Clique and Coloring Problems

A Brief In tro duction, with Pro ject Ideas

Last revision: Decem b er 2, 1992

This a work in pr o gr ess, intende d as a quick intr o duction to the clique and

c oloring pr oblems, not an exhaustive survey. (Mor e c omplete surveys and bib-

lio gr aphies ar e liste d in the r efer enc es, some of them available via anonymous

FTP fr om dimacs.rutgers.edu.) Her e we r estrict our attention to key r efer-

enc es (the set of which may change as the do cument evolves). F e el fr e e to send

us any suggeste d additions or clari�c ations, or additional pr oje ct suggestions.

The email addr ess for suggestions is challenge@dimacs.rutgers.edu.

1 In tro duction

Given an undirected graph G = (V ; E ), a clique of the graph is a set of

mutually adjacent vertices. A maximum clique is, naturally

, a clique whose

numb er of vertices is at least as large as that for any other clique in the graph.

If the vertices have weights then a maximum weighte d clique is a clique with

the largest p ossible sum of vertex weights.

A (vertex) c oloring of an undirected graph is an assignment of a lab el to

each no de. It is required that the lab els on the pair of no des inciden t to any

edge b e di�erent. A minimum c oloring of a graph is a coloring that uses as

few di�erent lab els as p ossible.

Clique and coloring problems are very closely related. It is straightforward

to see that the size of the maximum clique is a lower b ound on the minimum

numb er of lab els needed to color a graph.

Many problems of practical interest can b e mo deled as clique and coloring

problems. The general form of these applications involves forming a graph with no des representing items of interest. An edge connects two \incompat-

ible" items. The maximum clique problem is then to �nd as large a set of

pairwise incompatible items as p ossible. The minimum coloring problem is

to assign a color to each item so that every incompatible pair is assigned

di�erent colors.

Both of these problems are formally NP{hard for general graphs [41]. It

therefore seems unlikely that it will b e p ossible to �nd a fast (i.e. p olynomial-

time) algorithm to solve these problems. In fact, based on the results of

[35, 6, 5, 66] it seems unlikely that it is even p ossible to �nd an approximate

solution to these problems quickly: Assuming P 6= NP

, there is an � > 0

such that no p olynomial time approximation algorithm for either problem

can �nd a solution that is guaranteed to b e within a ratio of jV j

�

of optimal.

Despite these negative results, it is still necessary to �nd solutions to

large clique and coloring problems. The applications do not go away just b e-

cause the problem is intractable in the worst case. Therefore, it is imp ortant

for us to determine how di�cult clique problems are to solve in practice. Do

hard instances, or at least hard{to{a pproximate instances, only o ccur rarely?

What structural prop erties of instances make it di�cult to solve these prob-

lems, and how can those structures b e avoided? The purp ose of this note

(which is currently an evolving do cument) is to outline some past research on

solving clique and coloring problems and to identify some p ossible research

directions.

In the next section, we discuss a few typical applications of the maximum

clique and minimum coloring problems. In section 3, we discuss several

solution approaches that have b een tried in the past. In section 4 we talk

ab out some suggested research directions.

2 Sample Applications

Both coloring and clique mo dels are useful in a v ariety of applications. In

this section we discuss a few typical applications, �rst for coloring and then

for clique (although note that since the two problems provide b ounds for each

other, b oth problems may well b e applicable in several of these domains). A

more extensive survey of applications for clique can b e found in [48] and is

av ailable via anonymous FTP from DIMACS.

2.1 Time T abling and Sc heduling

Many scheduling problems involve allowing for a numb er of pairwise restric-

tions on which jobs can b e done simultaneously . F or instance, in attempting

to schedule classes at a university

, two courses taught by the same faculty

memb er cannot b e scheduled for the same time slot. Similarly

, two course

that are required by the same group of students also should not con ict. The

problem of determining the minimum numb er of time slots needed sub ject to

these restrictions is a graph coloring problem. This problems has b een stud-

ied by many researchers, including Leighton [64], Opsu and Rob erts [74], and

de W erra [33 ].

2.2 F requency Assignmen t

Gamst [38] examines a problem in assigning frequencies to mobile radios

and other users of the electromagnetic sp ectrum. In the simplest case, two

customers that are su�ciently close must b e assigned di�erent frequencies,

while those that are distant can share frequencies. The problem of minimizing

the numb er of frequencies is then a graph coloring problem.

If one considers situations where users (vertices) enter and leave the sys-

tem, this application also provides a setting where on{line algorithms would

b e relev ant.

2.3 Register Allo cation

One very active application for graph coloring is register allo cation. The reg-

ister allo cation problem is to assign v ariables to a limited numb er of hardware

registers during program execution. V ariables in registers can b e accessed

much quick er than those not in registers. Typically

, however, there are far

more v ariables than registers so it is necessary to assign multiple v ariables

to registers. V ariables con ict with each other if one is used b oth b efore and

after the other within a short p erio d of time (for instance, within a subrou-

tine). The goal is to assign v ariables that do not con ict so as to minimize

the use of non{register memory .

