– 14 –

Clearly, any division of a 2-sided area by a single X-dipath with end-vertices in ∂X divides the area into two 2-sided areas. Consider any area Y in X/D which is incident with ∂X. Thus ∂Y ⊆ ∂X ∪ L_0 ∪ R_0. Since P starts from ∂X and finishes in s_0, the only possibility of Y not being split from the rest of X by a single dipath is if it has t_0 as a terminal corner. In this case Y must be 4-sided if, moreover, it has t a as a terminal corner; otherwise Y can only be 2-sided. Thus, Y is either 2-sided or 4-sided. Suppose instead that Y ∈ X/D is not incident with ∂X. Then ∂Y ⊆ L_1 ∪ R_1. Since the boundary of Y is contained in the union of two dipaths, and since we have no cycles, Y has to be 2-sided. Thus follows (i) and hence the lemma.

Our next concern is to divide 2- and 4-sided areas into strictly smaller 2-sided areas. The first step in doing this is to prove two technical lemmas that will be used repeatedly.

Lemma 13 Let F ∪ C be a planar acyclic digraph embedded into a closed disc Δ. Suppose the following conditions are satisfied:

(i) F is a forest of rooted trees and C ⊆ V (F )^2.

(ii) The boundary of Δ divides into two segments: one containing all the roots of F , and one containing all the leaves of F . Denote by l_0, . . . , l_n be leaves of F as they occur in a clock-wise walk along the segment containing the leaves. Moreover, denote by P_i the dipath in F to l_i starting in the root of the tree containing l_i.

(iii) Given any arc (v, w) ∈ C, if (v, w) ∈ V (P_i) × V (P_j) then i < j.

(iv) No two arcs in C have a common heads or common tails.

Then there is a forest of anti-rooted trees (directed trees where all the arcs are directed towards some anti-root) E in the transitive closure of F ∪ C such that (v) |A(E)| ≤ |C|/2. (vi) If w is reachable from v in F ∪ C, there is a dipath P_1P_2P_3 from v to w in F ∪ C ∪ E such that

• P_1 is contained in F ∪ C and, if P_1 is not trivial, it has its last arc in C and at most one other arc in C;

• P_2, if non-trivial, is contained in E, and • P_3 is contained in F ∪ C and contains at most one arc from C.

Proof: Notice that, by conditions (i) and (ii), for all (v, w) ∈ C, there are indices i, j with |j − i| ≤ 1 such that (v, w) ∈ V(P_i) × V(P_j). Adding (iii) gives us that if i is the maximum index with v in P_i, then (v, w) ∈ V(P_i) × V(P_{i+1}).

Denote by H the sub-digraph of F ∪C obtained by removing arcs (v, w) from F satisfying either

(a) v ∈ V (P_i) ∩ V (P_{i+1}) and w ∈ V (P_i) \ V (P_{i+1}), or

– 15 –

(b) v is the tail of an arc in C.

Claim 1 H is a forest of anti-rooted trees.

Proof: Since F ∪ C is acyclic, H is acyclic. Hence Claim 1 follows if the maximal outdegree in H is one, i.e. if no two arcs in H have common tail. By (a) no two arcs from H ∩ F can have a common tail, and by (b) we cannot have an arc from H ∩ F with the same tail as an arc from H ∩ C. Finally, by (iv), no two arcs from H ∩ C can have a common tail. 2 Claim 2 If the vertex w is reachable from the vertex v in F ∪ C, then there is a dipath Q_1Q_2 in F ∪ C ∪ H such that Q_1 is contained in H and Q_2 is contained in F . Proof: Let Q_1 be the longest dipath in H starting in v and finishing in a vertex v_1 from which w is reachable in F ∪ C. Notice that Q_1 and v_1 are uniquely defined since H is a forest of anti-rooted trees by Claim 1. Let Q_2 be a dipath in F ∪ C from v_1 to w containing a minimum number of arcs from C. We want to show that Q_2 contains no arcs from C.

First, let v_2 be the second vertex in Q_2. By the maximality of Q_1, we cannot have (v_1, v_2) in H. On the other hand, all arcs from C are in H, so (v_1, v_2) is in F .

Suppose that Q_2 contains an arc (v_3, v_4) from C, and denote by Q^−_2 the initial segment of Q_2 finishing in v_2. Moreover, denote by i the largest index such that Q^−_2 is contained in P_i. Then (v_3, v_4) ∈ V (P_i) × V (P_{i+1}). Clearly, we cannot have v_1 in P_{i+1}; for then in Q_2 we could substitute Q^−_2 (v_3, v_4) with a segment of P_{i+1}, hence obtaining a dipath from v_1 to w with fewer arcs from C. Thus i is the largest index such that v_1 is contained in P_i. In particular, this implies that (v_1, v_2) cannot be excluded by (a). Thus (v_1, v_2) must be excluded by (b), implying that we have an arc (v_1, u) in C. Since i is the largest index such that v_1 is contained P_i, we have (v_1, u) ∈ P_i × P_{i+1}. Now, v_1 is before v_2 in P_i, and (v_1, u) does not cross (v_3, v_4) in Δ, so u is before v_4 in P_{i+1}. But w is reachable from v_4, and (v_1, u) is in H since no arcs from C have been excluded from H, so this contradicts the maximality of Q_1. Thus Q_2 contains no arcs from C. 2 The important consequence of Claim 2 is that in order to settle (vi), it is sufficient to consider vertices v and w where w is reachable from v in H.

