DIMACS Technical Report 95-16 June 1995

Bipartite Steinhaus Graphs by

Bhaskar DasGupta^1 2 Martin Fürer^{3 ;4}

1DIMACS Rutgers University Piscataway, NJ 08855 Email: bhaskar@dimacs.rutgers.edu 2Research supported in part by NSF grant CCR-92-00270 3Department of Computer Science & Engineering The Pennsylvania State University University Park, PA 16802 Email: furer@cse.psu.edu 4Research supported in part by NSF grant CCR-92-18309

DIMACS is a cooperative project of Rutgers University, Princeton University, AT&T Bell Laboratories and Bellcore.

DIMACS is an NSF Science and Technology Center, funded under contract STC–91–19999; and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

Steinhaus graphs are simple undirected graphs in which the first row of the adjacency matrix A = (a_{rs}) (excluding the very first entry which is always 0) is an arbitrary sequence of zeros and ones and the remaining entries in the upper triangular part of A are defined by a_{rs} = (a_{r−1 s−1} + a_{r−1 s}) mod 2 (for 2 ≤ r < s ≤ n). Such graphs have already been studied for their various properties. In this paper we characterize bipartite Steinhaus graphs, and use this characterization to give an exact count as well as linear upper and lower bounds for the number of such graphs on n vertices. These results answer affirmatively some questions posed by W. M. Dymacek (Discrete Mathematics, 59 (1986) pp. 9-20).

1 Introduction.

A Steinhaus graph on n vertices is defined as follows. The graph is simple and undirected. The entries in the adjacency matrix A = (a_{rs}) are defined by the following relationship (where x ⊕ y denotes addition modulo 2): a_{rr} = 0 1 ≤ r ≤ n a_{1s} = 0 or 1 2 ≤ s ≤ n a_{rs} = a_{r−1 s−1} ⊕ a_{r−1 s} 2 ≤ r < s ≤ n a_{rs} = a_{sr} 2 ≤ s < r ≤ n The upper triangular part of A is called a Steinhaus triangle[9]. Such triangles have been studied by Harborth[6] and Chang[1]. Steinhaus graphs are named in honor of Hugo Steinhaus who has asked in [9] whether there is a zero-one sequence of length n (for n ≡ 0 or 3 (mod 4)) which generates a Steinhaus triangle with the same number of zeros and ones. The question has been answered affirmatively by H. Harborth[6].

Properties of Steinhaus graphs and their complements have been extensively studied [2, 3, 4, 5, 8]. In particular W. Dymacek [5] has studied bipartite Steinhaus graphs and shown that a Steinhaus graph is bipartite if and only if it has no triangles. He has also given a loose upper bound on the number of such graphs on n vertices. In this paper we characterize bipartite Steinhaus graphs, and use this characterization to count the number of such graphs with n vertices. A Steinhaus graph with n vertices has the vertex set V = {1, 2, . . . , n}. We count two Steinhaus graphs as distinct if and only if they have different adjacency matrices.

There are exactly 2^{n−1} Steinhaus graphs of size n, because ⟨a_{12} . . . a_{1n}⟩ can be an arbitrary {0, 1}-sequence. We could consider the sequence ⟨a_{12} . . . a_{1n}⟩ to be a name of a Steinhaus graph and study properties derived from the name. Such an approach would violate a fundamental principle about doing mathematics. If a problem has any kind of symmetries, the mathematical structures defined to handle that problem should reflect these symmetries. In our case, there is just one symmetry. The vertices are ordered ⟨1, 2, . . . , n⟩, but the reverse order ⟨n, n − 1, . . . , 1⟩ is equally good. There is no reason to distinguish the first vertex from

– 2 –

the last vertex of the graph by starting with the first row rather than the last column of the adjacency matrix. We would rather treat rows and columns equally by selecting the sequence D = ⟨a_{12}a_{23} . . . a_{n−1 n}⟩ in the diagonal s = r + 1 (just above the main diagonal) as the name of the graph.

Correspondingly, we better reformulate the definition of Steinhaus graphs in a symmetric way. a_{rr} = 0 1 ≤ r ≤ n a_{r r+1} = 0 or 1 1 ≤ r ≤ n − 1 a_{rs} = a_{r s−1} ⊕ a_{r+1 s} 1 < r + 1 ≤ s − 1 < n a_{rs} = a_{sr} 1 ≤ s < r ≤ n We will see that the new name D = ⟨a_{12}a_{23} . . . a_{n−1 n}⟩ reflects structural properties of its graph. In particular, bipartite Steinhaus graphs will be characterized by the non-occurrence of some simple patterns in their names. On the other hand, the first rows of bipartite Steinhaus graphs are not known to have such nice properties.

