{ 27 {

[22] H. Whitney

, Non-separable and planar graphs, T r ans. Amer. Math. So c. 34 (1932)

339{362 .

[23] H. Whitney

, 2-isomorphic graphs, Amer. Math. J. 55 (1933) 245{ 254 .

[24] H. Whitney

, Planar graphs, F und. Math. 21 (1933) 73{84.

{ 26 {

[11] A.K. Kelmans, On edge maps of graphs preserving the subgraphs of a given typ e,

in: Mo dely i algoritmy issle dovaniya op er aciy i ih primenenie k or ganizacii r ab oty

v vychiclite nyh systemah, Y aroslavskiy gos. Universitet, Y aroslavl (1984) 19{30 .

[12] A.K. Kelmans, On homeomorphic imb edding of graphs with given prop erties, Dok-

lady AN SSSR 274(6) (1984) 2998 {30 03.

[13] A.K. Kelmans, On 3-connected graphs without essential 3-cuts or triangles, Dok-

lady AN SSSR 288(3) (1986) 698-7 03 .

[14] A.K. Kelmans, On 3-skeins in a 3-connected graphs, Studia Scientiarum Mathe-

maticarum Hungarica 22 (1987) 265{2 73 .

[15] A.K. Kelmans, A short pro of and a strengthening of the Whitney 2-isomorphism

theorem on graphs, Discr ete Mathematics 64 (1987) 13{25 .

[16] A.K. Kelmans, Matroids and Whitney’s theorems on 2-isomorphism and planarity

of graphs, Usp ehi Mat. Nauk 43(5) (1988) 199{2 00 (in Russian).

[17] A.K. Kelmans, On edge semi-isomorpism and semi-dualities of graphs, RUTCOR

R ese ar ch R ep ort 59-90, Rutgers University (1990) 1{15.

[18] J.H. Sanders and D. Sanders, Circuit preserving edge maps, J. Combinatorial

The ory B 22 (1977) 91{96 .

[19] K. T ruemp er, On Whitney’s 2-isomorphism theorem for graphs, J. Gr aph The ory

4 (1980) 43{49.

[20] D. W elsh, Matr oid The ory, Academic Press, London, 1976.

[21] H. Whitney

, Congruent graphs and the connectivity of graphs, Amer. Math. J. 54

(1932) 150{1 68 .

{ 25 {

References

[1] D. Barnette, Generating the triangulations of the pro jective plane, J. Combinato-

rial The ory B 33 (1982) 222{230 .

[2] C. Berge, The ory of Gr aphs and its Applic ations, Methuen London, 1962.

[3] J.A.Bondy and U.S.R.Murty

, Gr aph the ory and applic ations, MacMillan Co, Lon-

don, 1976.

[4] R. Halin and H.A. Jung, Note on isomorphism of graphs, J. L ondon Math. So c.

42 (1967) 254{256 .

[5] R.L. Hemminger, H.A. Jung and A.K. Kelmans, 3-skein isomorphism of graphs,

Combinatoric a 2(4) (1982) 373{3 76.

[6] R.L. Hemminger and H.A. Jung, On n-skein isomorphism of graphs, J. Combina-

torial The ory B 32 (1982) 103{111 .

[7] R.L. Hemminger and H.A. Jung, On 3-skein injection of graphs, Congr essus Nu-

mer antium 36(1982) 347{3 50 .

[8] A.K. Kelmans, A concept of a vertex in a matroid, the non-separating circuits of

a graph and a new criterion for graph planarity

, in: Algebr aic Metho ds in Gr aph

The ory (Szeged, Hungary

, 1978) Amsterdam, Budap est (1981) 345{3 87.

[9] A.K. Kelmans, The concept of a vertex in a matroid and 3-connected graphs, J.

Gr aph The ory 4 (1980) 13{19.

[10] A.K. Kelmans, 3-skeins in a 3-connected graph, in: Vsesouzno e soveschanie p o

statisticheskomu i diskr etnomu analizu, Kazanskiy gos. Universitet, Moskv a -

Alma-Ata (1981) (in Russian).

{ 24 {

Corollary 8.1 Supp ose that the hyp otheses (h1) and (h2) of The or em 8.2 hold. Then

if G has at le ast jV (G)j � g (G) + 1(� jV (G)j � 2) vertic es of de gr e e 3 then G and G

�

in The or em 8.2 ar e planar gr aphs, and M (G) = M

�

(G

0

).

Theorem 8.3 .

Supp ose that G is a triangulation of the pr oje ctive plane, G p

is the gr aph dual to G

in the pr oje ctive plane, and e : E (G) ! E G p

is the c orr esp onding bije ction. Then

(a0) G is a 3-c onne cted gr aph,

(a1) if K is a c o cir cuit of M (G) then e(K ) is a cir cuit of M (G) (i.e. e is a c o cir cuit

semi-duality of G onto G p

), and

(a2) ther e exists a cir cuit C p

of M (G p

) such that e

�1

(C p

) is not a c o cir cuit of M (G),

i.e. e is not a cir cuit duality (or c o cir cuit duality) of G onto G p

.

Pro of.

By Barnette’s theorem [1], every triangulation of the pro jective plane can b e ob-

tained from one of the two sp ecial triangulations T

1 and T

2 by means of a sequence

of op erations of splitting a vertex along two given edges incident to the vertex. The

graph of T

1 is the complete graph on 6 vertices, and the graph of T

2 is obtained from

the complete graph on 7 vertices by deleting the three edges of a triangle. It can b e

check ed that T

i and the graph T p

i dual to T

i on the pro jectiv e plane satisfy (a0) and

(a1), i = 1; 2. Using Barnette’s theorem it can b e proved that (a0) and (a1) holds for

every triangulation of the pro jective plane.

It is easy to prove directly that every graph-triangulation of the pro jective plane is

not planar. (This fact also follows from Barnette’s theorem b ecause the graph of T

1

and T are not planar.) Therefore by Theorem 3.2 (Whitney), (a2) holds. 2

{ 23 {

By (h1), each vertex of G is of degree at least 3. By Lemma 8.1, R

0

(C ) = e(R(C )) =

R

0

is a circuit of M (G

0

), and C

0

= e(C ) is the set of edge-hords of the circuit G

0

[R

0

]

induced by R

0

in G

0

. Assume the contrary

, that is there exists a vertex x in C of degree

3 in G, namely E (x; G) = fu

1

; u

2

; u

3 g. Let u

1

; u

2

2 C and u

3

62 C , i.e. u

3

2 R(C ).

Then e(u

1

) and e(u

2

) are chords of the circuit G

0

[R

0

] and e(u

3

) 2 R

0

. By (h2), the

edge set fe(u

1

); e(u

2

); e(u

3

)g forms a triangle T

0

in G

0

. Therefore e(R(C ))�e(E (x)) =

e(R(C )�E (x)) is not a circuit of M (G

0

). But it is easy to see that R(C )�E (x) is a

co circuit of G. This contradicts (h2). 2

Theorem 8.2 (on a co circuit semi-duality of cubic graphs).