Color the arcs in C with red and blue depending on whether the dipath in H from the head to the relevant anti-root contains an odd or an even number of arcs from C. Thus the arcs from C in any dipath in H have alternating colors. Without loss of generality we may assume that red is the rarest color. Let E be the sub-digraph of the transitive closure of H consisting of the arcs (v, w) such that v and w both are red heads but the dipath in H from v to w contains no other red heads.

Clearly E inherits from H that it is a forest of anti-rooted trees. Since red was the rarest color, we have |V (E)| ≤ |C|/2, and since E is a forest |A(E)| < |V(E)|, so (v) follows.

Also, from the construction of E it follows that if a red head w is reachable from a red head v in H then w is reachable from v in E.

Consider a dipath P in H from a vertex v to a vertex w. If there are no red heads in P then P contains at most one blue and no red arcs (only arcs from C are colored), so (vi) is satisfied with P_1 = P_2 = (v) and P_3 = P . Thus we may assume that P contains some red heads. Let v^′ be the first red head in P and let w^′ be the last read haed in P . Then (iv) is

– 16 –

satisfied with P_1 the segment of P from v to v^′, P_2 the dipath in E from v^′ to w^′, and P_3 the segment of P from w^′ to w. This completes the proof of the lemma.

Lemma 14 Denote by δ_{14}(n) the smallest number such that a diameter of at most δ_{14}(n) can be achieved by matched shortcutting for any acyclic digraph F ∪ C with n vertices if it satisfies the following conditions:

(i) F is a forest of rooted trees embedded on a bounded disc Δ.

(ii) The boundary of Δ divides into two segments: one containing all the roots of F , and one containing all the leaves of F .

(iii) C ⊆ V (F )^2, and any arc in C can be drawn in Δ such that it only intersects F in its end-points.

Then δ_{14}(n) = O(α(n, n)).

Proof: Notice that for all (v, w) ∈ C, there are indices i, j such that (v, w) ∈ V(P_i) × V(P_j ) and |j − i| ≤ 1. Moreover, if, above, i and j cannot be chosen equal, they are unique. Without loss of generality, we may assume that C is minimal in the sense that no arc can be deleted without affecting the transitive closure of F ∪ C.

For s = −1, 0, 1, denote by C_s the set of arcs in C such that if (i, j) is a closest pair of indices with (v, w) ∈ V(P_i) × V(P_j) then s = j − i. By our previous remarks, C_{−1}, C_0, C_{−1} form a partitioning of C.

We claim that C_0 = ∅. Suppose that C_0 contained an arc (v, w). There would then be a dipath P_i containing both v and w. Then (v, w) is contained in the transitive closure of P_i since we have no dicycles. This contradicts our assumption that C is minimal, so we may conclude that, indeed, C_0 = ∅.

Another easy consequence of our hypothesis that F ∪ C is acyclic is that if we have a dipath from a vertex v to a vertex w, then there must be such a dipath contained either in F ∪ C_{−1} or in F ∪ C_{+1}. We want to apply Lemma 13 to these two digraphs.

Fix s ∈ {−1, +1}. Observe that all arcs of C_s can be drawn simultaneously in Δ without any crossings; for an obstruction to this should be two arcs (v_0, w_0), (v_1, w_1) ∈ C ∩ (V(P_i) × V(P_{i+1})) such that v_0 was before v_1 in P_i and w_1 was before w_0 in P_{i+1}. But then (v_1, w_1) is in the transitive closure of P_i ∪ {(v_0, w_0)} ∪ P_{i+1}, contradicting the minimality of C. The same kind of argument shows that no two arcs of C_s can have common head or common tail. Thus we may apply Lemma 13 to F ∪ C_s (Strictly speaking, for F ∪ C_{−1}, we apply Lemma 13 to the mirror image). Denote the anti-rooted forest provided by Lemma 13 by E_s.

Let S_F be an optimal matched shortcutting of F , and for s = −1, +1, let Let S_s be an optimal matched shortcutting of E_s. By Theorem 5, each of these shortcuttings achieves a diameter of at most δ_5(n) = O(α(n, n)). Set S = S_F ∪ E_{−1} ∪ S_{−1} ∪ E_{+1} ∪ S_{+1}. By condition (v) in Lemma 13, we have |E_s| < |C_s|/2. Moreover, |S_F | ≤ |F | and |S_s| ≤ |E_s|, so S is a matched shortcutting of F ∪ C_{−1} ∪ C_{+1} = F ∪ C. Finally, by condition (vi) in Lemma 13, we get that diam(F ∪ C ∪ S) ≤ 5δ_5(n) + 3 = O(α(n, n)),

– 17 –

completing the proof.

