DIMA

CS T ec hnical Rep ort 95-08

April 1995

Optimization under Ordinal Scales:

When is a Greedy Solution Optimal?

by

Aleksandar Peke� c

1; 2

Deptartment of Mathematics

Rutgers Universit y

New Brunswick, New Jersey 08903

1

A�liated Graduate Student Memb er, DIMACS Graduate Assistant

2

The author gratefully acknowledges the supp ort of the National Science F oundation under grant numb er SES-9211492

to Rutgers University .

DIMACS is a co op erative pro ject of Rutgers University

, Princeton University , A T&T Bell Lab oratories and

Bellcore.

DIMACS is an NSF Science and T echnology Center, funded under contract STC{91{19999; and also receives

supp ort from the New Jersey Commission on Science and T echnology .

ABSTRACT

Mathematical formulation of an optimization problem often dep ends on data which can b e measured in

more than one acceptable way

. If the conclusion of optimality dep ends on the choice of measure, then we

should question whether it is meaningful to ask for an optimal solution. If meaningful optimal solution exists

and the ob jective function dep ends on data measured on an ordinal scale of measurement, then the greedy

algorithm will give such a solution for a wide range of ob jective functions.

Keywords: Optimization, Measurement Theory

, Greedy Algorithms

1 In tro duction

E�cent algorithms for solving optimization problems are rarely based on the formalization of the problem

and usually rely on some prop erties characteristic to the particular problem. F or example, b oth the traveling

salesman problem (TSP) and the minimal weight spanning tree problem can b e formulated as 0-1 program-

ming problems where we need to minimize the ob jective function f (x) =

P

e2E (G) w

e x

e

= w

T

x, where w

e

are weights on the edges of a graph G and x is an incidence vector of the subgraph in question (Hamiltonian

cycle for TSP

, spanning tree for the minimal weight spanning tree problem) and we are optimizing f over

the set of all feasible incidence vectors x (all Hamiltonian cycles in the former case and all spanning trees in

the latter). However, TSP is the most celebrated example of an NP-complete problem [1], while it is hard

to imagine an easier algorithm than Krusk al’s greedy algorithm [5] for �nding an optimal spanning tree. It

is clear that in order to fully understand the problem one cannot just formalize it and forget ab out any of

its sp eci�cs . In this pap er we will try to analyze optimization problems which involve ob jective functions

which dep end on scales of measurement and how we can use information ab out scales of measurement (in

particular ordinal scales) to develop e�cient optimization algorithms.

Usually there is more than one acceptable way to measure data. T o keep up with our example, we can

think of w

e as a price we need to pay for using edge e. Obviously

, we can express that price in dollars or in

cents or in any other currency . W e should exp ect that the optimal solution will remain optimal regardless

of which currenc y we use to calculate the total cost. More generally

, the weights can measure preferenc es or

priorities. F or concrete nes s, we shall sometimes refer to the weights w

e as priorities.

Let us brie y intro duce the language of measurement theory

. There exsists an extensive literature on

this sub ject (e.g. [4, 14, 6, 9, 10, 11]), and we will follo w Rob erts [11]. A scale of measurement is a mapping

which assigns (p ositive) real numb ers to ob jects b eing measured in such a way that certain empirical relations

are preser ved. An admissible transformation of scale is a transformation f of scale v alues which leads

to another acceptable mapping, i.e., one which again preserve s the empirical relations. F or example, all

exchange rates are of the form f (x) = �x; � > 0. Similarly

, we can measure mass in p ounds or kilograms

and here we have p(x) = 2:2x where x is the amount in kg. and p(x) is the amount in lb. The set of all

admissible transformations of a particular scale of measurement de�nes a scale typ e. F or example, if the

set of all admissible transformations of the scale of measurement is ff (x) = �x : � > 0g we are talking

ab out a ratio scale (\ob jects are measured on a ratio scale"). Measurement of mass, currency amounts,

time (seconds, minutes, hours) are examples of ratio scales. An interv al scale is a scale where the set of

admissable transformations is ff (x) = �x + � : � > 0; � 2 Rg. T emp erature is measured on an interv al

scale: for example, f (x) =

9

5 x + 32 is a transformation from o

F to o

C . If we want to make sure that our

graph optimization problem do esn’t change an optimal solution if we use an exchange rate and pay a at

fee for each transaction, then this is the same as to say that weights can b e measured on an interv al scale

(TSP is an example of such a problem). In many instances very precise data is not av ailable and the most

that is given is a relationship among data. F or example, we can only have ordering or a preferenc e list of

all the weights (priorities): w

1

� w

2

� : : : � w

n

(where we know if the inequality is strict or we have an

equality) and any set of n numb ers satisfying this relationship is an acceptable way to measure data. In

such a case any increasing function f is an admissible transformation. W e say that data is measured on an

ordinal scale if ff : f is increasingg is the set of the admissible transformations.