Supp ose that

(h1) G is a 3-c onne cted gr aph,

(h2) e : E G ! E G

�

is a bije ction such that if K is a c o cir cuit of M (G) then K

�

= e(K )

is a cir cuit of M (G

�

) (i.e. e is a c o cir cuit duality of G onto G

0

), and

(h3) e ach non-sep ar ating cir cuit of G c ontains a vertex of de gr e e 3.

Then G and G

�

ar e planar gr aphs, and M (G) = M

�

(G

0

).

Pro of (uses Theorem 8.1 and Lemma 8.2).

By Theorem 8.1, it is su�cient to prove that for every non-separa ting circuit C of

G the subgraph H

0

(C ) of G

0

is a wheel. Assume the contrary

, that is there exists a

non-separating circuit of G such that H

0

(C ) is not a wheel in G

0

. Then by Lemma 8.2,

each vertex of C is of degree at least 4 in G. This contradicts (h3). 2

Let g (G) denote the length of a shortest circuit of a graph G. Clearly if A is a

subset of jV (G)j � g (G) + 1 vertices of G then every circuit of G contains a vertex from

A. Therefore we have from Theorem 8.2

{ 22 {

Then C

0

� E (c

0

; G

0

). Let us prove that C

0

= E (c

0

; G

0

). Assume the contrary

, that

is there exists an edge u

0

with an end-vertex c

0

which do es not b elong to C

0

, i.e.

u

0

2 E (c

0

; G

0

) n C

0

. Put u = e

�1

(u

0

). Then u 2 E (G) n C . Let v b e an edge of C . Since

by (h1), G is 2-connected, there exists a co circuit K of M (G) which contains b oth u

and v . Put v

0

= e(v ). Then v

0

2 C

0

� E (c

0

; G

0

). By (h2), K

0

= e(K ) is a circuit of

G

0

, and K

0

contains u

0

and v

0

= e(v ). Since u

0

; v

0

2 E (c

0

; G

0

) and K

0

is a circuit, it

follows that E (c

0

; G

0

) \ K

0

= fu

0

; v

0

g. Then K

0

\ C

0

= fv

0

g. Therefore K \ C = fv g,

and so jK \ C j = 1. But jK \ C j 6= 1 since C is a circuit and K is a co circuit of

G, a contradiction. Thus C

0

= e(C ) is a vertex star of G

0

for every non-separating

circuit C of G. Since each edge of G

0

b elongs two at most two vertex stars, each edge

of G b elongs to at most two non-separating circuits of G. By (h1), G is 3-connected.

Therefore by Theorem 6.2 in [8], each edge of G b elongs to at least two non-separating

circuits of G. Therefore each edge of G b elongs to exactly two non-separating circuits

of G, and e induces a bijection b etween the set of non-separating circuits of G and the

set of vertex stars of G

0

. Since G is 3-connected, it follows from Theorem 6.7 in [8] that

G is planar, G is uniquely emb edable into the sphere, the set of non-separating circuits

of G is the set of circuit-faces of G, and G

0

is the planar graph dual to G. Therefore

M (G) = M

�

(G

0

). 2

Lemma 8.2 Supp ose that

(h1) G is a 3-c onne cted gr aph,

(h2) e : E G ! E G

0

is a bije ction such that if K is a c o cir cuit of M (G) then K

0

= e(K )

is a cir cuit of M (G

0

) (i.e. e is a c o cir cuit semi-duality of G onto G

0

), and

(h3) C is a non-sep ar ating cir cuit of G such that H

0

(C ) is not a whe el.

Then e ach vertex of C is of de gr e e at le ast 4 in G.

Pro of (uses Lemma 8.1).

{ 21 {

(p2) H

0

is a M� obius gr aph M , R

0

forms the rim of M and C

0

is the set of sp okes of M .

Pro of.

By (h1), G n x is connected for every vertex x of G. Hence E (x; G) = E (x) is

a co circuit of G. Put E

0

(x) = e(E (x)). Then by (h2), E

0

(x) is a circuit of M (G

0

).

Obviously B (C ) = [fE (x) : x 2 V (C )g and R(C ) = �fE (x) : x 2 V (C )g. By (h1),

G has no parallel edges. Hence jE (x) \ E (y )j is either 0 or 1 for any distinct vertices x,

y of G. Since by (h3), C is a non-separating circuit of G, it follows that C has no edge-

chords. Therefore for any distinct vertices x, y of C we have: E (x) \ E (y ) = (x; y ), and

E

0

(x) \ E

0

(y ) = e(x; y ) if (x; y ) is an edge of C , and E (x) \ E (y ) = E

0

(x) \ E

0

(y ) = ; if

(x; y ) is not an edge of C . Since by (h3), C is a non-separa ting circuit of G, it follows

that R(C ) is a co circuit of M (G). By (h2), R

0

(C ) is a circuit of M (G

0

). Now it is easy

to see that there are only two p ossibilities (p1) and (p2) for H

0

(C ). 2

Theorem 8.1 Supp ose that

(h1) G is a 3-c onne cted gr aph,

(h2) e : E G ! E G

0

is a bije ction such that if K is a c o cir cuit of M (G) then K

0

= e(K )

is a cir cuit of M (G

0

) (i.e. e is a c o cir cuit semi-duality of G onto G

0

), and

(h3) for any non-sep ar ating cir cuit C of G the sub gr aph H

0

(C ) of G

0

is a whe el.

Then

(a1) G and G

0

ar e planar gr aphs, and

(a2) M (G) = M

�

(G

0

).

Pro of.

Put C

0

= e(C ). Let C b e a non-separating circuit of G. Then by (h3), the subgraph

H

0

(C ) of G

0

is a wheel W

0

. Let c

0

b e the vertex of G

0

which is the center of W

0

.

{ 20 {

by Lemma 5.2, D

0

= K

0

[ L

0

n d

0

is not a co circuit of G

0

, a contradiction. 2

8 On a co circuit semi-dualit y of graphs

A whe el is a graph obtained from a graph-circuit (the rim of the whe el) by adding a

new vertex (the c enter of the whe el) and the edges (the sp okes of the whe el) connecting

the new vertex with all the vertices of the circuit.

A M� obius ladder is a graph obtained from an even circuit (the rim of the ladder) by

adding all main diagonals (the sp okes of the ladder) of the circuit. A M� obius gr aph is a

graph obtained from a M� obius ladder by contracting and/or sub dividing some edges of

the rim of the ladder. The sp okes of a M� obius gr aph are the sp okes of the corresp onding

ladder, and the rim of a M� obius gr aph is the subgraph obtained from the rim of the

ladder.