The machinary is now in place for dividing 2-sided areas into 2-sided proper subareas.

Lemma 15 Denote by δ_{15}(n) the least number such that for any 2-sided area X with n vertices, all reachable from ∂X, there is a division D with a division shortcutting S satisfying the following conditions

(i) All areas Y in X/D which contain vertices are 2-sided and strictly contained in X.

(ii) iib-diam(D, X, S) ≤ δ_{15}(n).

Then δ_{15}(n) = O(α(n, n)).

Proof: Let Y be the area in X/G^+(X) that in some left side has the last arc of the left side of X. Let F be a forest of rooted trees in G^+(X) satisfying the following conditions:

(a) F ∩ ∂X is the set of roots in F .

(b) All vertices in ∂Y |V(X) are in F .

(c) All leaves of F are in ∂Y |V(X).

Such a forest F exists since all vertices in X are reachable from ∂X. Let B be the set of arcs in ∂Y that are neither in ∂X, nor in F . The construction is illustrated in Figure 3. Set D = F ∪ B. From (a) and (b) it follows that D ∪ ∂X is connected, and hence that D is a division of X.

Claim 1 All areas in X/D \ {Y } are 2-sided.

Proof: By (a) we have that F ∪ ∂X is connected, so F is a division of X. Let y_1, . . . , y_n be the arcs in B. Since F is a forest, there is only one area in X/F . Notice that by the Jordan curve Theorem, the single area in X/F is cut by y_i into two sub-areas. Denote by Y_i the sub-area not containing Y . Since y_1, . . . , y_n are all in ∂Y , no y_j ≠ y_i can cross Y_i. Thus Y_i ∈ X/D. Since X/F only contains one area, if n > 0, all areas in X/D must have an arc y_i in its boundary. No arc of a division can be in the boundary of more than two sub-areas, and by construction y_i has Y on the one side and Y_i on the other side. Thus we may conclude that X/D = {Y, Y_1, . . . , Y_n}.

We want to show that Y_i is 2-sided for all i. By (c) all leaves of F are in ∂Y , and Y occupies the terminal corner of X if it is not the root of some tree in F , so the only possibility of a terminal corner for Y_i is the head of y_i. On the other hand, it is clear that the head of y_i has to be a terminal corner, so indeed Y_i is 2-sided. 2 Claim 2 There is a matched shortcutting S of CrossExt(D, X)|V(X) achieving a diameter in O(α(n, n) log n).

Proof: Set F^− = F |V(X) and C^− = (B ∪ ⋃ X_i∈X/D Cross(Xi))|V(X), then F

− ∪ C^− = CrossExt(D,X)|V(X). We want to apply Lemma 14. As the closed disc Δ we chose the one in X containing G(X) whose boundary coincides with G(X). Then F^− is already embedded

– 18 –

in Δ. Also, the arcs from B|V(X) are drawn in Δ so that they only intersect F in their end points. For arcs (v, w) ∈ ⋃ X_i∈X/D Cross(Xi)|V(X), as drawing, we can use the embedding

into Δ of any X_i-dipath from v to w. Thus Lemma 14 applies to F^− ∪ C^−, and hence we get a matched shortcutting of CrossExt(D, X)|V(X) achieving a diameter of at most δ_{14}(n) = O(α(n, n)). 2 Now the result follows, for by Lemmas 9 and 10 we can extend S to a division shortcutting S^′ such that iib-diam(D, X, S^′) ∈ O(α(n, n)), as desired.

Our final sub-goal in proving Key Lemma 8 is to divide 4-sided areas into 2-sided areas.

Lemma 16 Denote by δ_{16}(n) the minimum number such that for any 4-sided area X with n vertices, all reachable from ∂X, there is a division D with a division shortcutting S satisfying the following conditions:

(i) Any area Y in X/D is either 2-sided or 4-sided. If Y is 4-sided, for one of the source corners s, there is no non-trivial Y -dipath from a side incident with s to a side incident with the opposing source corner.

(ii) iib-diam(D, X, S) ≤ δ_{16}(n).

Then δ_{16}(n) = O(α(n, n)).

Proof: We will prove the result by finding a division D satisfying (i) and which is the union of at most two arc-disjoint dipaths, for then the result follows as a trivial application of Lemma 11.