In Section 2, we characterize the bipartite Steinhaus graphs by the pattern of D. In Section 3, we count their number as a function of n and give linear upper and lower bounds on b(n).

2 A Characterization of bipartite Steinhaus graphs.

The previous discussion has shown that a Steinhaus graph is uniquely determined by the sequence of zero and one elements D = ⟨d_1d_2 . . . d_{n−1}⟩ just above the main diagonal, namely the elements a_{r r+1} (for 1 ≤ r ≤ n − 1), since the remaining entries of the adjacency matrix A can be computed from them.

Notation We use D to denote the sequence of zeros and ones above the main diagonal and n to denote the number of vertices of the Steinhaus graph throughout the remaining part of this paper.

The main purpose of this paper is to prove the following characterization of bipartite

– 3 –

Steinhaus graphs in terms of forbidden substrings in the sequence D. Main Theorem A Steinhaus graph is bipartite if and only if D does not contain a substring of the form ⟨0^{2v} 10^{(2u+1)2v−1}1⟩ or ⟨10^{(2u+1)2v−1}10^{2v} ⟩.

We need to prove a few results before we provide the proof of the Main Theorem. To facilitate further discussions, we introduce the concept of (doubly) infinite Steinhaus graphs as Steinhaus graphs with the vertex set Z = {. . . , −2, −1, 0, 1, 2, . . .}. The usefulness of infinite Steinhaus graphs will be apparent later when we will classify (finite) bipartite Steinhaus graphs depending on whether or not they are subgraphs of some infinite bipartite Steinhaus graph.

Usually, we describe graphs by their (possibly infinite) adjacency matrices. As is customary with finite matrices, we enumerate the rows of adjacency matrices from top to bottom and their columns from left to right (even when they are indexed by Z rather than {1, . . . , n}).

Since Steinhaus graphs are undirected, they are uniquely defined by their upper triangular part of the adjacency matrix (excluding the main diagonal). So, from now on, when displaying entries in an adjacency matrix, we will show the entries in the upper triangular part only.

Before we focus on adjacency matrices, we study another infinite matrix P = (p_{rs}) whose rows r and columns s are nonnegative integers. P is not an adjacency matrix, but we will see P , as well as several superposed copies of P , appear in interesting adjacency matrices. While the columns of P are enumerated as usual from left to right, the rows are enumerated bottom up from 0 to infinity, because this is the orientation of copies of P appearing in adjacency matrices. The entries in P are defined as follows:

p_{rs} = 1 if r = 0 or s = 0 p_{r s−1} ⊕ p_{r−1 s} otherwise Hence, it is trivial to prove by induction on r + s that p_{rs} ≡ ( r + s s ) (mod 2) (1)

– 4 –

This implies that the matrix P is symmetric, i.e., p_{rs} = p_{sr} .

It is apparent from its definition that P forms a rotated Pascal’s triangle modulo 2. Therefore, we use the name Pascal matrix for P .

P =

. . . . . . . . . . . . . . . . . . . . 1 0 0 0 . . . 1 1 0 0 . . . 1 0 1 0 . . . 1 1 1 1 . . .

We are interested in knowing how many zeros follow the first 1 in any row of P before the second 1 appears. For this purpose, let us define, for each row numbered r, the parameter α_r as follows:

p_{rs} = 0 if 0 < s < α_r 1 if s = α_r Naturally, Pascal’s triangle has been studied for a long time. One of its most important properties is expressed in the following well known theorem (for example, see [7, page 68]).

Theorem 2.1 (E. Lucas, 1877) If t = ∑ k t_k2^k and s = ∑ k s_k2^k are two nonnegative integers, with t_k, s_k ∈ {0, 1}, then ( t s ) ≡ ∏ k ( t_k s_k ) (mod 2)

The following lemma states the value of α_r for any r (note that any positive integer can be uniquely expressed in the form (2u + 1)2^v for some integers u, v ≥ 0).