Given a circuit C of a graph G, put R(C ) = [C ; G n C ], B (C ) = R(C ) [ C , R

0

(C ) =

e(R(C )), C

0

= e(C ) and B

0

(C ) = e(B (C )). Let H

0

(C ) = H

0

b e the subgraph of G

0

induced by B

0

(C ).

Lemma 8.1 Supp ose that

(h1) G is a 3-c onne cted gr aph,

(h2) e : E G ! E G

0

is a bije ction such that if K is a c o cir cuit of M (G) then K

0

= e(K )

is a cir cuit of M (G

0

) (i.e. e is a c o cir cuit semi-duality of G onto G

0

), and

(h3) C is a non-sep ar ating cir cuit of G.

Then ther e ar e two p ossibilities for H

0

(C ):

(p1) H

0

is a whe el W , R

0

(C ) forms the rim and C

0

is the set of sp okes of the whe el W ,

and

{ 19 {

Then G and G

0

ar e isomorphic, and mor e over ther e exists an isomorphism of G

onto G

0

which induc es e.

Pro of (uses Theorem 6.1, and Lemmas 7.2 and 5.2).

According to Theorem 6.1, it is su�cient to prove that if K is a non-separating

co circuit of M (G) then K

0

= e(K ) is a non-separating co circuit of M (G

0

). Let us

assume the contrary

, i.e. that there exists a non-separating co circuit K of M (G)

such that K

0

= e(K ) is not a non-separating co circuit of M (G

0

). By (h2), K

0

is a

co circuit of M (G

0

). Thus K

0

is a separating co circuit of M (G

0

). Therefore G

0

n K

0

consists of at least two blo cks. Let B

0

1 b e a blo ck of G

0

n K

0

. Put E

0

1

= E (B

0

1

) , and

E

0

2

= E (G

0

) n (K

0

[ E

0

1

). Clearly E

0

1

6= ;, and E

0

2

6= ;. Put E

i

= e

�1

(E

0

i

). Clearly

E G n K = E

1

[ E

2

, E

1

\ E

2

= ; and E

1

6= ;, E

2

6= ;. By Prop osition 2.4, a non-

separating co circuit of a graph is a vertex star of the graph. By the assumption, K

is a non-separating co circuit of M (G). Therefore there exists a vertex x of G such

that K is the vertex star of x, i.e. K = E (x). Put V (x) = X and G

�

= G n x.

Then E (G

�

) = E (G) n K . By (h1), G is 3-connected. Therefore jX j � 3, and G

�

is

2-connected. By Lemma 7.2, there exist two pairs (v

i

; R

i

), i = 1; 2, such that v

1

6= v

2

,

v

i

2 X and R

i is a co circuit of G

�

separating v

i from X n v

i and having common edges

with b oth E

1 and E

2

. Put K

i

= R

i

[ [v

i

; x]. Since jX j � 2 and R

i separates v

i from

X n v

i

, the set K

i is a co circuit of G. Since by (h1), G has at most one pair of vertices

connected with more than one edge, at least one of vertices v

1

, v

2

, say v

1

, is linked

with x by a single edge. Denote this edge by d, i.e. d = (v

1

; x), and put L = K

1

. Then

K \ L = d. Since R

1 is a co circuit of G

�

separating v

1 from X n v

1

, it follows that

D = K [ L n d is a co circuit of G. Put L

0

= e(L), D

0

= e(D ), and d

0

= e(d). Then

K

0

\ L

0

= d

0

and D

0

= K

0

[ L

0

n d

0

. Now by (h2), D

0

is a co circuit of G

0

, b ecause D is a

co circuit of G. F rom (h1) and (h2) it follows that G

0

is 2-connected. Since R

1

\ E

i

6= ;

and L = R

1

[ d, we have L \ E

i

6= ; for i = 1; 2. Hence L

0

\ E

0

i

6= ; for i = 1; 2.

Thus G

0

and its co circuits K

0

and L

0

satisfy the hyp othesis of Lemma 5.2. Therefore

{ 18 {

H i

\ X 6= ;, i = 1; 2. Hence F has at least two non-empty vertices, say , H

1

and H

2

:

H

1

; H

2

2 N (F ). Since G

1

(K

1

) is connected, F is also connected. Let P b e a shortest

path from T (F ) to N (F ) in F , and let T b e the end-vertex of P in T (F ) and N b e

the end-vertex of P in N (F ).

Let W denote the subgraph of G induced by [fH : H 2 V (P )g. Our goal is to

prove that Z = [W; G n W ] is a required co circuit with S = W \ X . In other words,

we should prove that Z is a two-colored co circuit and that jS j < jX j. Since P is

a path and each vertex H of F is a connected subgraph of G, it follows that W is

connected. Since G

2

(K

1

) is connected and [H ; G

2

(K

1

)] 6= ; for any H 2 H, we have:

G n W is connected. Hence Z is a co circuit. Since P is a shortest path from T (F )

to N (F ), all the vertices of P , except for T , are one-colored. Hence all the edges of

P are one-colored and have the same color, say

, 1. Then the co circuit K (N ) of G is

also of color 1. Since ; 6= [N ; G

2

(K

1

)] � Z , it follows that Z \ K (N ) 6= ;, and so Z

contains an edges of color 1. Since T is a two-colored vertex of F , we have: K (T ) is

two-colored. Since [T ; W n T ] is of color 1, then [T ; G n W ] contains an edge of color

2. But [T ; G n W ] � [W; G n W ] = Z . Hence Z contains an edge of color 2. Thus Z

is a two-colored co circuit of G. Now W \ X = N \ X

1 since N is the only non-empty

vertex of P in F . Moreover jN \ X

1 j < jX

1 j b ecause F has a non-empty vertex distinct

from N . Therefore for S = W \ X we have: jS j < jX

1 j. 2

Theorem 7.1 (on a co circuit semi-isomorphism of graphs).

Supp ose that

(h1) G is a 3-c onne cte d gr aph or is obtaine d fr om a 3-c onne cte d gr aph by r eplacing one

e dge by a numb er of p ar al lel e dges, and

(h2) e : E G ! E G

0

is a bije ction such that if K is a c o cir cuit of M (G), then K

0

= e(K )

is a c o cir cuit of M (G

0

) (i.e. e is a c o cir cuit semi-isomorphism of G onto G

0

).

{ 17 {

; 6= X

2;j

� G

2;j

= G

2

(K

1

) \ G

j

(K

2

).

Therefore G

2

(K

1

) [ G

j

(K

2

) is connected for j = 1; 2.

Since G n G

1;j

= G

2

(K

1

) [ G

j

(K

2

), it follows that G n G

1;j is connected.

Since R

1

= [G

1;1

; G n G

1;1

] is not a co circuit, it follows that G

1;1 is not connected.

