R^n

ABSTRACT A in R^n T A(T) =_{d ∈ $}< (T + d Ais n × n A) m $ = {d_1 ,d_2 d_m} ⊆ R^m m R^n $ R^n possible

An n × n Ais expanding λ_i self-affine tile T in R^n A A(T T T

A(T) =_{i =1}<^m (T + d_i

where $ = {d_1 ,d_2 d_m R^n and T + d_i )> (T + d_j i ≠ j T A) m. A A A Q where Q A A,$ T T Ã, $~ ).

.. ..

R^n .. ..

R^n ..

A,$ )

T(A,$ R^n Δ(A,$ T R^n

T = T(A,$ T T(A,$

R^n

.. .. ..

T =_{i =1}<^m A^{− 1} (T + d_i ) . (2.1)

A∈ M_n (R $ = (d d_l R^n ϕ_i (x) = A^{− 1} (x + d_i ) R^n T(A,$ ϕ_i ≤ i ≤ l T(A,$ attractor. T(A,$

T(A,$ ) = {

j=1Σ^{∞ A− j d} ij^d ij^{∈ $ } . (2.2)} A,$

A∈ M_n (R A) m $ = {d_1 ,d_2 d_m m digits.

T(A,$ 0 ∈ $

T(A,$ + x) = T(A,$ ) + (

j=1Σ^{∞ A− j )x . (2.3)}

T(A,$ A,$ A,$ 0 ∈ $

$_{A,k} = {

j=0Σ^{k− 1 Aj d} ij^d ij^{∈ $}

$_{A,∞} =_{k=1}<^∞ $_{A,k} . (2.5)

0 ∈ $ implies $_{A,k} ⊆ $_{A,k+1} k ≥ - ⊆ R^n is uniformly discrete x,x′∈ - implies x− x′ . A∈ M_n (R) A) m ∈ Z $ ⊆ R^n 0∈ $

(A,$ ) (A,$ ) (A,$ ) ∂T := T − T^+ has

k $_{A,k} $_{A,∞}

0 /∈ $

..

A∈ M_n (Z) $ ⊆ Z^n with $ A) 0 ∈ $ (A,$ ) $_{A,k}^k

≥ 1 $ Z^n /A(Z^n ). R^n T(A,$ R^n 6 T + 6 R^n 6 if 6 Λ in R^n 6 n 6 Λ non-periodic 6 n j -

6 j aperiodic. 6

(i) k ≥ r k 6 r.

(ii)^∗ Σ_k of k 6 constant R = R(Σ_k R in R^n 6 Σ_k + t.

T + 6 of R^n T with matrix Bif B ∈ M_n (R s ∈ 6 J(s) ⊆ 6 with B(T + s) =_{s′∈ J(s)}< (T + s′) . (2.6)

#_0 0 atomic if #_0 non-atomic.

T(B,$ $ T(A,$ B = A^k k

below. -

Δ(- = - − - = {x− x′: x,x′∈ - } .

________________

Δ(A,$ =_{k=1}<^∞ Δ($_{A,k}

=_{k=1}<^∞ ($_{A,k} − $_{A,k})

Δ(A,$ +y) (A,$ y ∈ R^n , 0 ∈ $ then Δ(A,$ ) ($_{A,∞} ). A∈ M_n (R) $ $ A) (A,$ ) 6 (A,$ ) (A,$ ) + 6 tiles R^n. 6 + x R^n B = A^k ≥ 1.

Δ(A,$ ) 6 with 6 (A,$ ) is Δ(A,$ ). T(A,$ A A Δ : (A,$ A-invariant A(Δ) Δ(A,$

Δ($ = $ − $ = $_A − $_A (A,$ A T(A,$ if Δ($ A Z(A,$ A containing Δ($

Z(A,$ = Z[Δ($ A(Δ($ A^2 (Δ($ ] . (2.8)

Δ(A,$ ) ⊆ Z(A,$ ) . (2.9) Δ(A,$ Δ(A,$ ) = Z(A,$ Δ(A,$ A Δ($ (A,$ ) R^n Z(A,$ ) Δ(A,$ ) = Z(A,$ ).