Lemma 2.1 For any two integers u, v ≥ 0, let r = (2u + 1)2^v − 1 and 0 < s < 2^v . Then we have

– 5 – (a) p_{rs} = p_{sr} = 0 (b) p_{r 2}v = p_2v_r = 1 (c) α(r) = 2^v Proof. Let (r + s) = ∑ k t_k2^k and s = ∑ k s_k2^k where s_k , t_k ∈ {0, 1}. Applying Theorem 2.1 to the characterization of P mod 2 by congruence (1), we get p_{rs} ≡ 0 (mod 2) if and only if ∃k (t_k = 0) ∧ (s_k = 1) (2) From this characterization, it is not hard to see that p_{rs} is 0, if and only if the addition of the numbers r and s in binary produces at least one carry anywhere.

Now, let us write r in the following form r = ∑ k r_k2^k = (2u + 1)2^v − 1 i.e., r_0 = r_1 = . . . = r_{v−1} = 1 and r_v = 0.

To prove part (a), we first assume 0 < s < 2^v . Then there exists an index k < v with s_k = 1. Let k be the smallest index with this property. Observing that t_k = r_k ⊕ s_k = 0, we have found an index k with t_k = 0 while s_k = 1 implying (_t k sk ) = 0 and therefore p_{rs} ≡ ( r + s s ) ≡ 0 (mod 2) (for 0 < s < 2^v ) Together with the symmetry of the {0, 1}-matrix P , this proves claim (a).

On the other hand, if s = 2^v, then s_v = 1 and s_k = 0 for all k ≠ v. Therefore, t_v = r_v ⊕ s_v = 1 and there is no k with (t_k = 0) ∧ (s_k = 1). This implies p_{rs} ≡ ( r + s s ) ≡ 1 (mod 2) (for s = 2^v)

– 6 –

Together with the symmetry of the {0, 1}-matrix P , this proves claim (b).

Claim (c) is equivalent to (a) and (b) by the definition of α_r.

Lemma 2.2 If r and s are positive integers whose sum is a power of 2, then p_{rs} = 0.

Proof. With t = r + s, we know that p_{rs} = (_t s ) mod 2. Let t = 2^v . Then there is an index k < v with s_k = 1, while t_k = 0 for all k < v. Thus the lemma follows from characterization (2) above.

Lemma 2.3 Let D = ⟨. . . d_{−2} d_{−1} d_0 d_1 d_2 . . .⟩ be an infinite sequence of zeros and ones that does not contain a substring of the form ⟨0^{2v} 10^{(2u+1)2v−1}1⟩ or ⟨10^{(2u+1)2v−1}10^{2v} ⟩. Then D has one of the following forms:

(a) D does not contain any 1.

(b) D contains exactly one 1.

(c) D is an infinite repetition of the substring ⟨10^{2k −1}⟩ for some integer k ≥ 0.

Proof. If D contains at most one 1, then obviously D cannot contain any forbidden substring. If D contains at least two 1’s, let ℓ = (2u + 1)2^k − 1 be the smallest nonnegative integer such that D contains the substring ⟨10^ℓ1⟩. As both substrings ⟨10^ℓ 10^{2k} ⟩ and ⟨0^{2k} 10^ℓ1⟩ are forbidden, every occurrence of a substring ⟨10^ℓ 1⟩ is contained in a substring ⟨10^ℓ 0 10^ℓ 10^ℓ 00 1⟩ of D. The minimality of ℓ implies ℓ ≤ ℓ^′ and the forbidden substring ⟨0^{2k} 10^ℓ1⟩ implies ℓ^′ < 2^k. Hence, u = 0 and ℓ^′ = ℓ = 2^k − 1. A symmetric argument shows ℓ^{′′} = ℓ. Therefore, D is an infinite repetition of the sequence ⟨10^ℓ⟩ with ℓ = 2^k − 1.

Lemma 2.4 Let D = ⟨. . . d_{−2} d_{−1} d_0 d_1 d_2 . . .⟩ be the infinite sequence of zeros and ones just above the main diagonal for an infinite Steinhaus graph G = (Z, E). If D does not contain a substring of the form ⟨0^{2v} 10^{(2u+1)2v−1}1⟩ or ⟨10^{(2u+1)2v−1}10^{2v} ⟩, then G is bipartite.

– 7 –

Figure 1: D contains exactly one 1.