Let H j

denote the set of comp onents of G

1;j

, j = 1; 2, and put H = H

1

[ H

2

. F or

H 2 H put K (H ) = [H ; G n H ]. Since G

j

(K

2

) is connected, [H ; G

2;j

] 6= ; for any

H 2 H j

. Therefore K (H ) is a co circuit for any H 2 H.

Supp ose that K (D ) is two-colored and D \ X 6= ; for some D 2 H. Then K (D )

is a required co circuit with S = D \ X b ecause D \ X � X

1;1

� X

1

. Hence we can

assume that

(a) for every H 2 H either K (H ) is one-colored or H \ X = ;.

Consider the following factor-graph F of the graph G

1

(K

1

): H is the set of vertices

of F and a pair fA; B g of vertices of F forms an edge in F if and only if [A; B ] 6= ;.

W e say that a vertex H of F is one-c olor e d (of c olor i) if K (H ) is one-colored (of color

i), and two-c olor e d otherwise. A vertex H of F is said to b e empty if H \ X = ;, and

non-empty otherwise. W e say that an e dge (A; B ) of F is one-c olor e d (of c olor i) if

[A; B ] is one-colored (of color i), and two-c olor e d otherwise. Then (a) is equiv alent to

(a

0

) every vertex of F is either one-colored or empty .

Let T (F ) and N (F ) denote the sets of two-colored and non-empty vertices of F ,

resp ectively . F rom (a’) we have: T (F ) \ N (F ) = ;. Since G

1

(K

1

) is connected and

K

1

is two-colored, there exists Q 2 H such that K (Q) is two-colored. Hence F has

a two-colored vertex Q, Q 2 T (F ). Since X

1;i

6= ;, there exists H i

in H i

such that

{ 16 {

(h1) G is a 2-c onne cted gr aph, and

(h2) the e dge set E (G) is c olor e d arbitr arily in two c olors: E (G) = E

1

[E

2

, E

1

\E

2

= ;,

E

1

6= ; and E

2

6= ; (we say that an e dge fr om E

i is of c olor i).

Then for an arbitr ary vertex- subset X of G with at le ast two vertic es ther e exist two

p airs (v

i

; R

i

), i = 1; 2, such that v

1

6= v

2

, v

i

2 X and R

i is a two-c olor e d c o cir cuit

sep ar ating v

i fr om X n v

i in G.

Pro of (uses Lemma 7.1).

Given a co circuit K of G let G

1

(K ) and G

2

(K ) b e the two comp onents of G n K .

F or jX j = 2, the lemma coincides with Lemma 7.1. So we may assume that jX j � 3.

Let x

1

; x

2

2 X . By Lemma 7.1, there exists a two-colored co circuit K of G separating

x

1 and x

2

. Put X

i

= G

i

(K

1

) \ X , and so x

i

2 X , i = 1; 2. If jX

i j = 1 then the pair

(x

i

; K

1

) is a required pair (v

i

; R

i

). So we may assume that jX

1 j � 2.

It is su�cient to prove that for some subset S � X

1 there exists a two-colored

co circuit separating S and X n S . Then by induction on jX n S j we can �nd a vertex

v

1 in X

1 and a two-colored co circuit R

1 such that R

1 separates v

1 and X n v

1

, so that

(v

1

; R

1

) is a required pair. By using the same argument, we can �nd another required

pair (v

2

; R

2

) with v

2

2 X

2

.

Let y

1

; y

2

2 X

1

. By Lemma 7.1, there exists a two-colored co circuit K

2

separating

y

1 and y

2

. Put G

i;j

= G

i

(K

1

) \ G

j

(K

2

), R j

= [G

1;j

; G n G

1;j

] and X

i;j

= G

i;j

\ X ,

i; j = 1; 2. W e may assume that y

j

2 X

1;j

, j = 1; 2. If X

2;k

= ; for some k 2 f1; 2g

then K

2

is a required co circuit and S = X

1;k

. So we assume that X

i;j

6= ; for any

i; j = 1; 2. Since b oth K

1

and K

2

are two-colored, either R

1

or R

2

is also two-colored,

say , R

1

. If R

1

is a co circuit then R

1

is a required co circuit. So we can assume that R

1

is not a co circuit. Since K i

is a co circuit, G

2

(K i

) is connected, i = 1; 2. W e have:

{ 15 {

(h1) G is a 2-c onne cted gr aph, and

(h2) the e dge set E (G) is c olor e d arbitr arily in two c olors: E (G) = E

1

[E

2

, E

1

\E

2

= ;,

E

1

6= ; and E

2

6= ; (we say that an e dge fr om E

i is of c olor i).

Then for any two distinct vertic es x and y of G ther e exists a two-c olor e d c o cir cuit of

G sep ar ating x and y .

Pro of. Let G

+

denote the graph obtained from G by adding an additional edge f with

ends x and y . By (h1), G

+

is 2-connected.

Let us assume that G has a one-colored path xP y , say

, of color 1. By (h2), G has an

edge p

2 of color 2. Since G

+

is 2-connected, there exists a co circuit K

+

of G containing

b oth f and p

2

. Then K = K

+

n f is a co circuit of G separating x and y . Therefore

K contains an edge (say , p

1

) of the path P , and p

1 is of color 1. Thus p

i

2 K \ E

i for

i = 1; 2, and we are done.

Now let us assume that G has no one-colored paths from x to y . By (h1), G

is 2-connected. Therefore there exist two inner disjoint paths xP

1 y and xP

2 y of G

connecting x and y . Then R = P

1

[ P

2 is a circuit of G.

It is easy to show that for any circuit C in G and for any two distinct edges e

1 and

e

2 of C there exists a co circuit C

�

in G such that C \ C

�

= fe

1

; e

2 g.

By the assumption, b oth P

1 and P

2 are two-colored paths. Therefore there exists

an edge e

i of color i in P

i

, i = 1; 2. By the ab ove statement, there exists a co circuit R

�

in G such that R \ R

�

= fe

1

; e

2 g. Hence R

�

is a two-colored co circuit. Since e

i

2 P

i

,

i = 1; 2, it follows that the co circuit R

�

separates x and y . 2

A co circuit [V

1

; V

2

] of G sep ar ates disjoint vertex subsets X

1 and X

2 of G if X

1

� V

1

and X

2

� V

2

.

Lemma 7.2 (on a 2-colored fx; Y g-co circuit).

Supp ose that

{ 14 {

(h1) G is a 3-c onne cte d gr aph or c an b e obtaine d fr om a 3-c onne cte d gr aph by r eplacing

some of the e dges by p ar al lel e dges and

(h2) e : E G ! E G

0

is a bije ction such that if K is a non-sep ar ating c o cir cuit of G then

K

0

= e(K ) is a non-sep ar ating c o cir cuit of G

0

(i.e. e is an N

�

-semi-isomorphism

of G onto G

0

).