If we can conclude from the nature of the problem (or data av ailable) that data are measured on some

particular scale of measurement, then we should exp ect that an optimal solution remains optimal if we apply

an admissible transformation of the scale to all of the data. In other words, we exp ect a solution to b e

optimal regardless of the choice of an acceptable way to measure data. F or example, it would b e meaningless

to conclude that a solution is optimal if we measure our cost in dollars but it is not optimal if we measure

it in cents. In measurement theory

, we call a statement using scales meaningful if its truth or falsity is

unchanged after applying admissible transformations to all of the scales in the statement.

The meaningfulness of the conclusion of optimality for combinatorial optimization problems was studied

by Rob erts in [12, 13]. In this pap er we analyze the problems where data is assigned p ositive real numb ers

and is measured on an ordinal scale

{ 2 {

In the next section we will formulate our problem and intro duce additional terminology

. In Section

3 we analyze optimization under an ordinal scale and show that one can have far reaching conclusions

ab out the optimization just from knowing that some data is measured on an ordinal scale of measurement.

W e will also try to show how we can use information ab out scales of measurement to develop an e�cient

algorithm, showing that ideas from measurement theory might b e v aluable in developing algorithms for

solving optimization problems.

2 F orm ulation of the Problem

Throughout x will denote a vector (x

1

; : : : ; x

n

), and R n

+ will denote a set of all n-dimensional vectors with

nonnegative co ordinates, i.e. R n

+

= fw 2 R n

: w

i

� 0; 1 � i � ng. W e will also use the notation

f (w ) := (f (w

1

); : : : ; f (w

n

)) where w 2 R n

and f : R ! R.

W e consider a p enalty function P of the form

P : X � R n

+

! R

where X = X

1

� X

2

� : : : � X

n and each X

i is a metric space with a metric d

i

. W e will analyze the

optimization problem

min

x2F

P (x; w ) (1)

where w 2 R n

+ is �xed and F � X is a set of feasible solutions.

Let us supp ose that w

1

; w

2

; : : : ; w

n are measured on some scale of measurement. Then we say that x 2 F

is a meaningful optimal solution for the problem (1) if x is an optimal solution for the problem (1)

and the conclusion of optimality is a meaningful statement. More formally

, x 2 F is a meaningful optimal

solution for the problem (1) if and only if

P (x; w ) � P (z; w ) , P (x; f (w )) � P (z; f (w ))

for every z 2 F , and every admissible transformation f of the scale of measurement of w

1

; w

2

; : : : ; w

n

.

W e will also say that w

1

; w

2

; : : : ; w

n from the problem (1) can b e measured on some scale of measure-

ment S if every optimal solution x is a meaningful optimal solution as long as w

1

; w

2

; : : : ; w

n are measured

on a scale S .

Throughout we will assume that P has the follo wing prop erty: F or every i there exist a

i

2 X

i such that

8x 2 X ; 8w 2 R n

+

: P (x

1

; : : : ; x

i�1

; a

i

; x

i+1

; : : : ; x

n

; w ) � P (x; w ) (2)

W e call a

i a desirable v alue for v ariable i.

Let us make some additional \reasonable" assumptions ab out the function P . W e will say that x =

i y if

x; y 2 X and x

j

= y

j for all j 6= i.

First we assume that P is increasing as the v ariable i is moving away from its desired v alue a

i

. In other

words, for every i:

8x; y 2 X ; x =

i y ; 8w 2 R n

+

: P (x; w ) � P (y ; w ) , d

i

(x

i

; a

i

) � d

i

(y

i

; a

i

): (3)

Note that this condition is equiv alent to saying that P (x; w ) is

P (d

1

(x

1

; a

1

); : : : ; d

n

(x

n

; a

n

); w )

where P is nondecreasing in each of the �rst n co ordinates.