– 8 –

Proof. By Lemma 2.3, we distinguish the following three cases:

Case 1: D does not contain any 1’s. Then the graph has no edges and is obviously bipartite.

Case 2: D contains exactly one 1. Without loss of generality, assume that d_0 = a_{01} = 1. Then the upper triangular part of the adjacency matrix A is formed by a Pascal matrix P with its origin shifted to a_{01}. Outside this shifted Pascal matrix, all entries are 0. Figure 1 shows a finite portion of the matrix A. Entries marked by ‘∗’ are not studied here. More precisely, a_{s −r} = a_{−r s} = p_{r s−1} for r ≥ 0, s ≥ 1 0 otherwise The 0’s outside P imply that G = (Z, E) is bipartite with parts V_1 = {. . . , −2, −1, 0} and V_2 = {1, 2, 3, . . .}. Case 3: D contains two or more 1’s. By Lemma 2.3, D is an infinite repetition of a substring of the form ⟨10^{2v−1}⟩ for some integer v ≥ 0. Without loss of generality, let

d_k =

1 for k ≡ 0 (mod 2^v ) 0 otherwise Then the upper triangular part of the adjacency matrix A is an infinite superposition (by addition modulo 2) of copies of the Pascal matrix P with its origin shifted to a_2v_2v_{+1} (v ∈ Z). Each location is covered by only finitely many copies of P . More precisely, A is characterized by a_{rs} ≡ ∑ k p_{k·2}v_{−r s−k·2}v_{−1} (mod 2) (3)

where k is restricted to integers with r ≤ k · 2^v < s (such that both indices of P are nonnegative).

Claim: All entries a_{rs} on the diagonal s = r + 2^v + 1 (parallel to the main diagonal) are 0. We distinguish two cases. If r is a multiple of 2^v , then the sum (3) has two terms: p_{0 2}v and p_2v_0, which are both 1 by definition of P . Otherwise the sum (3) has only one term p_r0_s0

– 9 –

Figure 2: D is periodic.

– 10 –

with r^′ = (−r) mod 2^v and s^′ = (r) mod 2^v . In this case, r^′ + s^′ = 2^v and a_{rs} = p_r0_s0 = 0 by Lemma 2.2. This proves the Claim.

Once the entries a_{rs} of the matrix A are 0 on the whole diagonal s = r + 2^v + 1, its entries are also 0 everywhere above this diagonal (see Figure 2).

a_{rs} = 0 for s ≥ r + 2^v + 1 (4)

Furthermore, a_{rs} = 0 for ⌊ r − 1 2^v ⌋ = ⌊ s − 1 2^v ⌋ (5) because the sum (3) is 0, as it does not contain any terms.

We define V_1 = {r : ⌊ r − 1 2^v ⌋ ≡ 0 (mod 2)} and V_2 = {r : ⌊ r − 1 2^v ⌋ ≡ 1 (mod 2)} Now we show that all edges are between adjacent blocks of 2^v vertices, i.e., if {r, r^′} ∈ E then the block distance Δ = | | | | ⌊ r − 1 2^v ⌋ − ⌊ r^′ − 1 2^v ⌋| | | | is 1. If Δ = 0, there is no edge between r and r^′ because of (5). If Δ ≥ 2, there is no edge between r and r^′ because of (4). Therefore G = (V, E) is bipartite with partition V_1, V_2.

We now want to study the finite bipartite Steinhaus graphs G (those with u > 0 below) that are not extendable to infinite bipartite Steinhaus graphs. This means that the sequence D of G cannot be extended to any one of the infinite sequences described in Lemma 2.3. In other words, G (with vertex set V = {1, . . . , n}) is not a subgraph of any infinite bipartite Steinhaus graph (with vertex set Z). Note that we do not study whether or not G might be isomorphic to a subgraph of an infinite bipartite Steinhaus graph.

Lemma 2.5 Let ℓ = 2^v and m = (2u + 1)2^v for some nonnegative integers u and v. If the sequence D of a (finite) Steinhaus graph G is a substring of ⟨0^{ℓ−1}10^{m−1}10^{ℓ−1}⟩ then G is bipartite.

– 11 –

0 0 0 0 0 0

0 0 0 0 . . . . . . . . . . ...

0 0 0 0 0 0

0 0 0 0 . . . . . . . . . . ...

0 0 0

0 0 0

0 0 0 0 . . . . . .

. . . . ...

