{ 21 {

[6] F arach, M. and Thorup, M. 1993. F ast Comparison of Evolutionary T rees, T echnical

Rep ort 93-46, DIMACS, Rutgers University

, Piscataway

, NJ.

[7] Fitch, W.M. 1970. Distinguishing homologous and analogo us proteins, Syst. Zo ol., 19,

99-11 3.

[8] Fitch, W.M., and Margoliash, E. 1967. Construction of Phylogenetic T rees, Scien c e,

155, 279-2 84.

[9] Go o dman, M., Czelusniak, J., Mo ore, G.W., Romero-Herrera, A.E.,and Matsuda, G.

1979. Fitting the Gene Lineage Into Its Sp ecies Lineage. A Parsimony Strategy Illus-

trated by Cladograms Constructed F rom Globin Sequences, Syst. Zo ol., 28, 132-16 3.

[10] Guig� o, R., Muchnik, I., and Smith, T.F. 1994. Reconstruction of Ancient Molecular

Phylogeny

, Mole cular Phylo genetics and Evolution, in pr ess.

[11] Hendy

, M.D., Little, C.H.C., and Penny

, D. 1984. Comparing T rees with Pendant V er-

tices Lab elled, SIAM J. Appl. Math., 44, 1054-10 67.

[12] Leclerc, B. 1985. La Comparaison des Hi� erarchies: Indices et M� etriques, Mathematiques

et Sciences Humaines, 92, 5-40.

[13] Margush, T., and McMorris, F.R. 1981. Consensus n-T rees, Bul l etin of Mathematic al

Biolo gy, 43, 239-244 .

[14] Nei, M. 1987. Mole cular Evolutionary Genetics. Columbia Universit y Press, New Y ork.

[15] Page, R.D.M. 1994. Maps Between T rees and Cladistic Analysis of Historical Asso cia-

tions Among Genes, Organisms, and Areas, Syst. Biol., 43, 58-77.

[16] Robinson, D.F. 1971. Comparison of Lab eled T rees with V alency Three, Journal of

Combinatorial The ory, 11, 105-11 9.

[17] Robinson, D.F., and F oulds, L.R. 1981. Comparison of Phylogenetic T rees, Mathematic al

Bioscienc es, 53, 131-14 4.

[18] Smith, T.F., and W aterman, M.S. 1980. How Alik e are Two T rees, Americ an Math.

Monthly, 87, 552-55 3.

[19] W aterman, M.S., and Smith, T.F. 1978. On the Similarity of Dendrograms, Journal of

The or. Biolo gy, 73, 789-8 00.

{ 20 {

concept of duplication de�ned in the pap ers cited is equiv alent to the duplication mutation

event according to the mo del presented. In this asp ect, the mo del gives a substantiation to

the phylogeny reconstruction metho ds develop ed in Go o dman et al. (1979) and Guig� o, I.

Muchnik, and T.F. Smith (1994). However, in the present mo del, losses can b e assigned to

particular duplication line descent, which is not the case in that previous pap ers, so more to

say on the information gaps which are completely missed in them.

A set-theoretic reformulation of the tree inconsistency measure derived from the mo del

is presented. Although the reformulation do es not increase the computational e�ciency of

the metho d (which requires at most O (N

3

) computational steps), it allows computing the

inconsistency measure without annotating the phylogeny with all the duplication/loss/gap

histories thus saving the memory

. Amazingly

, the reformulated measure involv es the unsp e-

ciated ancestors only

, assigning weight four to the duplication mutation events themselv es.

Using the formalism develop ed, multiplicity of lo cation of some of the duplication events

(Section 3.3), in particular, it could b e exp ected that some strategies could b e develop ed

for constructing a \consensus" sp ecies tree directly from the multiple tree data rather than

through ev aluation the emb edding of those data in a prede�ned particular sp ecies tree as it

has b een done in Go o dman et al. (1979) and Guig� o, I. Muchnik, and T.F. Smith (1994).

Some other directions for future developments: relating the mo del to the original biomolec-

ular data, from which one would like to directly calculate the overall \sp ecies" tree (which

could, eventually

, lead to reconsideration of the sequence alignment pro cedures); extending

the mo del onto di�erent kinds of biomolecular inconsistencies; including more detailed de-

scriptions of duplication mutation events needed to explain inconsistencies (for instance, in

the direction of the \regulation gene expression" considered by Go o dman et al. (1979));

considering di�erent kinds of mutation events.

References

[1] Adams, E.N. I I I. 1986 . N-T rees as Nestings: Complexity

, Similarity and Consensus,

Journal of Classi�c ation, 3, 299-317 .

[2] Barth� elemy

, J.P

., Leclerc, B., and Monjardet, B. 1986. On the Use of Ordered Sets in

Problems of Comparison and Consensus of Classi�cations, Journal of Classi�c ation, 3,

187-2 24.

[3] Baum, B.R. 1992. Combining T rees as a W ay of Combining Data Sets for Phylogenetic

Inference, and the Desirability of Combining Gene T rees, T axon, 41, 3-10.

[4] Day

, W.H.E. 1985. Optimal Algorithms for Comparing T rees with Lab eled Leaves, Jour-

nal of Classi�c ation, 2, 7-28.

[5] Day

, W.H.E., and McMorris, F.R. 1985. A F ormulation of Consensus Index Metho ds,

Bul l etin of Mathematic al Biolo gy, 47, 215-22 9.

{ 19 {

Let us consider tree T (p(t)) along with corresp onding duplication �

g

, due to G(g ). Ev-

idently

, maximal sp eciated no des in that tree form a partition of the set of its leaves. Let

us get o� all those no des (along with their sub ordinates) from T (p(t)). That means, that

we leave in the obtained cut tree U , only the mixed no des. Thus, due to Theorem 8, the

whole numb er of no des in U is equal to the numb er of elemen ts in I

g

. Every terminal no de

in U , obviously

, gets b oth of its children (in T (p(t))) sp eciated and thus is related to two

inconsistencies (loss or information gap) exactly

, though it is counted in I (G; T ) only once.

The internal no des in U can b e, obviously

, of degree 2 or 3 only

. Every no de of degree 2

corresp onds to exactly one sp eciation event in T (p(t)) (except for the ro ot which is excluded

since it is not incompatible); every no de of degree 3 is connected to mixed no des only and,

thus, gives no sp eciation events at all. Thus, in the tree U , any no de of degree 1 (terminal

no de) contributes to C (g ; T ) with two counts, any no de of degree 2 with 1 count, and no des

of degree 3 with no counts. But in a binary ro oted tree, the numb er of the no des of degree 3

is equal to the numb er of the terminal no des minus 2. Thus, the numb er of the elemen ts in

I

g is equal to the total numb er of losses and gaps due to mutation (g ; p(t)) minus 2, which

proves the theorem. 2.

