each inv alid hyp othetical lo cation

at the �rst p oint x on L where the signature of x relative to the inv alid hyp othetical lo cation

di�ers from the signature of x relative to P

t

. Let w b e the p oint on L where the rob ot rules

out p

b

. The p oint w must lie on the b oundary of some cell C in the arrangement A that

distinguishes p

b from p

t

. Cell C generates a reference p oint q

C;t

2 Q, which is the closest

p oint of C to the origin, where distance is measured inside P

t

, so d

t

(q

C;t

) � d

t

(w ). Since

p

t is the true initial lo cation of the rob ot, the distance d

t

(w ) is equal to or less than the

distance along L of w from the origin, as well as the distance along L from w back to the

origin. Putting these inequalities together, we deduce that the distance d

t

(q

C;t

) is equal to

or less than half the length of L.

Since p

t is the true initial lo cation of the rob ot, it remains active throughout the entire

execution of the strategy

. In particular, it is active at the moment Strategy MDL directs the

rob ot to move from the origin to the probing site where it eliminates p

b

. Since p

b is ab out

to b e ruled out, it is also still active. That means that the reference p oint q

C;t considered in

the previous paragraph is still active, since it distinguishes p

b from p

t

.

At this time Strategy MDL directs the rob ot to travel along path

�

(q �) = path

j

(q ). By

design, the length d

�

(q �) = d

j

(q ) of this path, which is the distance the rob ot will travel

from the origin to the next probing p osition, is the minim um over all d

i

(q ) for active p

i

2 H

{ 22 {

and q 2 Q. In particular, since p oint q

C;t is still active, d

�

(q �) is equal to or less than d

t

(q

C;t

).

But as we have already seen, this latter distance is equal to or less than half the length of

L. Therefore, Strategy MDL directs the rob ot to travel along a lo op from the origin to some

probing p osition where the rob ot eliminates p

b and back, and the length of this lo op is at

most d. u t

F ollowing the de�nition of k -comp etitive given in Section 2.3 for rob ot navigation strate-

gies, we can de�ne a k -c omp etitive rob ot lo calization strategy as one that lo calizes a rob ot by

traveling a distance no more than k times the length of an optimal veri�cation tour. By this

de�nition Strategy MDL is (k � 1)-comp etitive, where k = jH j. Note that if a verifying path

is not required to return to its starting p oint, the b ound for Theorem 4 b ecomes 2(k � 1)d.

Corollary 5 The weighte d height of the lo c alizing de cision tr e e c onstructe d by Str ate gy MDL

is at most 2(k � 1) times the weighte d height of an optimal lo c alizing de cision tr e e for the

same pr oblem.

Pro of: Consider the decision tree of Strategy MDL. Let p

h denote the initial lo cation

asso ciated with the leaf that de�nes the weighted height of the tree. The weighted height of

the tree is thus the distance Strategy MDL will direct the rob ot to travel to determine that

p

h is the correct initial lo cation, and by Theorem 4 this distance is at most k � 1 times the

minimum veri�cation tour length for p

h

. But the minimum veri�cation tour length for p

h is

at most twice the weight of a path from the ro ot to p

h in an optimal lo calizing decision tree,

which is at most the weighted height of the tree. The result follows from these inequalities.

u t

If the rob ot is required to return to its initial p osition, the b ound on the weighted height

of the lo calizing decision tree constructed by Strategy MDL drops to k � 1.

In this pap er, we do not comment further on computation time as there are many ways

to implemen t Strategy MDL. Also, if travel times are large compared to computation times,

the imp ortance of our results is that they obtain go o d path lengths. The basic information

needed for the analysis of a particular implementation app ears in the previous section.

5.3 Lo w er b ounds

In Corollary 5 we proved that the weighted height of the lo calizing decision tree built by

Strategy MDL is no greater than 2(k � 1)d, where k = jH j and d is the weighted height of

an optimal lo calizing decision tree. This b ound is also a lower b ound for Strategy MDL.

{ 23 {

Figure 9 illustrates a map p olygon where the weighted height of the lo calizing decision

tree of Strategy MDL is (k ) times the weighted height of an optimal lo calizing decision

tree. Consider a map p olygon that is a staircase p olygon with k + 2 stairs, such as the one

in Figure 3, where each stairstep except the �rst and last one is similar to the one shown

in Figure 9. Each such stairstep has k protrusions placed in a circle, with the end of each

protrusion a distance d from the center of the circle. In each stairstep a di�erent protrusion

has its end extended, which uniquely identi�es the stairstep. Each stairstep also has a longer

protrusion, with k smaller protrusions sticking out of it. One of these smaller protrusions

is extended to uniquely identify the stairstep. The �rst small protrusion is a distance d + �

from the center of the circle, and the last one is a distance d + � + � from the center of the

circle.

d

d + �

�

Figure 9: Part of the map p olygon that gives lower b ound. Not to scale: d >> �; � .