@@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@

1 0 0 . . . α(m − 1)

. . 1 0

0 α(m − 1) 1 1 1 . . . 0 0

Figure 3: D contains two 1’s

It is sufficient to show the lemma for D = ⟨0^{ℓ−1} 10^{m−1}10^{ℓ−1}⟩. Figure 3 shows the important

parts of the adjacency matrix of G. The 1’s of D are the entries a_{ℓ ℓ+1} and a_{ℓ+m ℓ+m+1}. The

graph G is bipartite with the parts V_1 = V^′_1 ∪ V^{′′}_1 and V_2 = {ℓ + 1, . . . , ℓ + m} where

V^′_1 = {1, . . . , ℓ} and V^{′′}_1 = {ℓ + m + 1, . . . , ℓ + m + ℓ}.

Clearly, there are no edges within each of V^′_1 , V^{′′}_1 and V_2. To show that there are no

edges between V^′_1 and V^{′′}_1 , we notice that the entry a_{ℓ+1 ℓ+m+1} = 1 is followed by a block of

α(m − 1) − 1 = 2^v − 1 zeros

a_{ℓ+1 ℓ+m+2} = . . . = a_{ℓ+1 ℓ+m+ℓ} = 0

– 12 –

Symmetrically, a_{ℓ ℓ+m} = 1 is located below a block of α(m − 1) − 1 = 2^v − 1 zeros

a_{ℓ−1 ℓ+m} = . . . = a_{1 ℓ+m} = 0

Hence, the top right square (1 ≤ r ≤ ℓ, ℓ + m + 1 ≤ s ≤ ℓ + m + ℓ) has a zero entry a_{ℓ ℓ+m+1} = 0 in its lower left corner and is otherwise completely flanked by 0’s. Therefore a_{rs} = 0 in this whole square.

Theorem 2.2 Let the sequence D of a Steinhaus graph not contain any forbidden substring ⟨0^{2v} 10^{(2u+1)2v−1}1⟩ or ⟨10^{(2u+1)2v−1}10^{2v} ⟩. Then G is bipartite.

Proof. If the number of 1’s in the sequence D is two, then the result follows from the preceding Lemma 2.5. Otherwise D can be Extended to a doubly infinite sequence ⟨. . . 10^{2v−1}10^{2v−1} . . . 10^{2v−1} . . .⟩ with period 2^v for some v, and the result follows from Lemma 2.4.

Figure 4: The forbidden sequence D = ⟨10^{m−1} 10^ℓ⟩

– 13 –

Theorem 2.3 If the sequence D of a Steinhaus graph G contains a forbidden substring ⟨0^{2v} 10^{(2u+1)2v−1}1⟩ or ⟨10^{(2u+1)2v−1}10^{2v} ⟩, then G contains a triangle.

Proof. As the two cases are symmetric, we may assume that D contains the sequence ⟨10^{m−1} 10^ℓ⟩ with m = (2u + 1)2^v and ℓ = 2^v . In fact, we can assume that D is this sequence. Figure 4 shows part of the adjacency matrix.

As in Figure 3, we have an important block

a_{2 m+3} = a_{2 m+4} = . . . a_{2 m+ℓ+1} = 0

of ℓ−1 zeros. Now this block is followed by an entry a_{2 m+ℓ+2} = 1, implying also a_{1 m+ℓ+2} = 1. Combining this fact with the simple observation that a_{1 m+1} = a_{m+1 m+ℓ+2} = 1, we have found a triangle with vertices {1, m + 1, m + ℓ + 2}.

The Theorems 2.2 and 2.3 imply the Main Theorem and provide a new proof of the following result.

Corollary 2.4 (Dymacek [5]) A Steinhaus graph is bipartite if and only if it does not contain a triangle.

3 The number of bipartite Steinhaus graphs.

Let b(n) denote the number of bipartite Steinhaus graphs on n vertices. We want to study this function. We will present an explicit expression allowing to compute b(n) in time O(log n). Furthermore, we show linear upper and lower bounds for b(n).

Previous results by Dymacek [5] showed that n + 1 ≤ b(n) and b(n) ≤ 50 · 2^{n−24} for n ≥ 24. The first inequality corresponds to the bipartite Steinhaus graphs with zero, one or n − 1 1’s in the sequence D. The second inequality has been obtained from the recurrence relation b(n + 1) ≤ 2b(n) and the computation of b(n) for n ≤ 24 by exhaustive search.