Then G and G

0

ar e isomorphic, and mor e over ther e exists an isomorphism of G onto

G

0

which induc es e.

Pro of.

Since G sayis�es (h1), every vertex star of G is a non-separating co circuit of G,

by Prop osition 2.5. Therefore every edge of G b elongs to exactly two non-separating

co circuits of G. By (h2), every edge of G

0

b elongs to at least two non-separating

co circuit of G

0

. By Prop osition 2.4, every non-separa ting co circuit of G

0

is a vertex

star of G

0

. Therefore every edge edge of G

0

b elongs to at most two non-separating

co circuit of G

0

. Thus every edge of G

0

b elongs to exactly two non-separating co circuit

of G

0

, and an edge set of G

0

is a non-separating co circuit of G

0

if and only if it is a

vertex star of G

0

. Therefore e induces a bijection b etween the vertex stars of G and

G

0

. This bijection gives the corresp onding bijection b etween the vertices of G and G

0

which is an isomorphism of G onto G

0

inducing e. 2

7 On a co circuit semi-isomorphism of graphs

W e say that a co circuit [V

1

; V

2

] of G sep ar ates disjoint vertex subsets X

1 and X

2 of G

if X

1

� V

1 and X

2

� V

2

. In particular if X

i consists of a single vertex x

i

, i = 1; 2, then

we say that a co circuit [V

1

; V

2

] of G sep ar ates the vertices x

1 and x

2

.

Lemma 7.1 (on a 2-colored fx; y g-co circuit).

Supp ose that

{ 13 {

Pro of (uses Theorem 4.1, and Lemmas 5.1 and 5.2).

W e may assume that G

�

has no isolated vertices. By (h1), G is 2-connected. There-

fore by (h2), G

�

is also 2-connected. If e(A) is a non-separating co circuit of M (G

�

)

for every non-separating circuit A of M (G) then by Theorem 4.1, we are done. There-

fore we may assume that there exists a non-separating circuit A of M (G) such that

C

�

= e(A) is not a non-separating co circuit of M (G

�

). By (h2), C

�

is a co circuit

of M (G

�

). Hence C

�

is a separating co circuit of M (G

�

). Therefore G

�

n C

�

con-

sists of at least two blo cks. Let B

�

1 b e a blo ck of G

�

n C

�

. Let E

�

1

= E (B

�

1

), and

E

�

2

= E (G

�

) n (C

�

[ E

�

1

). Clearly E

�

1

6= ; and E

�

2

6= ;.

Put E

i

= e

�1

(E

�

i

). Then E (G) n A = E

1

[ E

2

, E

1

\ E

2

= ;, and E

1

6= ;, E

2

6= ;.

Let G

0

denote the graph G=

A obtained from G by contracting each edge of A. Then

E (G

0

) = E (G) n A. Let C b e the circuit of G with the edge set A. By (h1) and by

the assumption on A and on E

1

, E

2 we have: (G; C ; E

1

; E

2

) satis�es the hyp otheses

(h1) � (h4) of Lemma 5.1. So by Lemma 5.1, there exists a path q

1

Qq

2 of G such that

Q [ E

1

6= ;, Q [ E

2

6= ;, C \ Q = fq

1

; q

2 g and q = (q

1

; q

2

) is an edge of C . Then

R = Q [ q is a circuit of G such that C \ R = fq

1

; q ; q

2 g and R \ E

1

6= ;, and R \ E

1

6= ;.

Put D = C [ R n q . Put R

�

= e(R), q

�

= e(q ), and D

�

= e(D ). Then C

�

\ R

�

= q

�

,

D

�

= C

�

[ R

�

n q

�

, and R

�

\ E

�

1

6= ;, and R

�

\ E

�

2

6= ;. By (h2), R

�

is a co circuit of G

�

.

Therefore the graph G

�

and its co circuits C

�

and R

�

satisfy the hyp othesis of Lemma

5.2. So by Lemma 5.2, D

�

is not a co circuit of G

�

. Since the circuits C and R have in

common only the edge q and its end-vertices q

1 and q

2

, it follows that D is a circuit of

G. By (h2), D

�

= e(D ) is a co circuit of M (G

�

), a contradiction. 2

6 On an N

�

-semi-isomorphism of graphs

Theorem 6.1 (on an N

�

-semi-isomorphism of graphs).

Supp ose that

{ 12 {

Lemma 5.2 (on transversal co circuits with one common edge).

Supp ose that

(h1) G is a 2-c onne cted gr aph,

(h2) K is a sep ar ating c o cir cuit of M (G) (i.e. G n K c onsists of at le ast two blo cks),

and

(h3) L is a c o cir cuit of M (G) which c ontains exactly one e dge, say e, fr om K and e dges

fr om at le ast two blo cks of G n K .

Then K �L = K \ L n e is not a c o cir cuit of M (G).

Pro of.

By (h1), G is connected, and by (h2), K is a co circuit of M (G). Therefore the

graph G n K consists of exactly two comp onents. Similarly G n L consists of exactly

two comp onents b ecause L is a co circuit of M (G), by (h3). Now G n (K [ L) consists of

exactly four comp onents, since L contains edges from distinct blo cks of G n K . Hence

G n (K [ L n e) consists of exactly three comp onents. Therefore K �L = K [ L n e is

not a co circuit of M (G). 2

Theorem 5.1 (on a circuit semi-duality of graphs).

Supp ose that

(h1) G is a 3-c onne cte d gr aph or is obtaine d fr om a 3-c onne cte d gr aph by sub dividing

at most one e dge, and

(h2) e : E G ! E G

�

is a bije ction such that if A is a cir cuit of M (G) then e(A) is a

c o cir cuit of M (G

�

) (i.e. e is a cir cuit semi-duality of G onto G

�

).

Then G and G

�

ar e planar gr aphs and A is a cir cuit of M (G) if and only if e(C )

is a c o cir cuit of M (G

�

). In other wor ds, e is a cir cuit duality of G onto G

�

, and the

matr oid of G is dual to that of G

�

: M (G) = M

�

(G

�

) .

{ 11 {

Pro of.

Let G

0

denote the graph G=C obtained from G by contracting each edge of C .

Then all vertices of C in G are identi�ed with a single vertex in G

0

, say

, the vertex c.

Obviously E (G

0

) = E (G) n E (C ) so that by (h4), each edge of G

0

is of one of two colors

1 or 2, and there are edges of distinct colors. By (h1), G is 2-connected. By (h2), C is

a non-separating circuit of G. Therefore G

0

is also 2-connected.

Let R denote the set of two-colored paths r

1

Rr

2 in G with the prop erty C \ R =

fr

1

; r

2 g � C

0

.