Obviously

, if a = (a

1

; : : : ; a

n

) 2 F then the minimum is attained at a and we may assume that P (a; w ) = 0

(otherwise we just de�ne P

0

(x; w ) := P (x; w ) � P (a; w )) and, therefore, P � 0.

{ 3 {

W e will also assume that P is nondecreasing if any of the w

i is increased:

8� > 0; 8x 2 X ; 8w 2 R n

+

: P (x; w ) � P (x; w + �e

i

) (4)

where e

i

= (0; : : : ; 0; 1; 0; : : : ; 0) (1 is on ith p osition).

W e say that P (x; w ) is a regular p enalty function if 9a

1

2 X

1

; a

2

2 X

2

; : : : ; a

n

2 X

n such that (2),(3),

and (4) hold for every i = 1; 2; : : : ; n

The whole setup might lo ok arti�cial but a wide range of combinatorial optimization problems can b e

formulated in this way .

Example: Many graph optimization problems (shortest path, optimal spanning tree, maximal matching,

TSP , minimal cut, etc.) can b e formulated as 0-1 programming problems where we need to optimize an

ob jective function f (x) = w

T

x, where x is an incidence vector of the edge set and w is the vector of

corresp onding weights of the edges. If we de�ne P (x; w ) = w

T

x, all the assumptions are satis�ed with

X = f0; 1g n

(where n is the numb er of edges in the graph) and a

i

= 0 for w

i

� 0 and a

i

= 1 for w

i

� 0 in

the case of a minimization problem (Note that if there are negative weights we can’t assume P � 0.). The

set of feasible solutions F is the set of all incidence vectors of feasible structure s (paths, trees, matchings,

hamiltonian cycles, cuts, etc.).

Example: Note that any linear (integer, 0-1) programming problem can �t in the ab ove setup. Moreover,

this can b e generalized for nonlinear ob jective functions. F or example, every ob jective function of the form

X

c

i

1

;i

2

;:::;i

k

(w )f

i

1

;i

2

;:::;i

k

(x

i

1

; : : : ; x

i

k

);

where c

i

1

;i

2

;:::;i

k

(w ) : R n

+

! R

+ and f

i

1

;i

2

;:::;i

k

(x

i

1

; : : : ; x

i

k

) : R k

+

! R

+ are increasing functions in every

co ordinate, satis�es all the assumptions for P .

3 Optimization

As mentioned in the previous section, if a = (a

1

; : : : ; a

n

) 2 F , then the problem is trivial since P achieves

a global minimum at a. In general, any optimal solution will have the prop erty that d

i

(x

i

; a

i

) is \as small

as p ossible" and v ariables with higher priority \will tend to b e closer" to their desired v alue than v ariables

with lower priority

. One may try to attack this problem using a greedy heuristic:

Greedy Algorithm:

1. Rename all the v ariables such that w

1

� w

2

� : : : � w

n

. Let i = 1.

2. Find x

i such that

d

i

(x

i

; a

i

) = minfd

i

(y

i

; a

i

) : 9y

i

; : : : ; y

n s:t: (x

1

; : : : ; x

i�1

; y

i

; : : : ; y

n

) 2 F g.

If this set is empty then STOP (there is no feasible solution).

3. If i < n then let i := i + 1 and goto Step 2.

4. STOP (x = (x

1

; : : : ; x

n

) is a greedy solution.)

Note that this algorithm will pro duce a feasible solution if F 6= ;. The algorithm is not neces sarily fast;

in some cases determining x

i might b e an easy task but it might b e as hard as the original problem if the

set F is complicated. Moreover, it is clear that there is no guarantee that the algorithm will ever pro duce

an optimal solution.

W e say that x 2 F is a greedy solution if it can b e pro duced by the greedy algorithm. A greedy

solution is not uniquely determined in general. If there are more v ariables having the same priority then

there is more than one way how to rename them which might a�ect later decisions. Similarly

, there can b e

in�nitely many choices for x

i and any particular choice might also a�ect later decisions. On the other hand,

in many instances a greedy solution will b e unique.