Δ(A,$ ) = Z(A,$ Δ(A,$ ) ≠ Z(A,$

6 Z(A,$ ).

T(A,$ Z(A,$ A,$ A,$ Δ(A,$ ) = Z(A,$ where Δ(A,$ ) ≠ Z(A,$ ).

hL:R^n → R^n Z(A,$ Z^n Ã = hLAhL^{− 1} and $~ = hL$ hL^{− 1} T(Ã, $~ ) = hL(T(A,$ hL^{− 1} , T(A,$ T(Ã,$~ T(Ã,$~ Z(Ã,$~ ) = Z^n Ãhaving Z^n Ã- A∈ M_n (Z T(A,$ A∈ M_n (Z $ ⊆ Z^n an

Δ(A,$ Δ(A,$ Z(A,$ ),

T(A,$ R^n T(A,$ R^n T(A,$ T(Ã,$~ ). (A,$ ) R^n A A vectors {A^k($ − $ k ≥ A Λ in R^n (A,$ )

A $ lattice Λ with A(Λ) μ(T(A,$ > 0 (A,$ ) tiles R^n A^k ≥ 1

R^n possible

#_0 0

#_0

For A = and $ = 0 − 1 , 0 0 , 0 1 , 1 − 1 , 1 0 , 1 1 , − 1 − 1 , − 1 ε ,

− 1 1 with 4 1 T(A,$ R^2 0 ∈ T^+

A #_0 = T

of R^2 T Z^2 Δ($_{A,∞} )

For A = and $ = 0 0 , 1 0 , 0 1 , 1 1 T(A,$

R^2

B = A^2 = T

#_0 = (T + 0 − 3 2 )< (T + − 1 − 3 1

R^2

Z^2 A

#_0 = T< (T + − 1 0 )< (T + 0 − 1 )< (T + − 1 − 1 T with

matrix A.

For A = and $ = 0 0 , 0 3 , 1 0 , 1 3 T(A,$

B = A^k k ≥

2 1 -periodic. However T

R^2 Z ⊕ Z.

For A = $ = T(A,$ < R R using T Z R using T.

$ Z^2 /A(Z^2 $ A-invariant Z^n

μ(T T x x.

T = T(A,$ R^n ϕ_i (x) = A^{− 1} (x + d_i ≤ i ≤ m A ρ ρ with 1 minλ_i λ_i A

x ′ = k=0Σ^{∞ ρ k A− kx . (3.2)}

ρ A^{− 1} R^n

A^{− 1} x ′^{− 1}

k=1Σ^{∞ ρ k A− kx − 1 x ′ . (3.3)}

ϕ_i (x R^n d(x_1 ,x_2 ) x_1 − x_2 ′ ρ^{− 1} ϕ_i ≤ i ≤ m} R^n , . ′ system

ϕ (Y =_{i =1}<^m A^{− 1} (Y + d_i

ρ^{− 1} * (R^n ) R^n d_H (., .

. ′on Rn T = T(A,$ attractor of W ϕ^{(n)} (W attractor T * (R^n T

A(T) =_{i =1}<^m (T + d_i

T =_{i =1}<^m A^{− 1} (T + d_i

so T

T T __+

T^+

i =1

<^m A^{− 1} (T^++d_i ) ⊆ T^+

T

i =1

<^m A^{− 1} (T^++d_i ) ⊆ T^+ using A^{− 1} (T^++d_i ) = A^{− 1} (T^++d_i A^{− 1} ϕ (T^+) ⊆ T^+ where ϕ * (R^n map ϕ^{(k)} ϕ^{(k+} (T^+)^{(k)} (T^+ ϕ^{(k+} (T^+) ⊆ T^+ . ϕ^{(n)} (W compact W T ϕ^{(n)} (T^+ T ⊆ T^+ , T = T^+ μ(∂T) = A^k(T) =_{d ∈ $ A,k}< (T + d) . (3.9)

μ(A^k(T A)^kμ(T) ≤ d ∈ $_{A,k}Σ

μ(T + d) A)^kμ(T

If μ(T) > detA^k { j=0Σ^{k− 1Aj d} ij^d ij^{∈ $ $} A,k

μ T + d)> (T + d′ = whenever d,d′ $_{A,k} μ( d∈ $_{A,k}∪

(T + d ≤ (

d∈ $_{A,k}Σ

μ(T+d T+d)> (T+d′ . Since T A^k(T T T + d ∂T + d covered^∗ ∂T + d′ $_{A,k} μ(∂T + d) ≤ d′∈ $_{A,k} − {d}Σ μ ∂T + d)> (∂T + d′ = and μ(∂T) = 0. i) (iv μ(T) > f_m ,f_m m ≥ f_m and f_m $_{A,km} with

m lim f_m − f_m 0 .