Let us �rst prove that R 6= ;. F rom (h1) � (h3) it follows that there exist two

edges x

1 a

1 y

1 and x

2 a

2 y

2 of G such that C \ a

i

= x

i

, i = 1; 2, and x

1

6= x

2

. Clearly

a

1

; a

2

2 E (G

0

). Since G

0

is 2-connected, there exists a circuit A of G

0

containing b oth

a

1 and a

2

. If A is two-colored then x

1

Ax

2 is a required path of G. So supp ose that A is

of color 1, that is E (A) � E

1

. Let z

1 ez

2 b e an edge form E

2

. Since G’ is 2-connected,

there exist two disjoint paths z

1

Z

1 s

1 and z

2

Z

2 s

2 from fz

1

; z

2 g to A in G

0

. Then the

subgraph A [ Z

1 z

1 ez

2

Z

2 of G contains a required path.

Given r

1

Rr

2

2 R, let t(R) denote the numb er of edges of the subpath r

1

C

0

r

2 of the

path C

0

. Let q

1

Qq

2 b e a path from R such that t(Q) � t(R) for every r

1

Rr

2

2 R. W e

are going to prove that q

1 and q

2 are adjacent in C , i.e. that q

1

Qq

2 is a required path.

If t(Q) = 1 then q

1

Qq

2 is a required path. So let us assume that t(Q) � 2. Then

there exists an inner vertex x of q

1

C

0

q

2

. Since x 2 C

0

, it follows from (h3) that x is of

degree at least 3 in G. Hence G n E (C ) contains an edge u with x as an end-vertex.

Therefore u is an edge of G

0

n E (Q) and c is an end-vertex of u in G

0

. Let Q

0

denote

the circuit in G

0

with the edge set E (Q). Thus u do es not b elong to Q

0

, and u and Q

0

have a common vertex c in G

0

. Since G

0

is 2-connected, there exists a path cP p of G

0

containing u and such that Q

0

\ P = fc; pg in G

0

. Consider two paths q

i

Q

i x = q

i

QpP x,

i = 1; 2, in G. Then C \ Q = fq

i

; xg, t(Q

i

) < t(Q) for i = 1; 2 and at least one of the

paths Q

1

and Q

2 is two-colored, a contradiction. 2

{ 10 {

edge of G b elongs to at least two non-separating circuits of M (G). Hence each edge of

G b elongs to exactly two non-separating circuits of M (G), and so by (a2), each edge

of G

�

b elongs to exactly two non-separating circuits of M (G

�

). It follows that each

vertex star in G

�

is a non-separating co circuit of M (G

�

). Therefore G

�

is a 3-connected

graph up to parallel edges, and C is a non-separating circuit of M (G) if and only if

e(C ) is a non-separating co circuit of M (G

�

). Since by (h1), G is a sub division of a

3-connected graph, it follows from Theorem 6.7 (the graph planarity criterion in terms

of non-separating circuits) [8] that G is planar and for any emb edding G

emb of G into

the plane the set of circuit-faces of G

emb is exactly the set of non-separating circuits

of G. Then from the ab ove consideration it follows that G

�

is also planar, and C is a

circuit of M (G) if and only if e(C ) is a co circuit of M (G), i.e. the matroid of G is dual

to the matroid of G

�

: M (G) = M

�

(G

�

). 2

5 On a circuit semi-dualit y of graphs

Lemma 5.1 (on 2-colored paths in a graph).

Supp ose that

(h1) G is a 2-c onne cted gr aph,

(h2) C is a non-sep ar ating cir cuit of G, i.e. C 2 N (G),

(h3) ther e exists a p ath x

1

C

0

x

2 of C such that e ach vertex of C

0

is of de gr e e at le ast 3

in G and e ach vertex of C n C

0

is of de gr e e 2 in G, and

(h4) the e dge set E (G) n E (C ) is c olor e d arbitr arily in two c olors: E (G) n E (C ) = E

1

[ E

2

, E

1

\ E

2

= ;, E

1

6= ;, and E

2

6= ; (we say that an e dge fr om E

i is of c olor i).

Then ther e exists a two-c olor e d p ath xP y of G such that C [ P = fx; y g, and x and y

ar e adjac ent vertic es of C (i.e. (x; y ) 2 E (C )).

{ 9 {

This circuit semi-isomorphism theorem was proved in another way by Y.H. Sanders

and D. Sanders [18].

In this pap er we pro ceed these results by studying a co circuit semi-isomorphism as

well as a circuit and co circuit semi-duality (and also some other semi-isomorphisms

and semi-dualities) of graphs.

4 On N -semi-dualit y of graphs

Theorem 4.1 (on N -semi-duality of graphs).

Supp ose that

(h1) G is a sub division of a 3-c onne cte d gr aph, and

(h2) e : E G ! E G

�

is a bije ction such that if A is a non-sep ar ating cir cuit of M (G)

then e(A) is a non-sep ar ating c o cir cuit of M (G

�

) (i.e. e is an N -semi-duality of

G onto G

�

).

Then

(a1) G and G

�

ar e planar gr aphs, and

(a2) A is a cir cuit of M (G) if and only if e(A) is a c o cir cuit of M (G

�

) (i.e. e is a

cir cuit duality of G onto G

�

).

Pro of.

By Prop osition 2.4, a non-separa ting co circuit of a graph is a vertex star. Therefore

each edge of G

�

b elongs to at most two non-separating co circuits of M (G

�

). By (h2),

each edge of G b elongs to at most two non-separating circuits of M (G). Since by (h1),

G is a sub division of a 3-connected graph, it follows from Theorem 6.2 in [8] that each

{ 8 {

Supp ose that G is a 3-c onne cte d gr aph and e : E G ! E G

0

is a cir cuit isomorphism

of G onto G

0

. Then e is induc e d by an isomorphism of G onto G

0

.

The following circuit duality theorem is well-known as Whitney’s planarity criterion

for graphs [22, 24].

Theorem 3.2 (on a circuit duality of graphs).

A gr aph G is planar if and only if ther e exists a gr aph G

�

which is cir cuit dual to

G.

Many pap ers were devoted to re�nements, strengthenings and generalizations of

Whitney’s circuit isomorphism theorem (see, for example, [4{12, 14{ 16, 18, 1 9]). Much

fewer pap ers were devoted to development of Whitney’s circuit duality theorem (see,

for example, [16]).

One of the natural directions in which the ab ove mentioned Whitney results can b e

develop ed is to consider semi-isomorphisms and semi-dualities of some typ es.

Here is one of these results. Let F (G) denote the set of edge subsets A of G such

that G[A] is a 2-regular subgraph of G. Obviously every comp onent of a 2-regular

graph is a circuit. W e proved the following theorem (rep orted to the Moscow Discrete

Mathematics Seminar in F ebruary 1976, published in [11]).