F or this map p olygon, if the rob ot is initially placed in the center of the circle on one

stairstep, Strategy MDL will direct it to travel up the k protrusions of length d until it

�nds one that has a longer piece at the end, or until it has examined all but one of these

protrusions. In the worst case the rob ot will travel a distance 2(k � 1)d. An optimal strategy

would direct the rob ot to travel down the protrusion of length d + � + � and examine all the

small protrusions coming out of it until it found one that was longer. In the worst case the

rob ot would travel a distance d + � + � . Since � and � can b e made arbitrarily small, in the

worst case Strategy MDL travels (k ) times as far as the optimal strategy

. Even if we used

a strategy that weighted each p otential prob e lo cation with the amount of information that

could b e gained from that lo cation in the worst case, we would still build the same decision

tree b ecause any prob e lo cation in the stairstep yields at most one piece of information in

{ 24 {

the worst case.

Although there are map p olygons for which Strategy MDL builds a lo calizing decision

tree whose weighted height is (k ) times the weighted height of an optimal lo calizing decision

tree, there are other map p olygons for which any lo calizing decision tree strategy builds a

tree with weighted height at least k � 1 times the length of an optimal veri�cation tour.

Consider a map p olygon that is a staircase p olygon with k + 2 stairs, such as the one in

Figure 3, where each stairstep except the �rst and last one is similar to the one shown in

Figure 10. Each such stairstep has k protrusions placed in a circle, with the end of each

protrusion a distance d from the center of the circle. In each stairstep a di�erent protrusion

has its end extended, which uniquely identi�es the stairstep. The vertical piece b etween

adjacent stairsteps is longer than 2(k � 1)d.

Figure 10: Part of the map p olygon that shows Strategy MDL is b est p ossible.

F or this map p olygon, if the rob ot is initially placed in the center of the circle on one

stairstep, Strategy MDL will direct it to travel up the k protrusions of length d until it

�nds one that has a longer piece at the end, or until it has examined all but one of these

protrusions. In the worst case the rob ot will travel a distance 2(k � 1)d. Consider any other

lo calizing decision tree strategy

. If it directs the rob ot to travel to any stairstep b esides the

one where it starts, then the lo calizing decision tree that it builds will have weighted height

greater than 2(k � 1)d. The only way to lo calize the rob ot by staying on the stairstep is to

direct it to examine the protrusions, and in the worst case the rob ot must travel a distance

2(k � 1)d b efore it has lo calized itself (assuming that it must return to the origin at the end).

Since no lo calizing decision tree strategy can build a tree with weighted height less than

k � 1 times the length of an optimal veri�cation tour for all map p olygons, Strategy MDL

is the b est p ossible strategy .

Note that although Strategy MDL builds a lo calizing decision tree of weighted height

(k ) times the length of an optimal veri�cation tour for the previous two examples, and k

may b e �(n), these examples do not show a lower b ound of (n) for Strategy MDL since

{ 25 {

each of these map p olygons has (k

2

) vertices.

5.4 Creating a reduced set of reference p oin ts

The set Q of reference p oints has size upp er b ounded by k times the numb er of cells in

arrangement A, which may b e very large. In this subsection, we show that when Strategy

MDL is run with only a small subset Q

0

� Q of the original reference p oints, the (k � 1)d

p erformance guarantee of Section 5.2 still holds. The size of Q

0

will b e no more than k (k � 1).

Set Q

0

is de�ned as the union of subsets Q

i

� Q, where there is one Q

i for each p

i

2 H

and jQ

i j � k � 1. Ignoring implementation issues, we de�ne Q

i as follows. Initially Q

i is

empty

, and the subset of Q consisting of reference p oints q

C;i generated for translate P

i is

pro cessed in order of increasing d

i

(q

C;i

); that is, in order of increasing distance from the

origin. F or each successive reference p oint q

C;i

, the partition of H induced by Q

i

[ fq

C;i g is

compared to that induced by Q

i alone. If the subset of H containing lo cation p

i is further

sub divided by the additional reference p oint q

C;i

, then q

C;i is added to Q

i

. Conceptually

, the

reference p oint q

C;i is added if it distinguishes another hyp othetical initial lo cation from p

i

.

This pro cess continues until p

i is contained in a singleton in the partition of H induced by

Q

i

. Since there are only k � 1 initial lo cations to b e distinguished from p

i

, Q

i will contain

at most k � 1 p oints.

W e denote by Str ate gy MDLR, which stands for Minimum Distanc e L o c alization with

R e duc e d r efer enc e p oint set, the strategy obtained by replacing set Q with Q

0

in Strategy

MDL.