Let L_1, R_1, L_2, R_2 be sides of X such that L_1R^{−1}_2 L_2R^{−1}_1 is a closed curve clock-wise around X. Denote by s_i the source corner incident with L_i and R_i. Choose an X-dipath P_1 from L_1 ∪ R_1 to the earliest possible vertex in R_2. In the extreme case where P_1 finishes in s_2 (See Figure 4a), P_1 divides X into two 2-sided areas, end hence we are done by setting D = P_1. We may therefore assume that we are not in this extreme case. Then, in general, P_1 divides X into one 2-sided and one 4-sided area. (See Figure 4b). However, if P_1 is trivial, i.e. if P_1 = (t) where t is the terminal corner incident with L_1 and R_2, there is no 2-sided area. The 4-sided area X^′ has L_2 as a left side and s_2 as an incident source corner. With L_2 and s_2 fixed, define L^′_1, s^′_1, R^′_1, R^′_2 for X^′ as L_1, s_1, R_1, R_2 was defined for X. Then P_1 is a final segment of L^′_1, then R^′_1 is a final segment of R_1, and R^′_2 is an initial segment of R_2. By our choice of P_1, there cannot be a non-trivial dipath from L^′_1 ∪ R^′_1 to R^′_2. Now, choose an X^′-dipath P_2 from L^′_1 ∪ R^′_1 to the earliest possible vertex in L^′_2. Since P_2 cannot reach s_2 ∈ R_2, as above, it divides X^′ into one 4-sided area X^{′′} together with at most one 2-sided area. Clearly, there cannot by any non-trivial dipaths from the sides of X^{′′} incident with the source corner s^{′′}_2 opposing s_2 to the the sides incident with s_2. Thus (i) is satisfied by setting D = P_1 ∪ P_2, and this implies the result since P_1 and P_2 are arc-disjoint.

Lemma 17 Denote by δ_{17}(n) the least number with the following property: if X is a 4-sided area with n vertices, all reachable from ∂X, and if, moreover, for one of the source corners s, there is no non-trivial X-dipath from a side incident s to a side incident with the opposing source corner, then there is a division D of X with a division shortcutting S such that

– 19 –

(i) All areas Y in X/D which contains vertices are 2-sided.

(ii) iib-diam(D, X, S) ≤ δ_{17}(n).

Then δ_{17}(n) = O(α(n, n)).

Proof: Basically we just repeat the proof of Lemma 15 twice. Let L_1, R_1, L_2, R_2 be sides of X such that L_1R^{−1}_2 L_2R^{−1}_1 is a closed curve clock-wise around X and such that, moreover, there is no proper X-dipath from L_1 ∪ R_1 to L_2 ∪ R_2. Let G_1 be the union of all X-dipaths starting in L_1 ∪ R_1. Denote by Y_1 the unique area in X/G_1 that has L_2 contained in a left side and R_2 contained in a right side. As in the proof of Lemma 15, let F_1 be a a sub-digraph of G_1 such that F_1 is a forest of rooted trees, such that F ∩ ∂X is the set of roots in F , such that all vertices in ∂Y_1|V(X) are in F_1, and such that all leaves of F_1 are in ∂Y_1|V(X). Denote by B_1 the set of arcs in ∂Y_1 but not in ∂X, and set D_1 = F_1 ∪ B_1. As in the proof of Lemma 15 we observe that all areas apart from Y_1 in X/D_1 are 2-sided areas. Moreover, with C_1 denoting the crossovers for these 2-sided areas, applying Lemma 14, we get a matched shortcutting S_1 of (D_1 ∪ C_1)|V(X) achieving a diameter in O(α(n, n)).

Now, set G_2 = G^+(Y_1). Then G_2 is the sub-digraph of G^+(X) containing all arcs not in G_1. Since all vertices in X are reachable from ∂X, all vertices in G_2 are reachable by dipaths in G_2 from the sides L_2 and R_2. Denote by Y_2 the unique area in X/G_2 that has L_1 contained in a left side and R_1 contained in a right side. Then X \ Y_2 ⊆ Y_1. As above we construct a division D_2 ⊆ G_2 such that all areas apart from Y_2 in X/D_2 are 2-sided areas. Moreover, with C_2 denoting the crossovers for these 2-sided areas, we get a matched shortcutting S_2 of (D_2 ∪ C_2)|V(X) achieving a diameter in O(α(n, n)).

Consider the division D = D_1 ∪D_2. The areas from X/D that are not contained in Y_1 ∩Y_2 are exactly the areas in (X/D_1 \ {Y_1}) ∪ (X/D_2 \ {Y_2}). Hence any such area is 2-sided. On the other hand, by definition Y_1 ∩ Y_2 contains no vertices, so none of the areas from X/D contained in Y_1 ∩ Y_2 can contain any vertices, so the division D satisfies (i).

Set S = S_1 ∪ S_2. Notice that (D_1 ∪ C_1) and (D_2 ∪ C_2) are arc disjoint and that CrossExt(D, X) = (D_1 ∪ C_1) ∪ (D_2 ∪ C_2) since no area from X/D in Y_1 ∩ Y_2 has any crossover. Hence S is a matched shortcutting of CrossExt(D, X)|V(X). By construction any dipath in G^+(X) = G_1 ∪ G_2 that starts in G_1 will stay in G_1. Hence a dipath starting in G_2 will either stay in G_2, or go to G_1 where it will stay. This property of G_1 and G_2 is inherited by D_1 ∪ C_1 and D_2 ∪ C_2, so

diam((D∪S)|V(X)) ≤ diam((D_1∪C_1)|V(X))+diam((D_2∪C_2)|V(X)) ≤ 2δ_{14}(n) = O(α(n, n)).

Now the result follows by Lemmas 9 and 10.