Table 1 [5] shows b(n) for a few more values of n. It is interesting to note that before our present investigation, it would have been computationally infeasible to compute even this

– 14 –

n b(n) n b(n) n b(n) n b(n) n b(n) 1 1 11 21 21 43 31 69 41 87 2 2 12 23 22 44 32 73 42 87 3 4 13 27 23 47 33 79 43 89 4 6 14 28 24 50 34 77 44 91 5 9 15 31 25 55 35 77 45 95 6 10 16 34 26 55 36 77 46 97 7 13 17 39 27 57 37 79 47 101 8 15 18 38 28 59 38 79 48 105 9 19 19 39 29 63 39 81 49 111 10 19 20 40 30 65 40 83 50 110

Table 1: The number of bipartite Steinhaus graphs for small n

small table. This contrasts sharply with the fact that we can now compute b(n) for large values of n, and even enumerate all bipartite Steinhaus graphs for every reasonable value of n with minimal computational effort.

Looking at this table of initial values of b(n), one might come up with the following conjecture: b(n) seems to be 2(n − 1) plus some nonnegative noise which follows no obvious pattern. One does not expect the existence of a simple expression for b(n) or even a fast algorithm to compute it. As a consequence of the Main Theorem, we can show that all such conjectures are wrong.

Let n^′ = n − 1 be the length of the sequences D, and let k be defined by 2^k ≤ n^′ < 2^{k+1}. We differentiate between two types of bipartite Steinhaus graphs: those which are subgraphs of the infinite bipartite Steinhaus graphs and those which are not.

We can count the number of bipartite Steinhaus graphs of n vertices which are subgraphs of infinite bipartite Steinhaus graphs as follows:

There is one Steinhaus graph without any ones in the sequence D.

– 15 –

For every v ≤ k there are 2^v bipartite Steinhaus graphs of n vertices which are subgraphs of infinite bipartite Steinhaus graphs of periodicity 2^v (i.e., there are 2^v − 1 zeros between two successive 1s). And in these cases, v is uniquely determined by D.

Finally, there are 2(n^′ − 2^k ) cases where the sequence D contains exactly one 1 so close to either end that a periodicity 2^k is impossible.

Alternatively, we could count as follows:

1 without 1’s n^′ with exactly one 1 n^′ − 2^k with two 1’s at distance 2^k 2^v with 1’s at a distance 2^v for 0 ≤ v < k for each k with 2^k ≤ n^′ < 2^{k+1} giving in all 2^k − 1 cases.

2n^′ total number of graphs.

Finally, we have those bipartite Steinhaus graphs which are not subgraphs of infinite bipartite Steinhaus graphs. Each such graph has a sequence D of the form ⟨0^r 10^s10^t⟩ for some non-negative integers r, s, t, u, v with s = (2u + 1)2^v − 1, u ≥ 1 and r, t < 2^v . (Those graphs with u = 0 are already counted, because they are subgraphs of infinite Steinhaus graphs.) We count the number of such sequences D for given values of u and v. As before, let n^′ = n−1 be the length of D. Then n^′ = (2u+1)2^v +1+r+t and r+t = (n^′ −1−2^v) mod 2^{v+1}. For a given sum w = r + t, we distinguish two cases.

If 0 ≤ w < 2^v then we have w + 1 sequences D with 0 ≤ r ≤ w and 0 ≤ t = w − r ≤ w. If 2^v ≤ w < 2^{v+1} then we have 2^{v+1} − 1 − w sequences D with w − 2^v + 1 ≤ r ≤ 2^v − 1 and w − 2^v + 1 ≤ t = w − r ≤ 2^v − 1.

Notation Let b_∞(n) be the number of bipartite Steinhaus graphs extendable to infinite bipartite Steinhaus graphs, and bfin(n) be the number of bipartite Steinhaus graphs not so extendable. In order to find a simple expression for bfin(n), we introduce the functions

– 16 – tooth_v : R → R^+ defined by

tooth_v(x) =

2^v for x ≡ 0 (mod 2^{v+1}) 0 for x ≡ 2^v (mod 2^{v+1}) and by linear interpolation between these values. We can also write it as tooth_v(x) = |x mod 2^{v+1} − 2^v |

The preceding investigation has shown that there are tooth_v (n^′) sequences D of length n^′ for a given value of v with 0 ≤ v ≤ log_2⌊^n 0 3 ⌋. We summarize these results as follows.