Curiously

, the theorem proven shows that the duplication inconsistency measure is as-

so ciated with the set-theoretic incompatibility of the trees considered in such a way that

any maximal incompatible pair gets its weight four (counted four times) as compared to

ordinary incompatible pairs (counted once only). In particular, the theorem implies that

C (T =G) = 4I (G; T ) when all the incompatible pairs are maximal. Since the maximal in-

compatible pairs corresp ond to the duplication mutation events while nonmaximal ones just

to mixed no des, this can b e put also as follows: the inconsistency measure C (T =G) is equal

to four times the numb er of the duplications needed to explain all the inconsistencies plus

numb er of the other mixed vertices (each counted as many times as it o ccurs under a dupli-

cation).

The theorem reveals also the graph-theoretic nature of the asymmetry of C (T =G): the

measure involv es di�erent ob jects in G and T , comparing the triples parent-children (g ; a(g ); b(g ))

from G with just the clusters t 2 T .

6 Discussion

A mo del for duplication mutations has b een formalized to explain the inconsistencies b etween

binary phylogenetic trees derived from di�erent gene families. The mo del involves a gene

duplication history in the sp ecies phylogeny describ ed with corresp onding sp eciation/loss

events and information gaps o ccurred due to some particular kinds of the inconsistencies.

T o make the mo del work, so called Duplication/Sp eciation principle is intro duced to require

that every hyp othetical gene duplication evolves in such a manner that in any contemp orary

sp ecies (participating in the inconsistency o ccurred) only one copy is observ able. These

explicitly de�ned concepts distinguish our analysis from earlier mo dels (Go o dman et al.

(1979), Guig� o, I. Muchnik, and T.F. Smith (1994)) where the formalisms intro duced have

not b een supp orted with any explicit biological interpretation. Y et, it app ears, the technical

{ 18 {

g � p(t), then either (g ; t) or (g ; t

0

) is maximal inc omp atible, wher e t

0

is the other child of

p(t).

Pro of. Let pair (g ; t) b e maximal incompatible. Thus g � p(t) but g 6� t. Since b oth

children a(g ) and b(g ) overlap t, they cannot b e included in the other child of p(t). On the

other hand, if b oth of them are included in t, then g , as their union, also is included in t

which contradicts the de�nition of incompatibilit y and implies that G(g ) and T (t) are not

ro ot consistent.

Conversely

, let trees G(g ) and T (p(t)) b e ro ot-inconsistent, and g � p(t). That means

that at least one of the clusters a(g ); b(g ) intersects b oth children t; t

0

of p(t) and the other

one intersects at least one of those children, say t. Then b oth a(g ) and b(g ) intersect t, but

their union g is not included in t b ecause at least one of a(g ); b(g ) overlaps t

0

. This implies

that (g ; t) is incompatible, which completes the pro of. 2:

Now we can characterize nonmaximal incompatible pairs in terms of the duplications

related to corresp onding maximal incompatible pairs.

Theorem 8 F or any maximal inc omp atible p air (g ; t), p air (g ; n) is inc omp atible if and only

if n is a mixe d no de due to the c orr esp onding duplic ation in tr e e T (p(t)) after emb e dding tr e e

G(g ) into T (p(t)).

Pro of. In the emb edding pro cess, leaves of a(g ) get one sign lab el and of b(g ) the other.

Any mixed no de n in T (p(t)) must overlap b oth a(g ) and b(g ) which is equiv alent to (1)

since g 6� n. Conversely

, if (g ; n) is incompatible, than n 2 T (p(t)) b ecause n overlaps g and

thus, p(t); on the other hand, n cannot b e ancestor of p(t) since n do es not include g , which

proves n � p(t). Since n overlaps b oth a(g ) and b(g ), it is mixed after emb edding is done.

The pro of is �nished.2:

Let us denote the numb er of all the incompatible pairs as I (G; T ) and the numb er of the

maximal incompatible pairs as M (G; T ).

Theorem 9 The numb ers of the inc omp atible p airs ar e r elate d to the inc onsistency me asur e

in the fol lowing way: C (T =G) = I (G; T ) + 3M (G; T ).

Pro of. T o prove the equality

, let us de�ne a corresp ondence b etween the incompatible

pairs and the items (duplication event, loss, gap) counted in C (G=T ). The set of all incom-

patible pairs can b e partitioned onto subsets I

g containing incompatible pairs (g ; t) with g

�xed. Let us consider such a g �xed, and take corresp onding maximal incompatible pair

(g ; t) 2 I

g

. Theorem 7 implies that pair (g ; p(t)) corresp onds to a duplication event counted

in C (g ; T ), although this pair is not counted in I (G; T ).

Let us now show that the numb er of elements in I

g plus 2 is equal to the numb er of

losses/gaps due to the duplication (g ; p(t)) asso ciated with pair (g ; t). Along with the un-

counted duplication event (g ; p(t)) corresp onding to (g ; t) as a maximal incompatible pair,

that will lead to jI

g j + 3 = C (g ; T ). Summing up these equalities, by g contained in the

incompatible pairs, will give the statement of the theorem.

{ 17 {

Although the numb er and the lo cation of the duplication events are captured by the

mapping concept prop erly (see Theorem 5 ab ove), the losses, as based on the mo del develop ed

in this work, generally sp eaking, cannot b e recognized with the cost function, which can b e

demonstrated with the example of trees in Fig.4, (a) and (b). In Fig.5 (c) all the results of

mapping of the tree in Fig.5 (b) into tree in Fig.5 (a), are shown. W e can see that while

mapping no de g4 (along with its children, 2 and 1) into t1 (along with the same children,

2 and 1), two intermediate no des, t2 and t4, are counted as the cost asso ciated with g4.

Obviously

, those no des, t2 and t4, may not b e assigned to the same duplication event since

if it could have b een done, it would have given v alues 2+2=4 to the duplication event A, or

3+2=5 to B, or 2+2=4 to C in Fig.2, none of which is true.

The information gap concept is missed completely in the theories based on the mapping

of the trees, although the fact that a gap (or some gaps) must b e present in the minimum

duplication can b e reformulated in the mapping terms, as follows.

Theorem 6 An M -duplic ation g 2 G c orr esp onds to the minimum duplic ation c ontaining

no gaps if and only if g = M (g ).

Pro of: Indeed, g = M (g ) means that there is no leaves, in subtree T (M (g )), b eyond

g = a(g ) [ b(g ), which implies that all the leaves in T (M (g )) are sp eciated in duplication �

g

.

On the other hand, if no leaf i 2 T (M (g )) has �

g

(i) = ;, then T (M (g )) = a(g ) [ b(g ), which

proves the statement.2:

So, if, for an M -duplication g , g � M (g ), all the leaves from M (g ) � g will b e gapp ed

under the corresp onding duplication, although the mapping itself cannot provide us with the

information how many maximum gapp ed vertices are due to �

g

.