Proof of Key Lemma 8: Let X be any 2-sided area containing n vertices, all reachable from ∂X. By Lemma 7 we may nest the divisions and division shortcuttings provided by Lemmas 12, 15, 16, and 17 so that we get a division D of X with a division shortcutting S satisfying the following conditions:

– 20 –

(i) All areas in X/D containing vertices are 2-sided and contain at most n/2 vertices.

(ii) ib-diam(D, X, S)≤ δ_{12}(n) + max{δ_{15}(n), δ_{16}(n) + δ_{17}(n)} = O(α(n, n)) ii-diam(D, X, S) ≤ δ_{12}(n) + 2 max{δ_{15}(n), δ_{16}(n) + δ_{17}(n)}= O(α(n, n)).

5 Planar digraphs

In this section first we will settle Conjecture 1 for all acyclic planar digraphs. From there we jump directly to all planar digraphs using a result from [15].

Lemma 18 Let δ_{18}(p) be the minimal number with the following property: if G is a plane acyclic digraph with p vertices, all of which are reachable from the exterior boundary of G, then there is a matched shortcutting achieving a diameter of at most δ_{18}(p). Then δ_{18}(p) = O(α(p, p)(log p)^2)

Proof: Without loss of generality, we may assume that G is connected. By induction on p we will prove that there is a matched shortcutting S of G achieving

diam(G, S) ≤ (log^′ p)(4 δ_6(p) + 1)

Here log^′ is as defined at page 9. The lemma will then follow by Theorem 6 which says that δ_6(p) = O(α(p, p) log p). The statement of the induction is trivial if p = 0, so assume that p > 0. We shall use the notation that if G_0 and G_1 are sub-digraphs of G then G_0 − G_1 = G(A(G_0) \ A(G_1)). Notice that if G_0 is connected and does not consist of an isolated vertex then (G_0 − G_1) ∪ G_1 = G_0 ∪ G_1.

Let c be a closed curve clock-wise around a simply connected open subset X of the plane such that G is contained in X ∪ c, and such that c contains exactly the vertices from the exterior region of G vertices with indegree 0. We call the vertices in c source vertices. Thus the set of source vertices is the minimum set from which all vertices in G can be reached. For any vertex v in c, by G(v) we denote the sub-digraph of G induced by the vertices reachable from v. Notice that G(v) is a rooted acyclic planar digraph. Claim 1 There is a strictly increasing sequence of sub-digraphs of G

(∅, ∅) = H_0 ⊂ H_1 ⊂ · · · ⊂ H_m = H

satisfying the following properties:

(a) H_i is connected and the union of H_{i−1} and at most two digraphs G(v).

(b) Any dipath in G starting in H_i is contained in H_i.

– 21 –

(c) Any dipath in H starting in H_i \ V(H_{i−1}) is contained in H_i \ V(H_{i−2}). For the case that i < 2, we define H_{−2} = H_{−1} = (∅, ∅).

(d) No connected component in G \ V(H) contains more than p/2 vertices.

Proof: We will give a concrete construction of the H_is satisfying some additional properties:

(e) For each i < m, there is a unique connected component C_i of G − H_i which contains more than p/2 vertices outside H_i. For i = m, there is no such component.

(f) There is no dipath in G from C_i to H_{i−1}, and H_{i+1} − H_i is contained in C_i.

Notice that (e) and (f) implies (c) and (d). Consider the components of c after removal of the source vertices in H_i. By c_i we denote the component containing the source vertices of C_i. Now, the H_is are constructed as follows.

Set H_0 = (∅, ∅). Choose an arbitrary source vertex v, and set H_1 := G(v). Set i := 1. While C_i contains more than p/2 vertices, do the following:

Clearly, C_i is contained in C_{i−1}. Now, since G is connected there are vertices w in c_i from which it is possible to reach vertices in H_i. Let w_1, . . . , w_q be the sequence of such source vertices numbered in the order they appear in c_i. Denote G(w_j)|V(C_i) by C_i(w_j). Then C(w_j) cuts C_i into two parts: L_i(w_j ) = ⋃ k<j C_i(w_k) \ V(C_i(w_j)), and R_i(w_j) = ⋃ k>j C_i(w_k) \ V(C_i(w_j)). Then V(C_i) = V(L_i(w_j) ∪ C_i(w_j) ∪ R_i(w_j)) for all w_j. Denote by j_1 the maximum index such that |V(L(w_{j1} ))|≤ p/2. If |V(R(w_{j1} ))| ≤ p/2, set j_2 := j_1; otherwise set j_2 := j_1 + 1. By maximality of j_1, we have |V(R(w_{j2} ))| ≤ p/2. Finally, set H_{i+1} = H_i ∪ G(w_{j1} ) ∪ G(w_{j2} ), and i := i + 1.

Set m := i − 1.

It is easy in each step to check that (a), (b), (e), and (f) are invariant under the construction.