Theorem 6 Str ate gy MDLR, which uses a set of at most k (k � 1) r efer enc e p oints, lo c alizes

the r ob ot by dir e cting it along a p ath whose length is at most (k � 1)d, wher e k = jH j and d

is the lengt h of an optimal veri�c ation tour for the r ob ot’s initial p osition.

Pro of: Both the pro of that Strategy MDLR directs the rob ot along a path that determines

its initial lo cation and the pro of of the (k � 1)d b ound are essentially the same as the

pro ofs of the corresp onding results in Theorems 3 and 4 of Section 5.2. The only additional

observ ation needed is that if a reference p oint q

C;i is used in one of the previous pro ofs to

distinguish two hyp othetical initial lo cations, and if q

C;i do es not b elong to set Q

0

, then Q

0

contains some reference p oint q

C

0

;j that distinguishes the same pair of lo cations and that

satis�es d

j

(q

C

0

;j

) � d

i

(q

C;i

). Hence, set Q

0

always contains an adequate substitute for any

reference p oint of Q required by the pro ofs of Theorems 3 and 4. u t

{ 26 {

6 Conclusions and F uture Researc h

W e have shown that the problem of lo calizing a rob ot in a known environmen t by traveling a

minimum distance is NP-hard, and we have given an approximation strategy that achieves a

b ound of k � 1 times an optimal solution, where k is the numb er of p ossible initial lo cations

of the rob ot. W e have also shown that this b ound is the b est p ossible.

The work in this pap er is one part of a strategy for lo calizing a rob ot. The complete

strategy will prepro cess the map p olygon and store the decision trees for ambiguous initial

p ositions so that the rob ot only needs to follow a predetermined path to lo calize itself.

There are many v ariations to this problem which can b e considered. If the rob ot must

lo calize itself in an environment with obstacles, then the map of the environment can b e

represented as a simple p olygon with holes. In this pap er we assigned a cost of zero for

the rob ot to take a prob e and analyze it. In a more general setting we would lo ok for an

optimal decision tree, where the edges of a decision tree asso ciated with the outcome of a

prob e would b e weighted with the cost to analyze that prob e. A pragmatic v ariation of the

problem would weight reference lo cations so that those that pro duce more reliable p ercepts

would b e selected �rst.

References

[AI90] David Avis and Hiroshi Imai. Lo cating a Rob ot with Angle Measurements.

Journal of Symb olic Computation, 10:311{ 32 6, 1990.

[AMM

+

93] Esther M. Arkin, Hank Meijer, Joseph S.B. Mitchell, David Rappap ort, and

Steven S. Skiena. Decision T rees for Geometric Mo dels. In Pr o c e e dings of

the Ninth Annual Symp osium on Computational Ge ometry, pages 369{378 , San

Diego, CA, May 19-21 1993. ACM Press.

[BD90] Kenneth Basye and Thomas Dean. Map learning with indistinguishable lo ca-

tions. In M. Henrion L. N. Kanal J. F. Lemmer, editor, Unc ertainty in Arti�cial

Intel lig en c e 5, pages 331{340 . Elsevier Science Publishers, 1990.

[BG94] Margrit Betke and Leonid Gurvits. Mobile Rob ot Lo calization Using Landmarks.

Extended abstract, 1994.

[BLM92] Prosenjit K. Bose, Anna Lubiw, and J. Ian Munro. E�cient Visibility Queries in

Simple Polygons. In Cao An W ang, editor, Pr o c e e dings of the F ourth Canadian

Confer enc e on Computational Ge ometry, pages 23{28 , St. John’s, Newfound-

land, Canada, August 10-14 1992. Memorial University of Newfoundland. Also

P . Bose, Master’s thesis, University of W aterlo o, Dec. 1991.

{ 27 {

[Bos91] Prosenjit K. Bose. Visibility in Simple Polygons. Master’s thesis, Universit y of

W aterlo o, W aterlo o, Ontario, Canada, Decemb er 1991.

[BR93] Ronen Basri and Ehud Rivlin. Homing using combinations of mo del views. In

Pr o c e e dings of the International Joint Confer enc e of Arti�cial Intel lig en c e, pages

1656{1 591 , Chamb ery , F rance, August 1993. Morgan Kaufman Publishers.

[BRS91] Avrim Blum, Prabhak ar Raghav an, and Baruch Schieb er. Navigating in Unfa-

miliar Geometric T errain. In Pr o c e e dings of the Twenty-thir d Annual ACM Sym-

p osium on The ory of Computing, pages 494{5 04, 1991. T o app ear in SICOMP .

[BS91] Patrice Belleville and T om C. Shermer. Probing Polygons Minimally is Hard.

T echnical Rep ort CMPT TR 91-12 , Simon F raser University

, Burnaby

, B.C.,

Canada, Decemb er 1991.