Now T(A,$ μ(T(A,$ > y ∈ R^n μ(T> (T + y > 0 . (3.12) χ_T L^1 (R x^∗ ∈ T with

r→ 0 lim μ(B_r (x^∗ 1 B_r (x^∗ )

∫ χ T(y)dy T(x^∗ ) =

where B_r (x) = {y : x− y r x^∗ χ_T,

________________

d′∈ $_{A,k} − {d}∪

(T + d′ T + d ∂T.

μ(B_r (x^∗ )> T) ≥ )μ(B_r (x^∗ r y ′ B_{r ′}(x^∗ +y) ⊆ B_r (x^∗ μ(B_r (x^∗ )> (T + y (B_{r ′}(x^∗ +y)> (T + y (B_{r ′}(x^∗ )> T) > ) r r ′ _____ n μ(B_r (x^∗ > )μ(B_r (x^∗ .

μ T + y)> T) (B_r (x^∗ )> T) (B_r (x^∗ )> (T + y (B_r (x^∗ > )μ(B_r (x^∗ >

μ T + f_m )> (T + f_m (T> (T+f_m − f_m > 0 m ϕ ρ^{− 1} * (R^n d . ′-norm, B_r′ = B_r′(0) = {x ∈ R^n : x ′ ≤ r where . ′ ϕ (B_r′) ⊆ B_r′ r x ∈ B_r′gives A^{− 1} (x+d_i ) ′ A^{− 1} x ′ A^{− 1} d_i ′ − 1 x ′^{− 1} d_i ′ − 1 (r d_i ′) ≤ r , provided

r ≥ 1 ρ 1≤i≤m d_i ′) .

ϕ^{(k+} (B_r′)^{(k)} (B_r′ ϕ^{(n)} (B_r′

T(A,$ ) =_{k=1}>^∞ ϕ^{(k)} (B_r′) .

μ(T(A,$ =_klim μ(ϕ^{(k)} (B_r′ . (3.16)

$_{A,∞} δ such f_1 ,f_2 ∈ $_{A,∞} , f_1 − f_2 ′ if f_1 ≠ f_2 . (3.17)

B_ε′ 2 1 δ

ϕ^{(k)} (Y =_{d ∈ $ A,k}< A^{− k}(Y + d

hence A^kϕ^{(k)} (B_ε′) =_{d ∈ $ A,k}< (B_ε′ + d) . (3.18)

However $_{A,k} has A)^k

A)^kμ(ϕ^{(k)} (B_ε′ A)^kμ(B_ε′) . r B_ε ⊆ B_r μ(ϕ^{(k)} (B_r (ϕ^{(k)} (B_ε′ (B_ε′

μ(T(A,$ (B_ε′) >

T(A,$ x^∗ r_k → ε_k → μ(B_{r k} (x^∗ )> T) ≥_k)μ(B_{r k} (x^∗ . (3.19) $_{A,∞} δ.

Claim._0 ,c_0 and δ_0 R^n %_m ⊆ B_{r 0} (0)_0 e− e′_0 distinct e,e′∈ %_m μ(B_1 (0)> (T + %_m ≥ − 5^{n +1} ε_m)μ(B_1 (0 1 (0)

μ(A^l (B_{r k} (x^∗ )> T ≥_m)μ(A^lB_{r k} (x^∗ l ≥ l B_1 (y) ⊆ A^l (B_{r k} (x^∗ μ(B_1 (y)> A^l (T ≥ − 5^{n +1} ε_m)μ(B_1 (0

A A^l (B_{r k} (x^∗ E_{l,k} as l E_{l,k}′ E_{l,k}′ E_{l,k} E_{l,k}′ B_1 (y′ E_{l,k}^{− n} μ(E_{l,k}′^{− n} μ(E_{l,k}′ ) ≥ 5^{− n − 1} μ(E_{l,k}) E_{l,k} n + E_{l,k}. ε_mμ(A^lB_{r k} (x^∗ A^lB_{r k} (x^∗ A^l (B_{r k} (x^∗ )> T {B_1 (y′

μ(B_1 (y) >_{d ∈ $ A,l}< (T + d ≥ − 5^{n +1} ε_m)μ(B_1 (y .