Prop osition 1 Supp ose that w

i

6= w

j for al l i 6= j and supp ose that for every k and every c � 0 the e quation

d

k

(y

k

; a

k

) = c has at most one solution y

k

2 X

k

. Then ther e c an b e at most one gr e e dy solution.

{ 4 {

Pro of : Note that Step 1 is uniquely determined since all w

i

’s are di�erent. Also x

k is uniquely determined

if it exists.

Whenever w

1

; : : : ; w

n are measured on an ordinal scale, something more can b e said ab out greedy solu-

tion(s). However, we will need to imp ose new restrictions on P .

W e say that P (x; w ) is w-unb ounded if for every i = 1; : : : ; n:

8w 2 R n

+

; 8x; y 2 X ; x 6= y ; x =

i y : lim

w

i

!1 jP (x; w ) � P (y ; w )j = 1 (5)

Roughly sp eaking, P is w -unb ounded if there can b e an unb ounded increase of P if we move v ariable i away

from its desired v alue. Note that for regular p enalty functions this limit always exists.

P (x; w ) is controllable on X if moving a v ariable with small priority cannot result in big changes in

p enalty

. More precisely

, for every i = 1; : : : ; n:

8x; y 2 X ; x =

i y ; 9M

i

(x; y ); 8w : lim

w

i

!0 jP (x; w ) � P (y ; w )j � M

i

(6)

Now we can state and prove the main result:

Theorem 2 Consider optimization pr oblem (1) wher e P is r e gular, w -unb ounde d and c ontr ol lable on X . If

w

1

; : : : ; w

n ar e me asur e d on an or dinal sc ale then any me aningful optimal solution c an b e pr o duc e d by the

gr e e dy algorithm.

Pro of : W e �rst rename all the indices such that

w

1

� w

2

� : : : � w

n

� 0: (7)

Note that this can b e done uniquely if and only if all w

i

’s are di�erent. W e say that indexing is prop er

if (7) holds. Let z b e a meaningful optimal solution. Let i b e the smallest index such that for any prop er

indexing there is no greedy solution x with x

k

= z

k for all k = 1; : : : ; i. If there is no such i then z is one

greedy solution. Note that i 6= n since otherwise (3) and Step 2 of the algorithm would give P (x) < P (z).

Therefore, we may assume i < n. Let x b e a greedy solution for which x

k

= z

k for all k = 1; : : : ; i � 1. Now,

P (z; w ) � P (x; w ) = P (z; w ) � P (z

1

; : : : ; z

n�1

; x

n

; w )

+P (z

1

; : : : ; z

n�1

; x

n

; w ) � P (z

1

; : : : ; z

n�2

; x

n�1

; x

n

; w )

.

.

.

+P (z

1

; : : : ; z

i

; x

i

+ 1; : : : ; x

n

; w ) � P (x; w ):

Since w

i are measured on an ordinal scale we can cho ose any w satisfying (7) and maintain the optimality

of z . W e cho ose w

k

, k = i + 1; : : : ; n, such that (7) holds and such that

jP (z

1

; : : : ; z

k �1

; z

k

; x

k +1

; : : : ; x

n

; w ) � P (z

1

; : : : ; z

k �1

; x

k

; x

k +1

; : : : ; x

n

; w )j � M

k

:

W e can do the latter b ecause P is controllable on X . Now we have:

P (z; w ) � P (x; w ) � �M

n

� : : : � M

i+2

� M

i+1

+P (z

1

; : : : ; z

i

; x

i

+ 1; : : : ; x

n

; w ) � P (x; w ):

Since P is w -unb ounded and since x

k

= z

k for k = 1; : : : ; i � 1, we can cho ose w

i such that

P (z

1

; : : : ; z

i

; x

i

+ 1; : : : ; x

n

; w ) � P (x; w ) > M

i+1

+ M

i+2

+ : : : + M

n

and all other w

k

(k = 1; : : : ; i � 1) to satisfy (7). Then we have P (z; w ) � P (x; w ) > 0 which is a contradiction

of the optimality of z

Corollary 3 Under the c onditions of The or em 2 and Pr op osition 1 the fol lowing ar e e quivalent:

1. w

1

; : : : ; w

n c an b e me asur e d on an or dinal sc ale of me asur ement

2. Every me aningful optimal solution is gr e e dy.

{ 5 {

Pro of : Obviously

, Theorem 2 gives 1: ) 2:. The converse is trivial since there is a unique greedy solution

by Prop osition 1 and the greedy solution is completely determined by the ordering of w

i

’s.