5 A Set-Theoretic Reform ulation of the Inconsistency

F or any two phylogenetic trees G and T (having their leaf sets coinciding) and for any two

interior no des g 2 G and t 2 T , let us refer to those no des as inc omp atible ones, if the

statement in (1) holds:

g 6� t and a(g ) \ t 6= ; and b(g ) \ t 6= ; (1)

Obviously

, if g and t are incompatible and p(t) is the parent of t 2 T , then g and p(t)

will b e also incompatible unless g � p(t). An incompatible pair (g ; t) will b e referred to as

maximal inc omp atible p air if it satis�es that last prop erty

, that is, g � p(t). Obviously

, for

any incompatible pair (g ; t), there exists a maximal incompatible pair (g ; t

0

), where t � t

0

,

which is de�ned in a unique way .

The imp ortance of those maximal pairs in the present context follows from the following

observ ation.

Theorem 7 F or any tr e es G and T , if a p air (g ; t) is maximal inc omp atible then tr e es

G(g ) and T (p(t)) ar e r o ot-inc onsistent. R eversely, if those tr e es ar e r o ot-inc onsistent while

{ 16 {

Figure 5: Mapping gene tree (b) into tree (a) as presented in (c) along with duplications

and costs counted to give the total cost v alue 3+10 = 13.

{ 15 {

let us denote as M (g ) the no de of T b eing its least common ancestor, that is, the smallest

cluster satisfying inclusion g � M (g ). This map M , considered �rst by Go o dman et al.

(1979), is referred to as mapping of G into T in Page (1994) and Guig� o, Muchnik and Smith

(1994). Evidently

, if g

0

� g then M (g

0

) � M (g ).

In Go o dman et al. (1979) and Guig� o, Muchnik and Smith (1994), a duplication concept

is intro duced in terms of mapping M . T o distinguish it from that de�ned ab ove, we refer to

it as to M -duplication.

De�nition 4 An M-duplic ation is an interior no de g 2 G, such that M(g)=M(a(g)) or/and

M(g)=M(b(g)).

This concept exactly corresp onds to the duplication event de�ned when corresp onding sub-

trees of G and T are ro ot-inconsistent.

Theorem 5 No de g 2 G is an M-duplic ation if and only if subtr e es G(g ) and T (M (g )) ar e

r o ot-inc onsistent.

Pro of. Let t = M (g ) = M (a(g )). It means that g � t but neither a(t), nor b(t) contains

a(g ); that is, a(g ) \ a(t) 6= ; and a(g ) \ b(t) 6= ;. Therefore, the subtrees G(g ) and T (M (g ))

are ro ot-inconsistent. Reversely

, let subtrees G(g ) and T (M (g )) are ro ot-inconsistent. This

means that at least one of the children of g , say

, a(g ), overlaps b oth of the children of M (g ),

say , a and b. This implies that M (a(g )) = M (g ) since M (a(g )) can b e neither a, nor b. The

pro of is over.2:

Let us de�ne the mutation cost function asso ciated to any non-terminal no de of G, as it

was intro duced (under the name of \loss function") by Guig� o, Muchnik and Smith (1994),

although in slightly reformulated terms.

De�nition 5 The c ost L(g) asso ciate d with g 2 G is de�ne d as: (a) the total numb er

of the interme diate no des b etwe en M (a(g )) and M (g ) and b etwe en M (b(g )) and M (g ) if

b oth M (a(g )) and M (b(g )) ar e pr op er subsets of M (g ); (b) the numb er of the interme diate

no des b etwe en M (a(g )) (or, r esp e ctively, M (b(g ))) and M (g ) plus one if only M (a(g )) (or,

r esp e ctively, M (b(g ))) is a pr op er subset of M (g ) while the other child is mapp e d at M (g ); (c)

zer o, if b oth of the childr en of g ar e mapp e d at M (g ), that is, M (a(g )) = M (b(g )) = M (g ).

The total cost function c(G; T ) asso ciated with the mapping of G into T was de�ned in Guig� o,

Muchnik and Smith (1994)) as the sum of all p enalties L(g ) by non-terminal g 2 G and of

the numb er of all M-duplications. In numerous testing examples, without any exception, this

cost function v alues have app eared coinciding with the v alues of the inconsistency function

as de�ned ab ove. This (along with certain theoretical considerations) leads us to b elieve

that the following statement is true.

Conjecture. F or any phylogeny trees G and T de�ned with the same leaf set, c(G; T ) =

C (T =G).

If the conjecture is proved, use of the cost function c(G; T ) in the general evolutionary

tree reconstruction will b e justi�ed theoretically .

{ 14 {

�

k

(p(n

J

)) = f+; �g. Thus, �

m

(n

0

) = f+g and �

m

(n

00

) = f+; �g for some n

0

; n

00

in the path,

which implies that there is one and only one maximal sp eciated (by +) no de in the path

consisting of < n

J

> [ < p(n

J

) >. The pro of that maximal gapp ed no de n

J corresp onds

to one and only one maximal gapp ed no de n 2< n

J

> [ < p(n

J

) > is quite similar, which

proves the theorem. 2:

The pro of of the Theorem, actually

, shows the structure of the unfoldments of arbitrary

duplications. When �

k in T

G is an op erational duplication, its op erational unfoldments have

even simpler structures.

Theorem 4 F or any op er ational unfoldment �

m of an op er ational duplic ation �

k in k

J

2 T

G

,

�

m

(n) = �

k

(n

J

), for any n 2< n

J

>, wher e n

J is any no de n

J

2 T

G

(k

J

) such that n

J

6= k

J

.

Pro of: If n

J

2 T

G

(k

J

); n

J

6= k

J

, is mixed, then, for its children, �

k

(a(n

J

)) 6= �

k

(b(n

J

)).

This implies that no no de n 2< n

J

> may b e not mixed: if n is gapp ed or sp eciated, all its

descent must have the same pattern of �

m

, which contradicts the assumption. If n

J

2 T

G

(k

J

)

is sp eciated or gapp ed, b oth of its children must have the same pattern of �

k

, which implies

that no n 2< n

J

> may have a di�erent pattern under �

m

: the mixed pattern is imp ossible

by the monotonicity

, and di�erent pattern of sp eciation (or information gap) contradicts to

the assumed pattern of the children a(n

J

) and b(n

J

). This proves the statement.2:

The Theorem shows that op erational unfolding an op erational duplication �

k in T

G may

have an ambiguity only in lo cation of the duplication event itself, and justi�es the following

pro cedure.

Unfolding Pro cedure

1. F or the class < k

J

> of the no des of T that are J -equiv alent to the duplication-

event no de k

J itself, pick up any no de m 2< k

J

> and de�ne it as the no de where

the duplication emerged, thus putting �

m

(m) = f+; �g. T ake all the descendants

n 2< k

J

> \T (m) of m in < k

J

>, and de�ne �

m

(n) = f+; �g for all of them.

2. F or any other class < n

J

>; n

J

2 T

G

(k

J

), de�ne �

m

(n) = �

k

(n

J

), for any n 2< n

J

>.

3. If n 2< ; > (that is, n � I � J ), leave �

m

(n) not de�ned.