2_{For all i = 0, . . . , m, we will construct a matched shortcutting S}

i of H_i − H_{i−1}. Fix i. By (a), we have that H_i = H_{i−1} ∪G(v)∪G(w) for some source vertices v and w where possibly v = w. By definition G(v) is an acyclic planar digraph rooted in v. By (b), any dipath in G starting in H_{i−1} is contained in H_{i−1}, so G(v) − H_{i−1} inherits from G(v) that it is a rooted acyclic planar digraph. Moreover, we may conclude any dipath in G starting in H_{i−1} ∪ G(v) must be contained in H_{i−1} ∪ G(v). In particular, this implies that also G(w) − (G(v) ∪ H_{i−1}) is a rooted acyclic digraph if non-empty. Let S_i be the union of an optimal matched shortcutting for G(v)−H_{i−1} and an optimal matched shortcutting for G(w)−(G(v)∪H_{i−1}). In either case we achieve a local diameter of at most δ_6(p). Since G(v) − H_{i−1} and G(w) − (G(v) ∪ H_{i−1})

– 22 –

are arc-disjoint, S_i is a matched shortcutting of H_i − H_{i−1}, and since there is no dipath from G(v) − H_{i−1} to G(w) − (G(v) ∪ H_{i−1}, we may conclude that diam(H_i − H_{i−1}, S_i) ≤ 2δ_6(p).

Clearly all the digraphs of the form H_i − H_{i−1} are arc-disjoint, so S_H = ⋃ i S_i is a matched shortcutting of H. Moreover, from (c) we may conclude that diam(H, S_H ) ≤ 4δ_6(p).

Now, apply the induction hypothesis for a matched shortcutting of each of the components of C = G \ V(H). By (d) neither contains more than p/2 vertices, so for each we achieve a diameter of at most (log^′⌊p/2⌋)(4 δ_6(⌊p/2⌋) + 1). Denote by S_C the union of these matched shortcuttings of the components. Then S = S_H ∪ S_C is a matched shortcutting of G. Now, consider any dipath P in G. By (b), if P starts in H it is fully contained in H. Otherwise P starts in C. Either, it then stays within the same component of C, or at some stage it leaves this component via some arc between C and H. Having arrived at H, it stays in H. Thus, there is a dipath in G ∪ S with the same end-vertices as P but of length at most

(log^′⌊p/2⌋)(4 δ_6 (⌊p/2⌋) + 1) + 1 + 4δ_6(p) ≤ (log^′ p)(4 δ_6(p) + 1),

as required for the induction.

Proposition 19 Let δ_{19}(p) be the minimal number such that for any acyclic planar digraph with p vertices, there is a matched shortcutting achieving a diameter of at most δ_{19}(p). Then δ_{19}(p) = O(α(p, p)(log p)^2).

Proof: Let G be an arbitrary acyclic planar digraph with p vertices. Without loss of generality, we may assume that G is connected. As in the last section we consider a concrete embedding of G on some specific sphere X with areas etc. Given an area X, we say that X is a sink area if no non-trivial X-dipath finishes in the boundary, and that X is a source area if no non-trivial X-dipath starts in the boundary. Notice that neither sink nor source areas can have any crossovers, so a division shortcutting is just a matched shortcutting of a division.

Claim 1 If X is a source or a sink area, there is a matched shortcutting of G^+(X) achieving ii-diam(G^+(X), X, S) ≤ 2 δ_{18}(p) and ib-diam(G^+(X), X, S) ≤ δ_{18}(p). Recall from Lemma 18 that δ_{18}(p) = O(α(p, p)(log p)^2).

Proof: We will prove the result be induction on X. By symmetry we may assume that X is a sink area. Denote by H the division of X that is the union over all X-dipaths starting in ∂X. Then any area X_i in X/H must be a source area strictly contained in X, so by the induction hypothesis, there is a matched shortcutting S_i of G^+(X_i) such that ii-diam(G^+(X_i), X_i, S_i) ≤ 2 δ_{18}(p) and ib-diam(G^+(X_i), X_i, S_i) ≤ δ_{18}(p). By definition H satisfies the conditions of Lemma 18, so there is a matched shortcutting S of H achieving a diameter of at most δ_{18}(p). Trivially this implies that ii-diam(H, X, S) and ib-diam(H, X, S) are at most δ_{18}(p). Notice that G^+(X) = H ∪ ⋃ i G^+(X_i). Set S^′ = S ∪ ⋃ i S_i. Since X is a sink area and X_i is a source area contained in X, there cannot be any dipath between ∂X and X_i. Hence ib-diam(G^+(X), X, S^′) = ib-diam(H, X, S) ≤ δ_{18}(p).

– 23 –

Moreover, there cannot be a dipath from H to X_i, so

ii-diam(G^+(X), X, S^′) = max{ max_i{ib-diam(G^+(X_i), X_i, S_i)} + ii-diam(H, X, S), ii-diam(G^+(X_i), X_i, S_i)} ≤ 2 δ_{18}(p),

completing the induction. 2 Since G is acyclic we may choose a vertex v of indegree 0. Then Y = X \ {v} is a sink area, so there is a division shortcutting S of G^+(Y) achieving ii-diam(G^+(Y), Y, S) ≤ 2 δ_{18}(p) and ib-diam(G^+(Y), Y, S) ≤ δ_{18}(p); but then also S is a matched shortcutting of G = G^+(Y) achieving a diameter of at most 2 δ_{18}(p) ∈ O(α(p, p)(log p)^2).