Corollary 4 L et F � 2

X

b e a matr oid. Consider the pr oblem (1) wher e F is the set of al l incidenc e vestors

of indep endent sets in F and P (x; w ) = w

T

x. Then w

1

; : : : ; w

n c an b e me asur e d on an or dinal sc ale.

Pro of : It is well known that the greedy algorithm gives all optimal solutions ([3]) and every greedy solution

is completely determined by the ordering of w

i

’s.

In order to conclude that every meaningful optimal solution (if such a solution exsists) is greedy

, no

information ab out the set of feasible solutions F is needed and the p enalty function P do esn’t need to b e

linear. Therefore, we can’t hop e for any kind of underlying structure on X just b ecause w

1

; : : : ; w

n are

measured on an ordinal scale. However, if we have an additional information ab out the problem (as in the

matroid case) it might b e much easier to prove that the greedy algorithm gives an optimal solution than to

prove that w

1

; : : : ; w

n can b e measured on an ordinal scale.

Note that we can’t hop e that Theorem 2 will b e true under much weaker conditions on P . F or example,

we need w -unb oundedness:

Example: Let X = f0; 1g

3

. Let F = f(1; 0; 0); (0; 1; 1); (1; 0; 1); (1; 1; 0); (1; 1; 1)g, P = c

T

x where

c

i

= 2 � 1=(1 + w

i

), and let w

1

> w

2

> w

3

� 0. Note that P is regular and controllable on X but it is not

w -unb ounded. Then it is easy to check that the greedy solution (0; 1; 1) is never optimal and the optimal

one is (1; 0; 0). Note that this is a meaningful optimal solution as long as we measure priorities on an ordinal

scale of measurement.

Unfortunately

, a solution pro duced by the Greedy Algorithm might not b e unique. Rules for resolving

situations where there are few ways to continue execution of the algorithm may v ary from problem to

problem. However, as Prop osition 1 shows, a greedy solution will b e unique for a large class of optimization

problems. F or example, for any 0-1 programming problem

min

x2F n

X

i=1 w

i x

i

; F � f0; 1g n

the greedy solution will b e unique provided that w

i are all di�erent. Clearly

, P (x; w ) = w

T

x is regular,

w -unb ounded and controllable on f0; 1g n

.

In some cases ties among w

i can b e resolved arbitrarily

. An example of such a case is the minimal weight

spanning tree problem. Since all the spanning trees are maximal indep endent sets in a sp eci�c matroid

structure on E (G), we know that the greedy algorithm will pro duce all optimal solutions ([3]). However,

it can b e shown directly that if weights w

i are measured on an ordinal scale then every optimal solution is

meaningful. More precisely

, if we de�ne F to b e the set of all incidence vectors of spanning trees in G, then

it can b e shown that for every x; y 2 F � f0; 1g n

and every increasing f :

n

X

i=1 w

i x

i

� n

X

i=1 w

i y

i

, n

X

i=1 f (w

i

)x

i

� n

X

i=1 f (w

i

)y

i

:

Therefore, by Theorem 2, any optimal solution is a greedy one. Note that the Greedy Algorithm in this case

is exactly Krusk al’s algorithm. If there are ties among w

i there will b e more than one greedy solution but it

is not hard to show that every greedy solution has the same v alue. Thus, every greedy solution is optimal

and p ossible ties can b e resolved arbitrarily .

Another example of this typ e is a well known scheduling problem denoted in standard notation by

1jp

j j

P

C

j

(e.g. see [2]): we are given n jobs with pro cessing times p

j which need to b e scheduled on a

single machine (one at a time) so that the sum of their completion times (or av arage completion time) is

minimal. Without loss of generality we may assume that p

1

� p

2

� : : : � p

n

. Note that this problem can b e

formulated as the optimization problem

min

x2F p

T

x

{ 6 {

where X = f1; : : : ; ng n

and F � X is the set of all x 2 X having all co ordinates di�erent. F is in obvious

one to one corresp onde nce with all p ermutations on n elements. Any x 2 F repres ents a schedule where