[Cha90] Bernard Chazelle. T riangulating a Simple Polygon in Linear Time. In Pr o c e e d-

ings of the 31 st

Annual F oundations of Computer Science, pages 220{229 . IEEE

Computer So ciety Press, 1990.

[Dav86] Ernest Davis. R epr esenting and A c quiring Ge o gr aphic Know ledge. Pitman and

Morgan Kaufmann Publishers, Inc., London and Los Altos, CA, 1986.

[DI94] Amitav a Datta and Christian Icking. Comp etitive Searching in a Generalized

Street. In Pr o c e e dings of the T enth Annual Symp osium on Computational Ge-

ometry, pages 175{1 82, Stony Bro ok, NY, June 6{8 1994. ACM Press.

[DJMW93] Gregory Dudek, Michael Jenkin, Ev angelos Milios, and David Wilkes. Map

v alidation and self-lo cation in a graph-like world. In Pr o c e e dings of the Thirte enth

International Confer enc e on Arti�cial Intel lig ence, pages 1648{ 165 3, Chamb ery ,

F rance, August 1993. Internation Joint Conf. on Arti�cial Intelligence Inc.

[EL W93] Peter Eades, X. Lin, and N.C. W ormald. Performance Guarantees for Motion

Planning with T emp oral Uncertainty. Austr alian Computing Journal, 25(1):21{

28, F ebruary 1993.

[GA81] Hossam A. El Gindy and David Avis. A Linear Algorithm for Computing the

Visibilit y Polygon from a Point. Journal of Algorithms, 2:186{197 , 1981.

[GHL

+

87] Leonidas J. Guibas, John Hershb erger, Daniel Leven, Micha Sharir, and

Rob ert E. T arjan. Linear-Time Algorithms for Visibility and Shortest Path

Problems Inside T riangulated Simple Polygons. Algorithmic a, 2:209{2 33, 1987.

[GMR92] Leonidas J. Guibas, Ra jeev Motwani, and Prabhak ar Raghav an. The Rob ot

Lo calization Problem in Two Dimensions. In Pr o c e e dings of the Thir d Annual

ACM-SIAM Symp osium on Discr ete Algorithms, pages 259{268 , Orlando, FL,

January 27{29 1992.

{ 28 {

[HR76] Laurent Hya�l and Ronald L. Rivest. Constructing Optimal Binary Decision

T rees is NP-Complete. Information Pr o c essing L etters, 5(1):15{17, May 1976.

[KB87] Benjamin J. Kuip ers and Y. T. Byun. A qualitative approach to rob ot ex-

ploration and map-learning. In Pr o c e e dings of the IEEE Workshop on Sp atial

R e asoning and Multi-Se nsor F usion, pages 390{4 04 , Los Altos, CA, 1987. IEEE.

[Kle92] Rolf Klein. W alking an Unknown Street with Bounded Detour. Computational

Ge ometry: The ory and Applic ations, 1:325{351 , 1992.

[Kle94a] Jon Kleinb erg. On-line Search in a Simple Polygon. In Pr o c e e dings of the Fifth

Annual ACM-SIAM Symp osium on Discr ete Algorithms, pages 8{15, 1994.

[Kle94b] Jon Kleinb erg. The Lo calization Problem for Mobile Rob ots. In Pr o c e e dings

of the 35 th

Annual F oundations of Computer Scienc e, pages 521{5 33, Santa F e,

NM, Novem b er 20{22 1994. IEEE Computer So ciety Press.

[KMK93] Akio Kosak a, Min Meng, and A. C. Kak. Vision-guided mobile rob ot navigation

using retroactive up dating of p osition uncertainty

. In Pr o c e e dings of the Inter-

national Confer enc e of R ob otics and Automation, V olume 2, pages 1{7, Atlanta,

GA, May 1993. IEEE Computer So ciety Press.

[Lat91] Jean-Claude Latomb e. R ob ot Motion Planning. Kluwer Academic Publishers,

Norwell, MA, 1991.

[LP84] D.T. Lee and F ranco P

. Preparata. Euclidean Shortest Paths in the Presence of

Rectilinear Barriers. Networks, 14(3):393 {41 0, 1984.

[PY91] Christos Papadimitriou and Mihalis Y annak akis. Shortest Paths without a Map.

The or etic al Computer Scienc e, 84:127{15 0, 1991 .

[ST85] Daniel D. Sleator and Rob ert E. T arjan. Amortized E�ciency of List Up date

and Paging Rules. Communic ations of the ACM, 28:202{ 208 , 1985.

[T A92] Ra j T alluri and J. K. Aggarwal. Position estimation for an autonomous mobile

rob ot in an outdo o r environment. IEEE T r ans. on R ob otics and Automation,

8(5):573{58 4, Oct. 1992.