Theorem 3.3 (on a (C ; F ){semi-isomorphism of graphs).

Supp ose that G is a 3-c onne cte d gr aph, G

0

is a c onne cte d gr aph, and e : E G ! E G

0

is a (C ; F ){semi-isomorphism of G onto G

0

. Then e is induc e d by an isomorphism of

G onto G

0

.

Corollary 3.2 (a circuit semi-isomorphism theorem).

Supp ose that G is a 3-c onne cte d gr aph and e : E G ! E G

0

is a cir cuit-semi-

isomorphism of G onto G

0

. Then e is induc e d by an isomorphism of G onto G

0

.

{ 7 {

C {semi-isomorphism (or a cir cuit semi-isomorphism),

C {duality (or a cir cuit duality or c ombinatorial duality),

C {semi-duality (or a cir cuit semi-duality).

It is known and easy to see that C

�

[G] is uniquely de�ned by C [G]. So if � is an

algorithm which gives C

�

[G] from (E ; C [G]) then �(G) = C

�

[G]. Thus we have the

following concepts:

C

�

{isomorphism (or a c o cir cuit isomorphism),

C

�

{semi-isomorphism (or a c o cir cuit semi-isomorphism),

C

�

{duality (or a c o cir cuit duality), and

C

�

{semi-duality (or a c o cir cuit semi-duality).

If �(G) is either N or N

�

(it is easy to see that the corresp onding algorithms exist)

then we have the concepts of N { or N

�

{isomorphism and semi-isomorphism, as well

as the concepts of N { and N

�

{duality and semi-duality.

Obviously a circuit isomorphism is a co circuit isomorphism and a circuit duality is a

co circuit duality

. But for circuit and co circuit semi-isomorphisms as well as for circuit

and co circuit semi-dualities the situation turns out to b e di�erent.

3 Preliminaries

The following Whitney circuit isomorphism theorem is classical [21, 23].

Theorem 3.1 (on a circuit isomorphism of 2-connected graphs).

Supp ose that G is a 2-c onne cte d gr aph and e : E G ! E G

0

is a cir cuit isomorphism

of G onto G

0

. Then e is induc e d by a 2-isomorphism of G onto G

0

.

Corollary 3.1 (on a circuit isomorphism of 3-connected graphs).

{ 6 {

W e say �{isomorphism and �{semi-isomorphism instead of (�; �)-isomorphism and

(�; �)-semi-isomorphism, resp ectively . W e say �{duality and �{semi-duality instead

of (�; �

�

){isomorphism and (�; �

�

){semi-isomorphism, resp ectively .

T o c ontr act an e dge u of a gr aph G means to identify the end-vertices of G and to

delete u from G. Given an edge subset A of a graph G, let GnA and G=

A denote the

graph obtained from G by deleting and by contracting the edges in A, resp ectively .

Given a cyclically connected (i.e. a 2-connected up to isolated vertices) graph G, a

circuit A (a co circuit A

�

) of M (G) is called non-sep ar ating if G=

A (resp ectively

, GnA

�

)

is also cyclically connected, and sep ar ating otherwise. C is a non-sep ar ating cir cuit of

G if E (C ) is a non-separating circuit of M (G).

Let N [G] and N

�

[G] denote the sets of non-separating circuits and non-separating

co circuits of M (G), resp ectively .

The following statements on non-separating co circuits of a graph are known [8] and

can b e easily proved.

Prop osition 2.4 L et G b e a 2-c onne cted gr aph. If A is a non-sep ar ating c o cir cuit

of M (G) then A is a vertex star of G, i.e. ther e exists a vertex x of G such that

A = E (x; G).

Prop osition 2.5 L et G b e a 2-c onne cted gr aph. Every vertex star of G is a non-

sep ar ating c o cir cuit of M (G) if and only if G is either a 3-c onne cted gr aph or c an b e

obtaine d fr om a 3-c onne cte d gr aph by r eplacing e dges by p ar al lel e dges.

If �(G) = C [G] then we have the following concepts:

C {isomorphism (or a cir cuit isomorphism),

{ 5 {

(i.e. G has one blo ck).

A graph G is called 2-c onne cted, if

(1) G has no lo ops and at least two vertices,

(2) for jV Gj = 2, G has at least two parallel edges, and

(3) for jV Gj � 3, the graph obtained from G by deleting any vertex is connected.

It is easy to see that

Prop osition 2.3 A gr aph G is cyclic al ly c onne cte d if and only if the gr aph obtaine d

fr om G by deleting the isolate d vertic es is 2-c onne cted.

A graph G is called 3-c onne cted, if

(1) G has neither lo ops nor parallel edges and at least four vertices, and

(2) the graph obtained from G by deleting any vertex or any two vertices is connected.

Let � b e an algorithm which for any �nite set E of elemen ts and for any set F � 2

E

of subsets of E gives a set of subsets of E : �(E ; F ) � 2

E

. Given a graph G, put

�(G) = �(E (G); C [G]) and �

�

(G) = �(E (G); C

�

[G]).

Let us consider two graphs G and G

0

and two algorithms � and �

0

describ ed

ab ove. A bijection e : E (G) ! E (G

0

) is called a (�; �

0

){isomorphism (a (�; �

0

){semi-

isomorphism) of G onto G’ if e induces a bijection (resp ectively

, an injection) from �(G)

to �

0

(G

0

), i.e. if A 2 �(G) , e(A) 2 �

0

(G

0

) (resp ectively

, A 2 �(G) ) e(A) 2 �

0

(G

0

)).

Here e(A) =

P

fe(a) : a 2 Ag.

F or a subgraph H of G we sometimes write e(H ) instead of e(E (H )).

{ 4 {

A cir cuit C is a connected 2-regular graph. Let C (G) denote the set of circuit-

subgraphs of G.

Let C [M ] and C

�

[M ] denote the set of circuits and the set of co circuits of a matroid

M , resp ectively .

Let M (G) denote the matr oid of a gr aph G, i.e. the set C [M (G)] of circuits of M (G)

is de�ned by

C [M (G)] = fA � e(G) : A = E (C ); C 2 C (G)g.

W e write C [G] and C

�

[G] instead of C [M (G)] and C

�

[M (G)], resp ectively .

It is well-known and it is easy to prove that a co circuit of M (G) has the following

prop erties.

Prop osition 2.1 An e dge set A of a gr aph G is a c o cir cuit of M (G) if and only if A

is a minimal (under inclusion) cut of G.

Prop osition 2.2 An e dge set A of a c onne cte d gr aph G is a c o cir cuit of M (G) if and

only if ther e exists a p artition fX

1

; X

2 g of V (G) such that A = [X

1

; X

2

] and G[X

i

] is

c onne cte d for i = 1; 2.