x

i

= k if and only if the i-th job is scheduled (n + 1 � k )-th (k -th from the end). It is not a priori clear

that the conclusion of optimality is meaningful if we measure priorities on an ordinal scale (for example

if we don’t know exact pro cessing times but, for all i and j , we know if job i has longer pro cess ing time

than job j ). If x is an optimal solution then p

i

< p

j

, x

i

> x

j

(otherwise we switch x

i and x

j

). Since

p

i

< p

j

, f (p

i

) < f (p

j

) for every increasing f , we conclude that x = (1; 2; : : : ; n) is a meaningful optimal

solution and, by Theorem 2, a greedy one also. Since every two greedy solutions have the same v alue (ties

among p

i can b e resolved arbitrarily) we conclude that every greedy solution is an optimal solution. Note

that greedy solutions schedule jobs in the shortest pro cess ing time (SPT) order.

Optimal solutions for b oth minimal weight spanning tree, and the 1jp

j j

P

C

j problem can b e found easily

without observing that the conclusion of optimality is meaningful if priorities are measured on an ordinal

scale. Sometimes it is straightforward to realize if the Greedy Algorithm gives an optimal solution. However,

for most of the non-trivial problems this is not the case. Theorem 2 suggests the new approach which might

b e useful in some cases. If conditions of Theorem 2 hold, search for an optimal solution can b e reduce d to

greedy solutions only

. In many cases, only a slight mo di�cation of the Greeedy Algorithm will eliminate

greedy solutions which are not optimal. Therefore, information that priorities can b e measured on an ordinal

scale is v aluable and can b e the main step towards �nding an e�cient optimization algorithm.

Mahadev, Pekec, and Rob erts [7, 8] consider a sp eci�c scheduling problem arising from the problems at

the Air Mobility Command of the Unites States Air F orce: n items need to b e assigned arriv al dates in such

a way that no two items have the same arriv al date. Every item i has a priority t

i and a desired arriv al date

a

i

. Every schedule can b e represe nted as x 2 X = N n

where x

i repres ents the scheduled arriv al time of the

item i. Mahadev, Pekec and Rob erts analyze the meaningfulness of the conclusion of optimality for a v ariety

of Penalty functions. F or example they show in [8] that for the problem where a

1

= a

2

= : : : = a

n�1

< a

n

and where the p enalty for a schedule x is given by

P (x; t) = n

X

i=1 h(t

i

)jx

i

� a

i j

for some increasing function h, the conclusion of optimality is meaningful if priorities are measured on an

ordinal scale. Since P is a regular (with desired v alues a

i

), t-increasing function which is controllable on X ,

by Theorem 2, we conclude that every optimal solution is given by the Greedy Algorithm. It is not hard

to show that ties among t

i can b e resolved arbitrarily

. However, if there is a choice for x

i

(in Step 2 of the

algorithm), we cannot pick x

i arbitrarily . F or example, if a

1

= a

2

= 2; a

3

= 3, t

1

> t

2

> t

3 and h(t) = t,

then b oth x = (2; 3; 4) and y = (2; 1; 3) are greedy solutions but x is not an optimal solution. Note that, for

any a

i and c, the equation jx

i

� a

i j = c can have at most two solutions. If we always pick the smaller of at

most two candidates in Step 2, a greedy solution will b e an optimal solution.

Theorem 2 can b e interprete d as a \negative" result also. If we consider a problem where the greedy

algorithm do esn’t in general give any optimal solution (almost every problem is like that, e.g. TSP) and

w

i are measured on an ordinal scale, then we conclude that there can’t b e a meaningful optimal solution.

In other words, it do esn’t make much sense to ask for an optimal solution. Therefore, for every non-trivial

problem (non-trivial in the sense that the greedy solution is not necessarily an optimal solution) where w

i

are measured on an ordinal scale, the conclusion of optimality is a meaningless conclusion.

4 Closing Remarks

It should b e noted that the conditions of Theorem 2 are satis�ed for a wide range of functions P , and that

there are no conditions whatso ever on the structure of the set of feasible solutions F � X . The main reason

that every optimal solution is a greedy one is in the fact that the w

i are measured on an ordinal scale. Our

{ 7 {

main result has nothing to do with the well known result that

max

S 2F

X

e2S w

e

can b e maximized by the greedy algorithm whenever all the feasible solutions S � X are indep endent sets of

some matroid structur e on X ([3]). In that case, the greedy algorithm pro duces an optimal solution b ecause

of the sp ecial form of the ob jective function together with a sp ecial structure of the set of feasible solutions.