Hence μ(B_1 (0) >_{d ∈ $ A,l}< (T + (d − y ≥ − 5^{n +1} ε_m)μ(B_1 (y .

%_m = {e = d − y : d ∈ $_{A,l} T + d − y)> B_1 (0) } .

$_{A,l} δ e− e′ e,e′∈ %_m T e B_{r 0} (0 r_0 = 1 + x : x ∈ T %

2 1 δ c_0 = δ 2r_0 n

%_m

{%_m %_{mk}

k lim %_{mk} = %^∗ .

Clearly %^∗ c_0 μ(B_1 (0)> (T+%^∗ ≥_k μ(B_1 (0)> (T+%_{mk} ) ≥_k − 5^{n − 1} ε_{mk} )μ(B_1 (0 (B_1 (0 .

Since T + %^∗ B_1 (0)> (T+%^∗ ) = B_1 (0) .

Now T + %^∗ T

T^+ .

Let A∈ M_n (R) $ = {d_i ≤ i ≤ l} ⊆ R^n be $_{A,∞} $_{A,∞} (A,$ ) {ϕ_j (x) = A^{− 1} (x + d_j ≤ j ≤ l} then μ(T(A,$ > 0 (A,$ ) interior.

If A∈ M_n (Z) $ ⊆ Z^n μ(T(A,$ > 0 (A,$ ) 0 ∈ $ so Δ(A,$ ) ($_{A,∞} Δ(A,$ ) (A,$ +y

(A,$ +y A,$ ).

A^k(T) =_{d ∈ $ A,k}< (T + d) . Since 0 ∈ $ 0 ∈ $_{A,k} ⊆ $_{A,k+1} ‘‘patches’’ A^k(T R^n 0 ∈ $ implies 0 ∈ T whether 0 T^+ of T 0 ∈ T^+ A_{i =1}<^∞ A^k(T) = R^n T tiles R^n 6 = $_{A,∞} B B = Ato A(6 ) + $ ⊆ 6 6 = $_{A,∞} A A($_{A,k}) + $ = $_{A,k+1} A($_{A,∞} ) + $ ⊆ $_{A,∞} .

Finally $_{A,∞} ($_{A,∞} 0 ∈ $_{A,∞} . 0 T all k ≥ 1, T(A,$ ) = T(A^k,$_{A,k} k d^∗ ∈ $_{A,k} $ ′ = $_{A,k} − d^∗

T(A^k,$ ′) = T(A^k,$_{A,k})− ( j=1Σ^{∞ A− )d∗} = T(A,$ )− (

j=1Σ^{∞ A− )d∗ (3.25)}

containing 0 0 ∈ $ ′ T(A^k,$ ′ R^n with B = A^k and 6 ′ = $_Ak_{,∞}′ T(A,$ R^n A^k 6 = 6 ′ + (

j=1Σ^{∞ A− )d∗ .}

Furthermore T(A,$ R^n 6 ′ 6 ′ = $_Ak_{,∞}′ ($_{A,∞} ) . (3.26) T + 6 ′ k d^∗ T^+

{ j=1Σ^{k A− j d} ij^{: k ≥ d} ij^{∈ $ }} T x^∗ =

j=1Σ^{k0 A− j d} ij^{∈ T+ . (3.27)}

B(x,δ) = {y : x− y T^+ find kand d^∗ ∈ $_{A,k} ( j=1Σ^{∞ A− )d∗ − x∗ . (3.28)}

k ≥ k_0 d^∗ = A^kx^∗ d^∗ = A^kx^∗ =

j=1Σ^{k0 Ak− j d} ij^{∈ $} A,k^. Now ( j=1Σ^{∞ A− )d∗ − x∗ (}_{j=1}Σ^{∞ A− )x∗}

x^∗ (

j=1Σ^{∞ A− k j}

where A^{− k} A A^{− k} k , k 0 ∈ $ Δ($_{A,∞} Λ A(Δ_{A,∞} )_{A,∞} , A(Λ) A M_n (Z f and f′ Δ($_{A,∞}