Given e

1

; e

2

2 E (G), we write e

1

� c

e

2 if either e

1

= e

2 or e

1

6= e

2 and e

1

, e

2 b elong

to a common circuit. It is easy to see that � c

is an equiv alence relation, and so E (G)

is the union of the disjoint � c

-equiv alence classes in G. The subgraph of G induced

by an � c

-equiv alence class in G is called a blo ck of G. A graph G is called cyclic al l y

c onne cte d if G has at list two edges, and any two edges of G b elong to a common circuit

{ 3 {

22-nd Southeastern International Conference on Combinatorics, Graph Theory and

Computing, Baton Rouge, Louisiana, F ebruary

, 1991 (see also [17]).

2 Some notions and notation

All the concepts ab out graphs and matroids used but not de�ned here can b e found

in [2, 3, 20].

Undir e cte d gr aphs are considered which may have lo ops and p ar al lel e dges. Let V (G)

and E (G) denote the sets of vertices and edges of a graph G, resp ectively

. Given a

vertex x of G let E (x; G) or simply E (x) denote the set of edges of G incident to x; we

call E (x; G) a vertex star of x in G. Put jE (x; G)j = d(x; G). The numb er d(x; G) or

simply d(x) is called the de gr e e of the vertex x in G. A graph H is called a sub gr aph of

G if V (H ) � V (G) and E (H ) � E (G). Given Z 2 V (G) [ E (G) let G[Z ] denote the

sub gr aph of G induc e d by Z . In particular, if Z 2 V (G) then G[Z ] = G n (V (G) n Z ),

and if Z 2 E (G) then E (G[Z ]) = Z , and V (G[Z ]) is the set of vertices of G inciden t

to at least one edge in Z .

Given two disjoint vertex subsets (or subgraphs) X and Y of G, let [X ; Y ] denote

the set of edges of G connecting X and Y .

An edge subset A of G is called a cut of G if G n A has more comp onents than G.

A p ath P of G is a connected subgraph of G such that exactly two distinct vertices

of P are of degree 1 and all the remaining vertices of P are of degree 2 in P . The

vertices of degree 1 of a path are called the end-ve rtic es of the path. A path P will

sometimes b e denoted by xP y to identify x and y as the end-ve rtic es of P .

A graph F is k -r e gular if every vertex of F is of degree k .

{ 2 {

1 In tro duction

In 1932{ 193 3 H. Whitney intro duced the concepts of a cir cuit isomorphism and a

cir cuit duality (or c ombinatorial duality) of undirected graphs [21{ 24]. A cir cuit iso-

morphism of a graph G onto a graph G

0

is a bijection of the edge set E (G) of G onto

the edge set E (G

0

) of G

0

which induces a bijection of the set of circuits of G onto the

set of circuits of G

0

. Similarly a cir cuit duality of G onto G

0

is a bijection of E (G) onto

E (G

0

) which induces a bijection of the set of circuits of G onto the set of co circuits

of G

0

. Whitney’s circuit isomorphism (or 2-isomorphism) theorem claims that G and

G

0

are circuit isomorphic if and only if one of them can b e obtained from the other

by a sequence of some simple op erations [23]. Whitney’s circuit duality theorem (or

Whitney’s planarity criterion of graphs) claims that G is planar if and only if it has

a circuit dual graph G

0

(and G and G

0

are geometrically dual). V arious strengthen-

ings, re�nements and generalizations of these interesting results have b een found since

than [4{12, 14{ 16, 18, 19]. In this pap er we intro duce some concepts which generalize

the concepts of a circuit isomorphism and a circuit duality of graphs. Investigation of

these concepts gives some new generalizations or strengthenings of the ab ove classical

results due to H. Whitney

. In particular, we concider the concepts of a cir cuit semi-

isomorphism and a cir cuit semi-duality of graphs. W e prove that for 3-connected graphs

Whitney’s circuit isomorphism theorem remains true if we replace the concept "circuit

isomorphism of graphs" by the concept "circuit semi-isomorphism of graphs", and so

we get the corresp onding strengthening of Whitney’s circuit isomorphism theorem for

3-connected graphs. W e also prove that for 3-connected graphs Whitney’s planarity

criterion remains true if the concept "circuit isomorphism of graphs" is replaced by the

concept "circuit semi-isomorphism of graphs" . This gives the corresp onding strength-

ening of Whitney’s planarity criterion for 3-connected graphs. The results of this pap er

were presented to the Moscow Discrete Mathematics Seminar in April, 1987, to the

Con ten ts

1 In tro duction 2

2 Some notions and notation 3

3 Preliminaries 7

4 On N -semi-dualit y of graphs 9

5 On a circuit semi-dualit y of graphs 10

6 On an N

�

-semi-isomorphism of graphs 13

7 On a co circuit semi-isomorphism of graphs 14

8 On a co circuit semi-dualit y of graphs 20

References 25

ABSTRA CT

Let G

1 and G

2 b e undirected graphs, and F

1

(G

1

) and F

2

(G

2

) b e families of edge

sets of G

1 and G

2

, resp ectively

. An (F

1

, F

2

)-semi-isomorphism of G

1 onto G

2 is an

edge bijection b etween G

1 and G

2 that induces an injection from F

1

(G

1

) to F

2

(G

2

).

This concept generalizes a well known concept of a circuit isomorphism of graphs due

to H. Whitney

. If F

1

(G

1

) has a "dual nature" with resp ect to F

2

(G

2

) then the concept

of (F

1

; F

2

)-semi-isomorphism of graphs turns into a concept of a (F

1

; F

2

)-semi-duality

of gr aphs. This gives a natural generalization of the circuit duality of graphs due to

H.Whitney .

In this pap er we investigate (F

1

; F

2

)-semi-isomorphisms and (F

1

; F

2

)-semi-dualities

of graphs for verious families F

1

(G

1

) and F

2

(G

2

). In particular, we consider families of

circuits and co circuits of graphs from this p oint of view, and obtain some strengthenings

of Whitney’s 2-isomorphism theorem and Whitney’s planarity criterion for 3-connected

graphs.

Keyw ords graph, matroid, circuit, co circuit, non-separating circuit, non-separating

co circuit, planarity

, semi-isomorphism, semi-duality .

DIMA

CS T ec hnical Rep ort 93{41

ON EDGE BIJECTIONS OF GRAPHS

b y

A.K. Kelmans

1

R UTCOR, Rutgers Univ ersit y

New Brunswic k, NJ 08903, USA

1

The author gratefully acknowledges the partial supp ort of the National Science F oundation

under Grant NSF{STC91{19999 to Rutgers University and the DIMACS Center

DIMACS is a co op erative pro ject of Rutgers University

, Princeton University , A T&T

Bell Lab oratories and Bellcore.

DIMACS is an NSF Science and T echnology Center, funded under contract STC{91{

19999; and also receiv es supp ort from the New Jersey Commission on Science and

T echnology .