Thus, there is only one kind of the ambiguities: lo cation of the duplication mutation

event since any m 2< k

J

> may b e used as that. The other imp ortant observ ation is that

the complexity of the unfolded duplication do es not change, C (T =G) = C (T

G

=G), which

allows us using the contracted tree T

G for counting the inconsistency measure C (T =G).

4 The Duplications De�ned in T erms of Mapping of

the T rees

Let us consider two phylogenetic trees, G and T , having coinciding leaf sets, which was

proved ab ove su�cient for measuring the inconsistency b etween them. F or any no de g 2 G,

{ 13 {

of vertices n with n \ J = ; as the vanishing class.

Theorem 2 Any not vanishing J -e quivalent class < n

J

> is r epr esente d with a p ath (in tr e e

T ), al l the c ol late r al siblings of which b elong to the vanishing class < ; >.

Pro of: Indeed, m; n 2< n

J

> implies that m \ n 6= ; and, thus, m � n or n � m. It follows

from that that all the intermediate vertices also b elong to < n

J

>. The collateral siblings

are collateral children of all the no des of the path, except for the minimum one, none of

whose children b elongs to the path. Let, say

, n 2< n

J

> has a(n) 2 n

J

, that is, n

J

= a(n)

J

.

This implies that the sibling, b(n), has no elemen ts from J at all, that is, b(n)

J

= ;. The

theorem is proved. 2:

Such a simple structure of J -equiv alent classes allows easily \cutting out " all the leaves

I � J from T with simultaneous contracting the classes in just no des n

J

; all the no des from

the v anishing class are cut out, to o. The tree contracted, actually

, consists of the nonempty

no de clusters n

J representing not v anishing J -equiv alent classes < n

J

>. This contracted

sp ecies tree will b e denoted T

G

. The contracting pro cedure takes O (N

2

) steps at most,

and do es not change the order of complexity of the whole pro cedure (moreover, the subtree

comparing pro cedure can b e organized without computing T

G itself: just, in any comparing

step, b elonging of the entities to J is to b e checked preliminarily).

Since the leaf sets of G and T

G coincide, the emb edding pro cedure ab ove can b e p erformed

for gene tree G and sp ecies tree T

G along with all the duplications de�ned for vertices

n

J

2 T

G

.

After that any duplication in T

G must b e unfolded, that is, expanded onto tree T . T o do

that, we need some more symb ols. F or a duplication �

k in no de k 2 T

G

, let T

k

= [

n

J

2T

G

(k )

<

n

J

>; so, T

k consists of those no des of T which are J -equiv alen t to some n

J

2 T

G

(k ).

De�nition 3 A p artial duplic ation �

m

: T (m) ! L (in T ) is r eferr e d to as unfoldment of a

duplic ation �

k

: T

G

(k ) ! L (in T

G

) if (1) m 2 T

k

, (2) �

m

(n) is not de�ne d when n 2< ; >

wher e < ; > is the vanishing class, (3) for every n

J

2 T

G

(k ), �

m

(n) = �

k

(n

J

) for some

n 2< n

J

>.

Condition (3) (along with the monotonicity) guarantees that the evolutionary history of

�

m in T is consistent with that of �

k in T

G

; condition (1) says that the history b egins in a

prop er place; and condition (2) provides no history for those sp ecies and their ancestors that

are not presented in the gene tree G.

It app ears, no duplication unfolding can change its complexity .

Theorem 3 The c omplexity of a duplic ation �

k in T

G c oincides with that of any of its

unfoldments �

m in T : c(�

k

) = c(�

m

).

Pro of: Let us consider, in T , J -equiv alent classes < n

J

> and < p(n

J

) > for a no de n

J

and its parent p(n

J

) from T

G

. As it follows from Theorem 2, they consist of all the no des

n

1

; :::; n

l of a path in T , which implies that �

m

(n

l

) � ::: � �

m

(n

1

) since n

l

� ::: � n

1 and

�

m is monotone. If n

J is a maximal sp eciated no de (under �

k

, say , �

k

(n

J

) = f+g), then

{ 12 {

Figure 4: Emb edding tree (a) in tree (b) requires two duplications corresp onding to no des A

and B in (a); the duplications are presented in (c) and (d), resp ectively

, with square b oxes

for the losses.

tree implying corresp onding duplications, as shown in Fig.3, (c), (d), and (e), resp ectively .

The maximal sp eciated no des for each of the duplications are shown in Fig.3 (c, d, e) with

square b oxes; the no de 456 in Fig.3 (d) is gapp ed since the gene subtree of duplication B

involv es only three taxa while it is ro ot-inconsistent with the entire sp ecies tree, and it is

also square-b oxed. Thus, the total numb er of the duplications is equal to 3, the numb er of

the losses to 9, and the numb er of the gaps to 1, which gives C (a=b) = 13 as the measure of

inconsistency b etween the trees in Fig.3 (a) and (b). In Fig.4, emb edding tree (a) in tree (b)

is shown; it requires only 2 duplications and 7 losses; no information gap is involv ed, which

makes the overall inconsistency measure C (b=a) = 9.

3.3 Em b edding a Smaller Gene T ree

Emb edding gene tree G in sp ecies tree T with J � I may involv e an ambiguity if J is

signi�cantly smaller than I . The ambiguity arises when the gene leaves are insu�cient to

distinguish b etween di�erent clusters in the sp ecies tree: vertices m; n 2 T may b e di�erent

while m \ J = n \ J . Let us develop a corresp onding formalism.

Let us denote n

J

= n \ J , for any n 2 T , and call the vertices m; n 2 T J -equiv alen t

if m

J

= n

J

. Since the relation of J -equiv alence is obviously an equiv alence relation, it

partitions I in nonoverlapping classes of J -equiv alent vertices. The class of the vertices

n 2 T having n \ J = n

J will b e denoted < n

J

>. Let us refer to the class < ; > consisting

{ 11 {

Figure 3: Emb edding gene tree (b) onto tree (a) requires three duplications corresp onding

to no des A, B, and C in (b); the minim um duplications �

A

; �

B

, and �

C are shown in (c), (d),

and (e), resp ectively; the losses and information gaps are represented with square b oxes.

n. If G(n) is ro ot-consistent with a subtree T (m) of T , we pro ceed to subtrees of T (m).

When G(n) is ro ot-inconsistent with a subtree T (m), the minimum duplication mapping

�

nm

: T (m) ! L is de�ned as the op erational duplication of gene G in vertex m 2 T to

explain the inconsistency .

Let us p oint out, that the resulting set of duplications �

nm do es not dep end on the

order in which the subtrees G(n) are considered, which makes the pro cedure just a multiple

de�ning the minimum duplication mappings requiring at most O (N

3

) steps (of comparing

two sp ecies) where N = jI j: any of O (N ) subtrees G(n) is compared with at most O (N )

subtrees T (m), each comparison involv es checking for the ro ot-cons istency only requiring

thus O (N ) steps at most; de�ning the duplications takes at most N

2

steps which are added.