μ T + f)> (T + f′ = 0 . (3.29) T + f : f ($_{A,∞} 6 R^n 6 ($_{A,∞}

μ(T> (T + (f′− f = 0 . (3.30) However f′− f ($_{A,∞} Δ($_{A,∞} f′− f = d − d′with d,d′∈ $_{A,∞} ,

μ T + d)> (T + d′ = 0 . (3.31) Also d,d′∈ $_{A,k} k d ≠ d′ since f ≠ f′ A^k(T).

A^k

T′ = T + u tile T = T(A,$ T′ = T(A^k,$~ 0 $~ contains 0 A(Λ) and $ $~ T′ 6 := $~_Ak_{,∞} .

j=0 <^∞ (A^k)^j (T′) = R^n since 0 T′ # A (T′). A T′ + 6 R^n T = A (T′ # T in R^n T

Remarks. T(A,$ A

T

1.1. $_{A,∞} m^2 m_0 + m_1 ε with m_0 ,m_1 ,m_2 ∈ Z

m ∈ Z

m = j=0Σ^{k− 1a} j^{3j , a} j^{∈ {−}

of m

3^{2k} $_{A,k} m_0 and m_2

m_1 m_2 by

m_1 =

a_j 1Σ

3^j . (4.2)

$_{A,∞}

$_{A,k}

m_2 m_1 m_0

$_{A,∞}

Δ($_{A,∞} ) = m^2 m_0 + m_1 ε : m_0 ,m_1 ,m_2 ∈ Z ,

4 1

0 ∈ T^+ T x,y x, y 4 1 .

y = j=1Σ^{∞ b}j^{3− j , b}j^{∈ {−} − 2 1 , 2 1 y

x̃ := 4 1 2 bj 1Σ 3^{− j} ,

0 ≤ x̃ ≤ 4 1 j=1Σ^{∞ 3− j ) <}_4^{1 .}

x̃^∗ 2 1 with x = x̃ + x̃∗ x̃∗

x̃^∗ =

j=1Σ^{∞ a} j^{3− j}

d_j =

b^j a_j + b̂_j ε

∈ $ (4.3)

with b̂_j = b_j b̂_j =

y x = j=1Σ^{∞ A− j d} j T

Since 0 ∈ T^+ and 0 ∈ $ #_0 = T(A,$

6 = $_{A,∞} $_{A,∞}

0 1 2 1

m_2 = 2 1_{k− 1} − m_2′ = 2 1_{k− 1} +

m_1 = m_1′ = 2 1_{k− 1} − x-

0 1

4 m_1′ ε x 4 1

mε m ∈ Z R =

T(A,$ T y 2 1 and y = 2 1

m − 2 1 ≤ y ≤ m + 2 1 for m ∈ Z

1 0

Z^2.

T(A,$ ) = ×

Certainly #_0 = (T + 0 − 3 2 )< (T + − 1 3 1 0

B = T + 0 − 3 2 and

T + − 1 3 1

0 3 1 x y = 0

r =

Z^2

T matrix Ausing T #_0 := T′ = T + y x

− 1 < y < A(T′ T yy y + T y y y + that T′ A(T′ $ Z^2 /A(Z^2 ), T(A,$ T(A,$

A^{− j} = 0 2^{− j}

2^{− j} − j2^{− j− 1} for j ≥ y x ∈ T(A,$

y x = j=1Σ^{∞ A− j}_{dj}^{3dj}^{(4.5)}

d_{j,k} ∈

y = j=0Σ^{∞ 2− j d}j^{(4.6)}

x = 3

j=0Σ^{∞ 2− j d}j^{− g(y}

where

g(y) =

j=1Σ^{∞ j2− j− 1 d}j^{. (4.8)}

≤ y ≤ y the x T y = y = g(y y ≤ y ≤ g(y) + y ≤ y ≤ g(y^∗ 2^k l

k2^{− k− 1} − j=k+1Σ ∞ j2^{− j− 1} 2^{− k} (4.9)

as y T

/ y T

− 4 3 , 2 1 to − 4 1 , 2 1

6

2 1

R^2 2 1

1 − 1/2 and 0 3

T, T′ ′− T = 1/2 x 1 − 1/2

′− T = 1 x 0 ≤ x < 3 ≠ 1

includes 0 3 .