Given any digraph G, by G/ ≡ we denote the result of contracting all strong components in G. Notice that G/ ≡ is always acyclic.

Lemma 20 (Thorup [15]) Given a digraph G with p vertices, if some matched shortcutting of G/ ≡ achieves a diameter d, there is a matched shortcutting of G achieving a diameter of at most 5d + 4.

Proof of Theorem 2: Since planarity is closed under contraction, Proposition 19 together with Lemma 20 shows us that given any planar digraph G with p vertices, there is a matched shortcutting achieving a diameter of at most 5 δ_{19}(p) + 4 = O(α(p, p)(log p)^2). This is the exact statement of Theorem 2 which we have hereby established.

6 Concluding remarks

We have now proved Theorem 2 which gives some evidence for Conjecture 1 by establishing it for planar digraphs. It is quite easy to generalize Theorem 2 to classes of digraphs with a fixed bounded genus, using the result from [5] that for any graph with p vertices and genus g, there is a set of O( √ gp log g) vertices whose removal leaves a planar graph. This is particularly easy if, instead of insisting on matched shortcutting, we are willing to spend a linear number of shortcuts. Let G = (V, A) be an p-vertex digraph with genus g. Partition v into two sets V_1 and V_2 such that G|V_1 is planar and V_2 has minimal cardinality. Let S_1 be an optimal matched shortcutting of G|V , and let S_2 be the set of arcs from the full transitive closure of G which goes between vertices in V_2. Set S = S_1 ∪ S_2. Then |S| ≤ |A(G|V_1)|+|V_2|^2 = O(p)+O(gp(log g)^2) = O(p) for constant g, and then diam(G∪S) ≤ 2 diam((G|V_1) ∪ S_1) + 3 = O(α(p, p)(log p)^2).

Further, though rather involved, it is possible to generalize Theorem 2 to classes of digraphs with an excluded minor (in the undirected sense) using the structural theorems from [13, 14]. Unfortunately an arbitrarily big but constant size clique minor seems of no use for solving the general problem for all digraphs.

Of other special classes of digraphs with known shortcuttings, Loebl [9] has shown that the case of chordal digraphs can be reduced to the planar case.

– 24 –

Finally, by simple counting it is easy to settle the conjecture for digraphs that are only a poly-logarithmic factor from being dense. More precisely, consider a digraph G with p vertices and q arcs. Make q independent random choices of arcs from the transitive closure of G. Then |S| ≤ q, so S is a matched shortcutting of G. If for some specific diameter d, we can prove that the event that diam(G ∪ S) ≤ d has positive probability, then this will imply the existence of a matched shortcutting of G achieving a diameter of d. Consider some vertices v and w with a dipath P in G from v to w of length at least d. We say that (v, w) is an obstruction if the shortest dipath in G∪S from v to w is longer than d. Thus the diameter of G ∪ S is at most d if and only if there are no obstructions. Clearly the probability that (v, w) is an obstruction is smaller than the probability that none of the arcs in S goes from the first to the last ⌊d/2⌋ + 1 vertices in P , and the probability of the latter event is bounded by (1 − (⌊d/2⌋ + 1)^2/p^2)^q. Hence the probability of the existence of some obstructing pair is bounded by (1 − (⌊d/2⌋ + 1)^2/p^2)^qp^2 ≈ exp(−q(⌊d/2⌋ + 1)^2/p^2)p^2 which is smaller than 1 if −q(⌊d/2⌋ + 1)^2/p^2 + 2 ln p < 0, hence if d > 2 √ (p^2/q)2 ln p + 1. We may therefore conclude that if p^2/q = O(log^k p), then there is a matched shortcutting of G achieving a diameter of O((log p)^{(k+1)/2}).

Notice that the proof of Theorem 2 is constructive in the sense that with a bit of care it actually constructs the matched shortcutting of a planar digraph in pseudo-linear (linear ignoring log-factors) time. Moreover, none of the involved hidden constants are astronomic. Going through all the calculations, including those in [4, 15], they can all be proved smaller than a 1000.

7 Acknowledgement

I would like to thank Martin Loebl, Colin McDiarmid, Søren Riis, Carsten Thomassen, and Anders Thorup for helpful discussions about shortcutting.

References

[1] Bonet, M. L. and Buss, S. R. On the Deduction Rule and the Number of Proof Lines.

In: Proceedings of the 6th Annual IEEE Symposium on Logic in Computer Science. 1991, pp. 286–297.

[2] Bodlaender, H., Tel, G., and Santoro, N. Trade-Offs in Non-Reversing Diameter.

Technical Report RUU-CS-89-22, Utrecht University, Department of Computer Science, Utrecht, 1989.

[3] Chartrand, G., and Lesniak, L. Graphs & Digraphs, 2nd edition. Wadsworth & Brooks / Cole Advanced Books & Software, California, 1986.

[4] Chazelle, B. Computing on a Free Tree via Complexity Preserving Mappings. Algorithmica 2 (1987) 337–361.