The total inconsistency C (T =G) b etween T and G can b e de�ned quantitatively through

all the duplication events, losses, and information gaps counted across all the tree T , which

means that C (T =G) is the sum of the complexities of all the duplications �

nm emerged,

C (T =G) =

P

n2G

C (n; T ) . Obviously , v alues C (T =G) and C (G=T ) can b e di�erent (which

is illustrated in Fig. 3 and 4 b elow).

In such a way

, an evolution history of gene G is displayed on the evolution tree T with

a set of duplications along with corresp onding losses and gaps as presented in Fig.3. In the

picture, a real-life pattern of a gene tree (b) is shown as compared to the corresp onding part

of the sp ecies tree (a) (see Fig. 1). There are three subtrees, in Fig.3 (b), shown by their

ro ots A, B, and C, which are ro ot-inconsistent with the corresp onding subtrees in the sp ecies

{ 10 {

2. �

g

(n) = f+g if n \ a(g ) 6= ; and n \ b(g ) = ;;

3. �

g

(n) = f�g if n \ b(g ) 6= ; and n \ a(g ) = ;;

4. �

g

(n) = f+; �g if n \ a(g ) 6= ; and n \ b(g ) 6= ;;

5. �

g

(n) = ; if n � I � J .

These v alues �

g

(n) (n 2 T ) can b e constructively de�ned just in one b ottom up run

through tree T.

F or a set � of mappings �

g

: T ! L, let us recall that � 2 � is minimum in � if, for

any other 2 �, � (n) � (n) for any n 2 T . As it is well known, the minim um is unique if

exists.

Theorem 1 Mapping �

g is the minimum duplic ation in the set of al l op er ational duplic ations

satisfying the Duplic ation/Sp e ciation principle.

Pro of: The ro ot of T is mixed since it corresp onds to set I which includes J = a(g ) [ b(g )

and, therefore, contains elements of b oth of the clusters, a(g ) and b(g ). Let us prove that if

a no de is sp eciated or gapp ed, then its sub ordinate no des (leaves included) have the same

lab el pattern. Indeed, for any sub ordinate n

0

of non-mixed n, the inclusion n

0

� n holds,

which proves the prop erty

. This proves that the mapping �

g is a duplication. The item

(3) in De�nition 2 follows from item (1) in de�nition of �

g

, while item (4) in De�nition 2

follows from the fact stated ab ove that the sp eciated clusters have all their descent equally

sp eciated. Thus, mapping �

g is an op erational duplication.

T o prove minimality of �

g

, let us consider any no de n 2 T which satisfy either n \ J 6= ; or

n 2 I � J . If n 2 I � J , then �

g

(n) = ; by de�nition, which guarantees that �

g

(n) is minim um.

Otherwise, n is sp eciated, thus, b eing minim um by the Duplication/Sp eciation principle, or

mixed one containing b oth kinds of leaves, from a(g ) and b(g ), which is necessarily follows

from monotonicity of � and the Duplication/Sp eciation principle. The theorem is proved.

2:

Thus, �

g is the only duplication explaining the ro ot-inconsistency to satisfy the Duplica-

tion/Sp eciation principle in the most parsimonious way .

Complexity c(�

g

) shows the extent of the biologically meaningful di�erence (that is, the

duplication, losses and gaps required to) b etween G and T , due to their ro ot-inconsistency ,

and will b e denoted as c(g ; T ) = c(�

g

).

3.2 Em b edding a Gene T ree in to Sp ecies T ree

T o compare the entire gene tree G with sp ecies tree T , we need comparing all the subtrees

of G with T , which will b e done, initially

, for the case when J = I (the other case, J � I , is

treated in the next subsection).

The comparing pro cedure consists of sequential comparisons of the gene tree subtrees

G(n) (by all nonsingleton n 2 G) with those subtrees of T

G

, the leaf sets of which include

{ 9 {

In other words, a gene duplication is an op erational duplication if is satis�es the two

supplementary conditions: there is no contemp orary taxon keeping b oth of the duplicated

gene copies (2), and the information gap may not involve any preliminary sp eciation (3).

These conditions, actually

, assume a kind of Occam’s Razor for the hyp othetical duplications

explaining the inconsistencies observed and will b ecome quite clear in the context of the tree

comparing pro cedure presented in the next Section. At the �rst glance, item (2) imp oses

certain biological restrictions implying that no sp ecies in a particular gene tree may relate to

two or more copies of the same gene. However, nothing prevents us from considering any of

those copies as sp eci�c di�erent genes leaving the restriction only for the hyp othetical ones

to b e intro duced to explain the inconsistencies.

Y et a relaxed version of the duplication concept is needed to b e applied when a gene

involv es just a part of taxa in the sp ecies tree. A duplication � will b e referred to as a p artial

duplic ation if it is not de�ned for all the no des of subtrees of form T (l ) for some l 2 T (n).

3 Metho d for Comparing a Gene T ree with a Sp ecies

T ree

3.1 Ro ot Inconsistency and Duplication

Let T b e a sp ecies tree or one of its subtrees and G b e a single gene tree such that the leaf

set J of G is included in the leaf set I of T : J � I . These trees will b e referred to as r o ot-

c onsistent if each of the sets of the leaf descendants a(g ); b(g ) of the children of the ro ot g in

G is contained in a child-set a(t) or b(t) of the ro ot t of T , and as r o ot-inc onsistent, otherwise.

The ro ot-consistency means that the \ro ot branches" of the tree G do not contradict the

\ro ot branches" of T ; an event causing the divergence of the ro ot descendants o ccurring in

the sp ecies tree is re ected in the divergence of the sp eci�c gene family which corresp onds

to gene tree G.

If the trees G and T are ro ot-inconsistent, a duplication event in the ro ot of T can

b e de�ned to explain the inconsistency . T o cop e with the fact that duplication do es not

necessarily alters the top ology

, we need a p ostulate as follows.

Duplication/Sp eciation Principle. R o ot-inc onsistency of the tr e es G and T me ans

that a duplic ation even t in the gene c orr esp onding to tr e e G o c curr e d at the r o ot of the sp e cies

tr e e T and evolve d in T in such a way that c ontemp or ary or ganisms c orr esp onding to the

le aves in a(g ) have one of the diver gent gene c opies and the le aves in b(g ) the other.

The principle gives unambiguous recommendations for assigning the diverged copies to

the elements of J while leaving I � J sub ject to an arbitrary decision. Let us de�ne a simplest

mapping �

g

: T ! L satisfying the principle:

1. for any i 2 I , �

g

(i) is de�ned according to the following rule

�

g

(i) =

8

>

<

>

:

+ if i 2 a(g )

� if i 2 b(g )

; if i 2 I � J ;

{ 8 {

also could b e omitted since the sign lab el pattern indicates their lo cation quite clearly: they

corresp ond to maximal sp eciated (loss) or unlab eled (information gap) clusters in the tree.