T T′ T′ T T′ = T + 0 3 ,

T′ 2 1 T′ = T+ 0 3 ± 1/2 − 1/4 . ________________ l 2^k l d_j = j ≥ k + d_j = 0

j ≥ k +

2^k l

0 3 ± 1/2 − 1/4

T ± 1 − 1/2 and T′7 1 − 1/2 ,

{T + j 1 − 1/2 : j∈ Z}< {T′ + j 1 − 1/2 : j∈ Z} .

1 − 1/2

1 − 1/2 .

0 3 0 3

T T′ = T+ 1 x ≤ x < x ≠

T + 0 3 and T′ − 0 3 ,

y x ≤ y ≤ x∈ R T

by 0 3

under 0 3 0 3

R^2 by T

T and T′ = T + d fit d = 0 3 , 1/2 11/4 , − 1/2 13/4 0 3

0 3 ∈ $ 1/2 11/4 and − 1/2 13/4

T R^2 Z⊕ Z = n 3m : m,n∈ Z

T + m 0 3 : m∈ Z

y x :x∈ R ≤ y ≤ 1

g(y

If B ∈ M_2 (R) B(T)

B = A^k ≥ 1 B(T)

T B(T x B = 0 γ B(T B(T

B(T α γ B

B y g(y) = γy α g(y) y . (4.10)

α 2^k γ

2^k T and B(T 0

edge

2^ky

2^kg(y) y of B(T T ≤ y ≤ 2^k 1 y

makes d_j = ≤ j ≤ k k2^{k− 1} B = A^k and

( j A^k(T) = 0 ( j) satisfies

f j) ≡ 2f( j) + j

f j + ≡ f j . (4.11b)

f( j A^k(T

A k j f( j) + 3l

A^{k− 1} (T

A(T + j f( j) + 3l

) =_{d ∈ $}< (T + 2j 2f( j) + j + 6l + d) .

Taking d = 0 0 j

f j) ≡ 2f( j) + j + 6l

d = 1 0

i =0Σ k− 1

b_i 2^i

f( j) = i =0Σ k− 1

ib_i 2^i . (4.12)

( j)

j,j′with

f( j + m) − f( j) ≡ ( j′ + m) − f( j′ . (4.13)

f = m

i =0Σ l c_i 2^i c_l = j = 2^{l +1} j′ = 2^l if l ≡/

j′ = 2^l + 2^{l +1} if l ≡

T

0 3 T f = 0,

f = B^2 (T T and T′ T′− T = 1 2 0 3

tiling.

lattice Λ 0 3 Λ 6

m l l ∈ R and m ≠ l

#_0 touching 0 T + v for

v 6 T

Suppose v = y x B = A^k

A^k(T + y x ) =_{d ∈ $ A,k}< (T +

2^ky

2^kx + k2^{k− 1} y + d) .

Now y ≡ 2^ky y ∈ Q 0 T + y x

x ≡ 2^kx + k2^{k− 1} y + d_1

x ∈ Q 0 T + y x

g(y y x ∈ Q 0

y x = 0 x x ∈ Q

l = q p q m l = 3qm 3p 3qm 0 in Λ.

A^k k, 6 A T qm

2 1 -periodic.

Ain

(A,$ ) A

$ .

R^n

prototile.

tile T(A,$ T

T

R^n by T T R^n by R^n n ≥ R^2 T in R^3 that tiles R^3 using $ A

R^n R^n T.

R^n n 1 -periodic.

n = n =

REFERENCES

R^n 112, 549-562.

295-323. 71, 130- 132.

22, 1388-1410. .. 98 793-802.

44, 78-104.

32, 315-320.

129-139.

.. ..

30, 713-747.

Algorithms R^n

R^n

R^n

2, 49-68. 4, 1131- 1143.

37, 213-229.

42, 355-360.

39, 797-817.

6