– 25 –

[5] Gilbert, J. R., Hutchinson, J. P., and Tarjan, R. E. A separator Theorem of Graphs of Bounded Genus. Journal of Algorithms 5 (1984) 391–407.

[6] Kao, M., and Klein, P., N. Towards Overcoming the Transitive-Closure Bottleneck:

Efficient Parallel Algorithms for Planar Digraphs. In: Proceedings of the 22nd Annual ACM Symposium on Theory of Computing. ACM Press, New York, 1990, pp. 181–192.

[7] Karp, R., and Ramachandran, V. Parallel Algorithms for Shared-Memory Machines. In: van Leeuwen, J. (ed.) Handbook of Theoretical Computer Science. North- Holland, Amsterdam, 1990.

[8] Lingas, A. Efficient Parallel algorithms for path problems in planar directed graphs.

Proceedings of SIGAL’90. Springer Verlag, LNCS 450, 1990, pp. 447–457.

[9] Loebl, M. Personal communication.

[10] Lipton, R. J. and Tarjan, R. E. A separator theorem for planar graphs. SIAM J. of Appl. Math. 36 (1979) 177–189.

[11] Santoro, N. (Time × Space)-Efficient Implementations of Hierachical Conceptual Models. In: van Leeuwen (ed.) Proceedings of the 14th International Workshop on Graph-Theoretic Concepts in Computer Science. Springer Verlag, LNCS 334, 1988, pp. 180–189.

[12] Tarjan, R. E. Efficiency of a Good but not Linear Set Union Algorithm. Journal of ACM 22 (1975) 215–225.

[13] Robertson, N. and Seymour, P. D. Graph minors V: excluding a planar graph.

Journal of Combinatorial Theory, Ser. B. 22 (1986) 92–114.

[14] Robertson, N. and Seymour, P. D. Graph minors XVII: excluding a non-planar graph. Submitted for publication.

[15] Thorup, M. On Shortcutting Digraphs. In: Mayr, E. (ed.) Proceedings of the 18th International Workshop on Graph-Theoretic Concepts in Computer Science. Springer Verlag, LNCS 657, 1993, pp. 205–211.

[16] Yao, A. C. Space–Time Tradeoff for Answering Range Queries. In: Proceedings of the 14th Annual ACM Symposium on Theory of Computing. ACM Press, New York, 1982, pp. 128–136.

– 26 –

A Area related definitions

X : a specific sphere.

G: a specific digraph embedded into X . No other graph components than those of G are embedded into X . In Section 4, G is rooted and acyclic, and in the proof of Proposition 19, G is connected and acyclic. Z: any subset of X .

V(Z): the set of vertices (from G) in Z. A(Z): the set of arcs in Z. G(Z): (V(Z), A(Z)). area: region of some non-empty connected sub-digraph of G. X: any area.

∂X: the boundary of X. X: the closure of X.

X-dipath: dipath in X which is contained in X with the possible exception of its endvertices.

v, w: any vertices in G.

X-reachable: w is X-reachable from v if there is an X-dipath from v to w.

inherently X-reachable: w is inherently Xreachable from v if it is X-reachable and all dipaths in X from v to w are X-dipaths. crossover for X: arc (v, w) ∈ V(∂X)^2 where v ≠ w and w is inherently X-reachable from v. Cross(X): the set of all crossovers for X. G^+(X): G(X ∪ V(∂X)). division of X: sub-digraph D of G^+(X) such that ∂X ∪ D is connected. D: any division of X.

X/D: the set of regions of ∂X ∪ D which are contained in X.

CrossExt(D, X): the extension of D with all the crossovers for areas in X/D.

S: any shortcutting of CrossExt(D, X). ii-diam(D, X, S): the minimum number d ≥ 0 such that if v and w are in D|V(X) and w is inherently X-reachable from v, there is a dipath in CrossExt(D, X) ∪ S from v to w of length ≤ d.

ib-diam(D, X, S): the minimum number d ≥ 0 such that if one of v and w is in D|V(X) and the other is in ∂X, and, moreover, w is inherently X-reachable from v, then there is a dipath in CrossExt(D, X) ∪ S from v to w of length ≤ d.

iib-diam: max{ii-diam, ib-diam}.

division shortcutting of (D, X): S is a division shortcutting of (D, X) if Cross(X) ⊆ CrossExt(D, X) ∪ S and, moreover, |Cross(X)| + |S| ≤ |A(D)| + ∑ X_i∈X/D |Cross(Xi)|. left side of X: maximal dipath P in ∂X such that P is a part of the closed curve clock-wise around X. A non-trivial X-dipath P starts (finishes) in a particular left side L if the first (last) vertex of P is in L and walking along the closed curve clock-wise around X we are in L when the dipath P leaves towards (enters from) the right.

right side of X: analogue to left side but in the closed curve anti-clock-wise around X. corner: end-vertex of a side; if the corner is the first vertex of a side the corner is a source corner and if it is the last vertex it is a terminal corner.

sink area: X is a sink area if no non-trivial X-dipath finishes in the boundary. source area: analogue to sink area but with no non-trivial X-dipath starting in the boundary.

– 27 –

B Figures

– 28 –