Thus, it is only the pattern of sign lab eling must b e presented in duplication mo deling to

have all the duplication history represented in the tree. This leads us to the following de�ni-

tion involving the denotations: a binary ro oted tree T with leaf set I representing a sp ecies

phylogeny; set T (n) of all its vertices (leaves and n included) b eing sub ordinates of no de n;

that is, in set-theoretic setting, T (n) = fm 2 T : m � ng is the subtree of T having n as its

ro ot; and set L = f;; f+g; f�g; f+; �gg of all the subsets of the sign set f+; �g.

De�nition 1 A mapping � : T (n) ! L wil l b e r eferr e d to as a gene duplic ation in no de

n 2 T i� (1) it is monotone, that is, � (m) � � (n) when m � n, and, (2) it is satur ate d,

that is, � (n) = f+; �g. V ertex m 2 T (n) is c al led mixe d if � (m) = f+; �g, sp e ciate d if

� (m) = f+g or � (m) = f�g, and gapp e d if � (m) = ;.

The de�nition means that the duplication � emerges in no de n (condition 2) and then

evolves through all its descent by only losing the copies sometimes, one (sp eciation) or b oth

(lack of information) of them, as represented by the signs \+" and \-".

As we have seen in Figure 2 (see also Fig.3 and 4 where the duplications o ccur in interior

vertices, not in the ro ot only), the maximal mixed, sp eciated and gapp ed vertices have

particular evolutionary meaning: the maximal mixed vertex n represents the duplication

event itself; the maximal sp eciated vertices corresp ond to losses; and the maximal gapp ed

vertices corresp ond to the ancestors with completely unknown duplicated gene sto ck. The

total numb er of these maximal vertices will b e called complexity c(� ) of duplication � ; it

counts for the total numb er of the evolutionary distinct events connected with the duplication

(one for the duplication plus the numb er of losses plus the numb er of information gaps). In

Figure 2, the complexity of duplication A (a) is 4 (1 duplication + 3 losses) and of B (b) is

5 (1 duplication + 3 losses + 1 gap).

When a sp ecies tree T is supplied with a set of duplications � = f�

1

; :::; �

p g (related

p erhaps to di�erent vertices in T ), their total complexity is expressed as just the sum of the

complexities of the individual duplications, c(�) =

P

p

k =1 c(�

k

), since there is no evolutionary

mechanism is presumed here for interaction among the duplications.

W e consider that there is no information on the duplications av ailable b eyond the consid-

erations related to inconsistencies among the di�erent gene trees. This makes us narrowing

the class of duplications considered to catch the features of the losses and gaps obtained

due to the inconsistencies b etween the sp ecies tree and single gene trees. This leads us to

intro duce the following de�nition.

De�nition 2 A mapping � : T (n) ! L wil l b e r eferr e d to as an op er ational duplic ation in

no de n 2 T i�

1. � is a duplic ation,

2. any singleton le af cluster is either sp e ciate d or gapp e d,

3. for any gapp e d singleton le af cluster i 2 n, i 2 m � n implies m is either gapp e d or

mixe d.

{ 7 {

Figure 2: The evolutionary history of duplications A (a) and B (b) represented with sign

lab eled trees (c) and (d), resp ectively .

{ 6 {

us using denotation n 2 T for a vertex n of tree T since T is just a set of the clusters

corresp onding to the no des in a drawn representation of the tree. The equiv alence of the

no des (vertices) and corresp onding clusters will b e exploited through all the text b elow. The

ma jor evolutionary relation \m is a descendant of n" is expressed, in set-theoretic setting,

just as \m � n"(which indicates strict inclusion, in contrast to denotation m � n allowing

equality of m and n).

The two immediate descendants (children) of n are denoted a(n) and b(n) (also considered

as the clusters of the sub ordinate leaves). In tree (a), Fig. 1, clusters 123 and 456 are the

children of the ro ot cluster I while the latter child itself has its children 46 and 5. Assigning

the symb ols a(n) and b(n) to the siblings is quite arbitrary .

If n

1

; n

2

; :::; n

l

(l � 3) is a path (sequence of di�erent no des) connecting no de n

1 with

its descendant n

l

, the no de clusters in a path are obviously nested: n

l

� n

l�1

� ::: � n

1

and no de n b elongs to the path b etween n

1 and n

l if and only if n

l

� n � n

1

; n is called

interme diate if n

l

� n � n

1

. The siblings of the vertices n

2

; :::; n

l in a path n

1

; :::; n

l will b e

referred to as c ol later al ones.

Before intro ducing mathematical formalisms, let us consider how a duplication history

can b e annotated in phylogenetic tree. Let us consider a �ve-taxa phylogeny presented in

Fig.2 (a). The black and white circles show two copies of a gene A emerged sometime b efore

the ro ot ancestor app eared. Then taxon 1 diverged with only one, black circle, copy left

while the other, white circle, was lost (the loss is shown with an x-mark). The others,

cluster 2345, kept b oth of the gene copies. Then taxa 2 and 345 diverged, again sp eciated,

that is, keeping one of the copies evolved each while the other (black circle in 2 and white

circle in 345) was lost in the contemp orary taxa. The descent of the sp eciated ancestral taxon

345 conserved the black circle copy of gene A (p erhaps along with less signi�cant changes).

Fig. 2 (b) presents a bit more complicated story when we have a partial information on

gene B copies in contemp orary taxa: 1 and 2 have black circle copies, 3 has white circle

copy

, while nothing is known on the B copy contents in the other taxa, 4, 5, and 6, the

more so ab out their recent ancestors represented by clusters 56 and 456. Considering that

in the evolutionary framework, we can say that the gene B duplicated transcended to 23456

ancestor diverged then in two siblings, one, 23, still keeping b oth of the copies, and the

other, 456, lacking any information ab out its gene B sto ck, which is re ected in the question

mark in Fig. 2 (b). This kind of information lacking is a frequent situation which should b e

re ected in mathematical mo dels.

The three kinds of duplication history elemen ts presented in Fig. 2, (a) and (b), {

duplication itself, loss, information gap { will b e considered the only information needed to

explain the di�erence b etween gene trees.

Still, the duplication histories shown in Fig. 2, (a) and (b), with their dotted lines and

circles and crosses and question marks, seem to o picturesque to b e represented mathemati-

cally as they are. More formal pictures representing the same histories are shown in Fig. 2,

(c) and (d), where the circles are substituted by signs, + (black circle) and - (white circle),

the loss and question marks, by b oxes in corresp onding vertices, and the dotted lines are just

omitted (since they do not b ear any supplementary information). Actually

, the b ox marks

{ 5 {

tion/sp eciation/loss events for explaining and counting the inconsistencies b etween a single

gene and sp ecies trees.