Theorem 3.1 (a) b(n) = b_∞(n) + bfin(n) (b) b_∞(n) = 2(n − 1) (c) bfin =

∑⌊log_2 n�^1_3 ⌋

v=0 tooth_v (n − 1)

Remark 3.1 The periodic functions tooth_v can easily be expressed as a Fourier series tooth_v(x) =

2^{v+2} π^2 ∞∑ k=0 cos((2k + 1)πx/2^{v+1})

(2k + 1)^2

+ 2^{v−1} thus giving an explicit expression for b(n):

b(n) = 2n − 2 +

⌊log2 n�13 ⌋ ∑ v=0 ( 2^{v+2} π^2 ∞∑ k=0 cos((2k + 1)π(n − 1)/2^{v+1}) (2k + 1)^2

+ 2^{v−1}) The next lemma shows the linear lower and upper bounds for b(n).

Lemma 3.1 2n − 2 < b(n) ≤^1_2 (5n − 7)

– 17 –

Proof. By Theorem 3.1, it is sufficient to show that bfin(n) ≤^1_2 (n − 3). If n = 2^k + 1, then tooth_v (n − 1) = 2^v for all v ≤ k − 2 = ⌊log_2^{n−1}_3 ⌋. Hence,

bfin(n) = k−2∑ v=0 tooth_v(2^k ) = 2^{k−1} − 1 = 1 2 (n − 1) − 1 = 1 2 (n − 3)

To show that bfin is smaller otherwise, we distinguish two cases. From the start of a new largest tooth until the linear upper bound is reached, we bound all other tooths by their maxima.

Case (a): Let 3 · 2^{k−2} ≤ n − 1 < 2^k .

Then ⌊log_2^{n−1}_3 ⌋ = k−2 and the contribution of the largest tooth tooth_{k−2}(n−1) is increasing.

bfin(n) = k−2∑ v=0 tooth_v(n − 1) ≤ k−3∑ v=0 2^v + tooth_{k−2}(n − 1) = 2^{k−2} − 1 + |(n − 1) mod 2^{k−1} − 2^{k−2}| = 2^{k−2} − 1 + n − 1 − 2^{k−1} − 2^{k−2} = n − 2 − 2^{k−1} < 1 2 (n − 1) − 1 = 1 2 (n − 3) Case (b): Let 2^k < n − 1 < 3 · 2^{k−1}.

Then k − 2 = ⌊log_2^{n−1}_3 ⌋ is still the index of the largest tooth.

bfin(n) = k−2∑ v=0 tooth_v (n − 1) ≤ k−2∑ v=0 2^v = 2^{k−1} − 1 < 1 2 (n − 1) − 1 = 1 2 (n − 3)

– 18 –

Remark 3.2 It is also possible to show that bfin(n) ≥ ⌈^n_8 ⌉ and derive some nice recurrences fulfilled by bfin(n) (and hence b(n)). We omit the details of these derivations from this paper.

References

[1] G. J. Chang, Binary Triangles, Bulletin of the Institute of Mathematics, Academia Sinica, 11, 1983, pp. 209-225.

[2] W. M. Dymacek, Steinhaus Graphs and Tournaments, Ph.D. dissertation, Virginia Polytechnic Institute and State University, 1978.

[3] W. M. Dymacek, Steinhaus Graphs, Proc. 10th S.E. Conf. on Combinatorics, Graph Theory and Computing, 1979, pp. 399-412.

[4] W. M. Dymacek, Complements of Steinhaus Graphs, Discr. Math,. 37, (1981), pp. 167- 180.

[5] W. M. Dymacek, Bipartite Steinhaus Graphs, Discr. Math., 59, (1986), pp. 9-20. [6] H. Harborth, Solution of Steinhaus’ Problem with Plus and Minus Signs, J. Combinatorial Theory, 12(A), 1972, pp. 253-259.

[7] D. E. Knuth, The Art of Computer Programming, Volume 1, Addison-Wesley, 1968. [8] J. C. Molluzzo, Steinhaus Graphs, in Theory and Application of Graphs, Y. Alavi and D. R. Lick eds., Springer-Verlag, New York, 1978.

[9] H. Steinhaus, One Hundred Problems in Elementary mathematics, Elinsford, New York, 1963.