The purp ose of this pap er was not to give explicit algorithms for solving certain optimization problems

but to show that the information ab out a problem itself, such as the way of measuring data, which app ears

to b e lost after the problem is formalized, can b e crucial for understanding of the problem. W e also try

to exhibit the link b etween ordinal scales and greedy algorithms, i.e., connections b etween two seemingly

unrelated areas: measurement theory and combinatorial optimization.

Our conclusions have limitations due to the setup of the optimization problem and it would b e interesting

to see where are the limits for the \equiv alence" of greedy algorithms and ordinal scales. It would b e

interesting to know if anything can b e said ab out the execution of the greedy algorithm in the cases when

the algorithm do esn’t determine a unique solution: mayb e some additional rule would determine a unique

greedy solution for a wide range of optimization problems.

The results presente d seem to have more implications for practice than for theory since the main message

is that if the relation among the data is as v ague as preferenc e lists, the only meaningful approach is a greedy

approach regardless of any additional information ab out the problem. On the other hand, real life preferen ce

lists still have some �xed relations in the sense that it is not true that any ordered set of numb ers can present

it (i.e. 1 < 2 < 5 might b e acceptable but 10

�10

< 1 < 10

10

might not b e an acceptable representation of

the prefere nce list w

1

< w

2

< w

3

.). This problem remains to b e understo o d.

Acknowledgemen t

The author thanks Dr. F red S. Rob erts for his helpful comments.

References

[1] M.R. Garey and D.S. Johnson, Computers and intractability: a guide to the theory of NP-

completeness. W.H. F r e eman, San F r ancisc o (1979).

[2] R.L. Graham, E.L. Lawler, J.K. Lenstra, and A.H.G Rino oy Kan, Optimization and approximation

in deterministic sequencing and scheduling: a survey

. Annals of Discr. Math. 5 (1979), 287-326.

[3] B. Korte, L. Lov� asz, and R. Schrader, Greedoids. Springer-V erlag, NY (1991).

[4] D.H. Krantz, R.D. Luce, P

. Supp es, and A. Tversky , F oundations of Measurement, V ol. I. A c ademic

Pr ess, NY (1971).

[5] J.B. Krusk al, On the shortest spanning tree of a graph and the traveling salesman problem. Pr o c.

Amer.Math.So c. 7 (1956), 48-50.

[6] R.D. Luce, D.H. Krantz, P

. Supp es, and A. Tversky , F oundations of Measurement, V ol. I I I. A c ademic

Pr ess, NY (1990).

[7] N.V.R. Mahadev, A. Pekec, and F.S. Rob erts, On the Scheduling Problem with Priorities and Late-

ness/Earliness Penalties: When is an Optimal Solution Not Optimal? R ese ar ch R ep ort, Rutgers

Center for Op er ations R ese ar ch RRR 19-94 (1994).

[8] N.V.R. Mahadev, A. Pekec, and F.S. Rob erts, On the Scheduling Problem with Priorities and Late-

ness/Earliness Penalties: Some Meaningful Conclusions with Nonconstant Arriv al Times. R ese ar ch

R ep ort, Rutgers Center for Op er ations R ese ar ch RRR 20-94 (1994).

{ 8 {

[9] L. Narens, Abstract Measurement Theory

. MIT Pr ess, Cambridge, MA (1985).

[10] J. Pfanzagl, Theory of Measurement Wiley, NY (1968).

[11] F.S. Rob erts, Measurement Theory . A ddison-Wesley, R e ading, MA (1979).

[12] F.S. Rob erts, Meaningfulness of conclusions from combinatorial optimization. Discr. Appl. Math. 29

(1990), 221-241.

[13] F.S. Rob erts, Limitations of conclusions using scales of measurement. Handb o oks in OR & MS, S.M.

Pol lo ck, M.H. R othkopf, and A. Barnett,Eds. 6 (1994), 621-671

[14] P

. Supp es, D.H. Krantz, R.D. Luce, and A. Tversky , F oundations of Measurement, V ol. I I. A c ademic

Pr ess, NY (1989).