The remainder of the rep ort consists of four Sections. Section 2 intro duces the main

concepts of gene duplication, loss, and information gap in graph-theoretic terms. Those

concepts are a biological context for presented metho d for emb edding the gene phylogenies

in the sp ecies tree discussed in Section 3. The pro cedure presented involves comparison of

every subtree of a particular gene tree with corresp onding subtree in the sp ecies tree. Every

time when the comparison implies an inconsistency

, a duplication of the gene is p ostulated to

explain the inconsistency

. This duplication event then is re ected in the sp ecies tree with the

event’s history leading to the current situation in currently living sp ecies; the history along

the tree involves certain gene copy losses and information gaps which accompany the duplica-

tion event during the evolutionary history

. The total numb er of duplication/loss/gap events

required to explain all the inconsistencies is considered the inconsistency measure b etween

the gene and sp ecies tree. In Section 4, equiv alence b etween this inconsistency measure and

that of Guig� o, Muchnik and Smith (1994) is discussed (the measure suggested by Go o dman

et al. (1979) seems more complicated). It turns out that the concept of mapping b etween the

trees used in the latter pap ers, do es not allow, in general, prop erly classifying corresp ond-

ing loss/gap events, although it takes into account the duplication events appropriately . A

conjecture is made that the two indices coincide, which has b een strongly supp orted with

numerous testing computations. In Section 5, a set-theoretic reformulation of the incon-

sistency measure suggested is given, which connects it with so called incompatible pairs of

the no des. This reformulation simpli�es the measure since it allows to catch all the dupli-

cation/loss/ga p events in one run over the trees without that multiple history annotating

pro cess along all the inconsistent subtrees which is de�ned in the original mo del in Section

3. On the other hand, the reformulation has a biological meaning since the concept of the

incompatible pair of the no des corresp onds to those of the ancestor sp ecies who keep b oth

of the gene copies diverged. In Section 6, the results are brie y discussed in the context of

the problem of reconstructing the molecular phylogeny .

2 Mo del for Duplications in Ph ylogenies

The mo del for evolutionary history will b e ro oted binary tree with the leaf set lab eled by

biological taxa. In this text, we will identify the leaves with their lab els thus considering the

N -element set of the lab els I as the set of the taxa. Any interior no de n is considered a subset

(cluster) of its sub ordinate leaves, interpreted as the descendants of the common ancestor

of the leaves represented by no de n. F or instance, in tree (a), Fig. 1, no de n represents

leaf set consisting of 1; 2, and 3, which will b e denoted n = 123 (thus relaxing, for the sake

of simplicity

, b oth curled brackets and commas in the traditional set-theoretic denotation,

n = f1; 2; 3g, in this case). Similarly

, no de m represents cluster m = 456. This allows

representing the tree as the set of its leaf clusters n. T ree (a), Fig. 1, is thus represented by its

clusters 12; 123 ; 46; 4 56 corresp onding to the interior no des, and I = 123456 corresp onding

to the ro ot. The leaves themselves are considered trivial singleton clusters. This allows

{ 4 {

the input. Moreover, some other binary trees also are approximation trees minimizing the

total distance (two of them are presented in Fig. 1, (d) and (e) as having their distances from

the trees in Fig. 1(a), (b), equal to 2 and 4, resp ectively). W e can see how the ambiguity

in the structure of the consensus tree has b een transformed into ambiguity of the solutions

when we imp osed the binary divergence structure. So these purely mathematical approaches

cannot avoid great ambiguity in the results.

Are there any biologically meaningful dissimilarity measures p ossible? T o address the

issue, let us analyze biological meaning of the contradictions among the gene trees. Ob-

viously

, all the contradictions are in the pattern of the divergence. It is the phenomenon

of divergence which should b e presented and explained in the combined sp ecies tree (Fitch

(1970), Go o dman et al. (1979), Nei (1987)). Let us recall that the gene divergence can

b e the result either of sp eciation (gene divergence b etween sp ecies) or of duplication (gene

divergence within sp ecies) (Ohno (1970)). If gene divergence o ccurs only with sp eciation, the

gene and sp ecies trees are identical: the phylogeny of the gene follows the sp eciation history .

However, if a gene is duplicated, gene divergence may o ccur without subsequent sp ecia-

tion and the gene phylogeny do es not necessarily follow the pattern of the sp ecies phylogeny .

This happ ens with so called p ar alo gous evolution events representing gene lineages that arose

from gene duplication prior to sp ecies separation (Fitch (1970)). T aking into account the

paralogous evolution allows us �tting any gene lineages within their sp ecies lineages as ex-

plained with corresp onding gene duplications hyp othetically making the di�erence b etween

gene and sp ecies top ologies. This idea was elab orated by Go o dman et al. (1979) and put in

a wider biological context by Guig� o, Muchnik and Smith (1994) who made the �rst attempt

to identify and precisely lo cate the gene duplications in euk ariotic history

. These authors

have develop ed some formalisms for annotating the evolutionary tree with duplication events

by means of so called mapping of the trees (this concept was employ ed also in Page (1994)).

The numb er of duplications and losses p osited is a dissimilarit y measure to b e minimized by

the reconstructed evolutionary tree. (The dissimilarit y measure considered by Go o dman et

al. (1979) includes also the numb er of the nucleotide replacemen ts needed).

Such a development of the approximation approach has two imp ortant adv antages in ap-

plications. First, it can b e applied when the data on di�erent single genes involv e di�erent

subsets of sp ecies; this is a typical situation which can hardly b e handled by the mathemat-

ical approaches cited ab ove. Second, the reconstructed tree is annotated with information

sp ecifying mutation events along the tree, thus giving biological information.

However, the tree mapping concept itself (implicitly considered in Go o dman et al. (1979),

and explicitly in Page (1994) and Guig� o, Muchnik and Smith (1994)) turns out to b e to o

simplistic and formal (as demonstrated b elow in Section 4). Moreover, the descriptions

of mutation events in Go o dman et al. (1979) and Guig� o, Muchnik and Smith (1994) are

rather technical: the de�nitions of the duplication and subsequent events (sp eciation/losses

in b oth pap ers and some more complicated concepts in Go o dman et al. (1979)) are not

substantiated with any biologically meaningful mo del, which makes all their constructions

fairly controversial.

The primary goal of this work is to prop ose a biologically meaningful mo del for duplica-

{ 3 {

Figure 1: Results of the pure mathematical approach to combining trees (a) and (b): con-

sensus tree (c) and approximation trees (d) and (e).

a tree having very little biological relev ance, since no information is presented b eyond 123

to 456 opp osition. When there are more initial trees, there are fewer common clusters.

W e can mo dify the concept of \ a common cluster" to include those clusters which o ccur

in, say

, in 80 p er cent of the initial trees. But this do es not help to o much: the pattern

of the consensus tree remains very ambiguous in most cases. Another problem cannot b e

treated with this approach: di�erent gene trees involv e di�erent subsets of the set of taxa

analyzed. Restricting ourselves to the common subset of the taxa means eliminating all

the other taxa, which drastically reduces the information av ailable. Another p ossibility ,

an indep endent analysis of di�erent subsets, may lead to contradictory \common" clusters

(which can b e considered the basis for so called \consensus imp ossibility theorems" [see, for

example, Barth� elem y , Leclerc and Monjardet (1986) and Margush and McMorris (1981)] ).

The other, approximation approach, is supp osed to overcome the ambiguity of the struc-

ture of the combined consensus tree. Based on a measure of similarit y/dissimilarit y b etween

trees, the combined tree is sought as a tree of a sp eci�ed structure maximizing its total resem-

blance (minimizing its total dissimilarit y) to the original trees. Still, the measures employed

have no explicit biological meaning. Let us consider, for instance, a p opular dissimilarity

measure, the set-theoretic distance, which is equal to the numb er of clusters o ccurring in

exactly one of the two trees considered (see, for example, Robinson and F oulds (1981), Day

(1985)). The distance b etween trees in Fig. 1 (a) and (b) is equal to 6 since each has three

\unique" clusters. It can b e proved rather easily that, in this case, either of the trees in Fig.

1 (a), (b) minimizes the total distance (equal to 0+6) from two of these trees considered as

{ 2 {

1 In tro duction

The discipline of the phylogeny reconstruction, as based on the data on homologous biomolecules

in a set of currently living sp ecies, started in sixties (see Fitch and Margoliash (1967)) and

b ecame a working to ol for evolutionary analysis, b oth for theoretical and practical needs

(see, for example, Nei (1987), Beanland and Howe (1992)).

The current strategy for the phylogeny reconstruction is based on the separate considera-

tion of di�erent gene families which are represented by so called homologous sequences. The

homologous sequences are supp osed to b e descendants of a common ancestor in such a way

that the more similar sequences corresp ond to the more recent common predecessors. An

evolutionary tree constructed for a particular family or sup er-family serves as a structural

supp ort for analysis of the history of corresp onding functions. This can b e considered as the

�rst step in the following two-step strategy for reconstructing evolutionary tree for sp ecies.

1. Constructing a phylogenetic tree for each of the gene families indep endently .

2. Combining particular gene trees into a unique tree representation.

This work fo cuses on Step 2: combining di�erent, often contradictory

, gene trees into

a unique evolutionary tree called \sp ecies tree" (Fitch (1970), Go o dman et al. (1979), Nei

(1987)). The problem is considered in the literature as the problem of reconciling di�erent

phylogenetic trees. There are several ideas which have b een suggested for the last two decades

(see, for a representative sample, works by Robinson (1971), W aterman and Smith (1978),

Smith and W aterman (1980), Robinson and F oulds (1981), Margush and McMorris (1981),

Hendy

, Little and Penny (1984), Mirkin and Ro din (1984), Day (1985), Day and McMorris

(1985), Leclerc (1985), Adams (1986), Barth� elemy

, Leclerc and Monjardet (1986), F arach and

Thorup (1993)). A common feature of all these metho ds is that they consider phylogenetic

trees as formal mathematical ob jects and try to �nd as much alike in the structures as

p ossible. The shortcoming of this approach, in the present authors’ opinion, is that the

concepts of \similar structures" involv ed are purely formal, having no indep endent biological

meaning. F or instance, there is no formal di�erence b etween inconsistencies that arise from

di�erent techniques applied to the same data or the di�erence in the data themselves.

T o get a closer lo ok at the matter, let us consider an example involving the following six

taxa: 1. Arthrop o da 2. Mammalia. 3. Echino dermata. 4. Protozoa. 5. Embryophita. 6.

Clorophycea.

In Fig. 1(a) a phylogenetic tree is presented for these taxa, as reconstructed from the

data on a protein family (tubulin �

1 chain) in Guig� o, Muchnik and Smith (1994). Fig. 1(b)

presents another plausible evolutionary history for the same taxa. What can b e recommended

for combining these trees via the mathematical approach discussed?

There are two ma jor algorithmic approaches: (a) consensus, and (b) approximation.

A consensus tree is a tree re ecting the features common to b oth of the original trees.

Such a consensus tree usually is de�ned in terms of the clusters forming the original trees.

The tree in Fig. 1(a) has 12, 123, 46, and 456 as its non-trivial clusters, while those for

the tree in Fig. 1(b) are 23, 23456 , 456, and 56. The only common cluster is 456; the

corresp onding consensus tree is presented in Fig. 1(c); we can see this as an example of

Con ten ts

1 In tro duction 2

2 Mo del for Duplications in Ph ylogenies 5

3 Metho d for Comparing a Gene T ree with a Sp ecies T ree 9

3.1 Ro ot Inconsistency and Duplication : : : : : : : : : : : : : : : : : : : : : : : 9

3.2 Emb edding a Gene T ree into Sp ecies T ree : : : : : : : : : : : : : : : : : : : 10

3.3 Emb edding a Smaller Gene T ree : : : : : : : : : : : : : : : : : : : : : : : : : 12

4 The Duplications De�ned in T erms of Mapping of the T rees 14

5 A Set-Theoretic Reform ulation of the Inconsistency 17

6 Discussion 19

ABSTRA CT

In the framework of the problem of combining di�erent gene trees into a unique sp ecies

phylogeny

, a mo del for duplication/sp eciation/loss events along the evolutionary tree is in-

tro duced. The mo del is employed for emb edding a phylogeny tree into another one via so

called Duplication/Sp eciation principle requiring that the gene duplicated evolves in such

a way that any of the contemp orary sp ecies involv ed b ears only one of the gene copies

diverged. The numb er of biologically meaningful elements in the emb edding result (duplica-

tions, losses, information gaps) is considered a (asymmetric) dissimilarity measure b etween

the trees. The mo del duplication concept is compared with that one de�ned previously in

terms of a mapping pro cedure for the trees. A graph-theoretic reformulation of the measure

is derived.

DIMA

CS T ec hnical Rep ort 95-28

August 1995

A Biolo gi cal ly Meaning ful Mo del for Compa ri ng

Molecula r Ph ylogenies

1

b y

Boris Mirkin

; 2

DIMA CS

Rutgers Univ ersit y

P .O.Bo x 1179 Piscata w a y NJ 08855-1179

and CEMI of Russian Academ y of the Sciences, Mosco w, Russia

Ily a Muc hnik

3

R UTCOR, Rutgers Univ ersit y ,

New-Brunswic k, NJ 08903

T emple F. Smith

Biomolecular Engineering Researc h Cen ter,

College of Engineering, Boston Univ ersit y , Boston MA 02215

1

The authors acknowledge the hospitality of the Center for Discrete Mathematics & Theoretical

Computer Science (DIMACS), and also thank the organizers of the DIMACS Sp ecial Y ear in Math-

ematical Supp ort for Molecular Biology

, 1994-95 (in particular, they are pleased to acknowledge

the supp ort of NSF grants STC 91-19999 and BIR-94-12594 to Rutgers University).

2

Research Asso ciate

3

Research Asso ciate

DIMACS is a co op erative pro ject of Rutgers University

, Princeton University , A T&T Bell

Lab ora tories and Bellcore.

DIMACS is an NSF Science and T echnology Center, funded under contract STC{91 {19 99 9;

and also receiv es supp ort from the New Jersey Commission on Science and T echnology .