A simple approach to this is to create a graph where the no des represent

v ariables and an edge represents con ict b etween its no des. A coloring is

then a con ict{free assignment. If the numb er of colors used is less than the numb er of registers then a con ict{free register assignment is p ossible. Some

pap ers that outline and expand on this metho d include Chaitin [24], Chaitin

et. al [25 ], Chow and Hennessy [27, 28 ], and Briggs, Co op er, Kennedy

, and

T orczon [19].

2.4 Prin ted Circuit Board T esting I { Coloring

Garey

, Johnson, and So [39] consider the problem of testing printed circuit

b oards for unintended short circuits (caused by stray lines of solder). This

gives rise to a graph coloring problem in which the vertices corresp ond to

the nets on b oard and there is an edge b etween two vertices if there is a

p otential for a short circuit b etween the corresp onding nets. Coloring the

graph corresp onds to partitioning the nets into \sup ernets," where the nets

in each sup ernet can b e simultaneously tested for shorts against all other

nets, thereby sp eeding up the testing pro cess.

2.5 Prin ted Circuit Board T esting I I { Clique

A printed circuit b oard tester involves placing prob es onto a b oard. A prob e

can determine if a p ortion of a b oard is working correctly

. Since prob es

have a particular size, not every comp onent can b e check ed in one pass. The

problem of maximizing the numb er of comp onents checked in one pass can

b e formulated as a clique problem: each no de represents a comp onent and

an edge represents two no des that are to o close to b e check ed simultaneously .

A clique in this graph is then a set of comp onents that can b e checked in one

pass. This is an example of a ge ometric clique problem and has b een studied

by Y u, Goldschmidt and Chen [86] and Y u. Kouvelis, and Luo [87 ].

2.6 P attern Matc hing

Ogawa [73 ] has an interesting application involving pattern recognition. Given

a \target" picture and an input picture (which involve only a set of p oints),

a related compatibilit y graph is created whose vertices corresp ond to pairs

of p oints. There is an edge b etween two vertices if the corresp onding pairs

are \mutually consistent" (where this can dep end on a v ariety of restrictions,

including angular relationships as well as the requiremen t that no p oint b e matched with more than one other). A large clique represents a large num-

b er of mutually consistent pairs, and its size can b e used as a measure of the

corresp onding �t. This mo del seems to correctly recognize a�ne transforma-

tions as well as mo derately nonlinear transformations.

2.7 Analysis of Biological and Arc heological Data

In biology and archeology

, a standard mo del for relating ob jects is that of a

tree. T rees can represent the division of a sp ecies into two separate sp ecies or

the division of features of some artifact (like p ottery or pins). Sp ecies do not

come with histories, however, nor are artifacts completely dated. Therefore,

it is necessary to deduce the tree structure from the features of the items.

One approach to this is to create a distance measure b etween the items.

If the distance measure represents distances along a tree, then that tree is a

go o d estimate for the underlying, \real" tree. Normally

, the distances do not

represent a tree, so it is necessary to �nd a tree that accurately estimates the

true distances. One approach to this, suggested by Barth� elemy and Gu� eno che

[11], creates a graph as follows: the no des of the graph represent partitions of

the items. These partitions are chosen b ecause items within a partition are

closer to each other than to those in the other side of the partition. Two no des

are adjacent if the partitions are consistent with coming from the same tree

(which reduces to an inclusion condition). A clique in this graph represents a

set of partitions that can b e formed into a tree. Maximum cliques attempt to

encapsulate as much of the partition data as p ossible. F or more information,

see Chapter 5 of [11].

3 Solution Approac hes

3.1 Cliques

There is a v ast literature covering algorithms for this problem. An extensive

survey is [76 ], av ailable by anonymous FTP from DIMACS.

A very common approach to the problem of �nding (truly) maximum

clique is to use some v ariant on implicit enumeration. Some examples of use

of this technique are Bron and Kerb osch [20], Akkoyunlu [2], Gerhards and

Lindenb erg [42], Louk akis and Tsouros [65 ], and Carraghan and Pardalos

Approaches based on branch and b ound include Bab el [7] Balas and Y u

[10], and Balas and Xue [9], which use coloring to obtain the required b ounds,

and Pardalos and Ro dgers [75], which uses quadratic programming to obtain

its b ounds.

Polyedral approaches have b een suggested by Nemhauser and T rotter [72]

and Balas and Samuelsson [8].

T arjan and T ro janowski [79 ] develop a recursive routine which has a worst

case b ound of O (2 n=3

).

There has b een much theoretical work on the application of approxima-

tion algorithms to random graphs (where typically a random graph is one

chosen uniformly at random from the set of all lab eled graphs). Bollob� as and

Erd� os [16] and Bollob� as and Thomason [17] have very strong b ounds on the

size of the largest clique. Pittel [78 ] has analyzed a numb er of heuristics for

such graphs, and found none that will �nd the largest clique in this mo del.

Jerrum [50 ] has extended this work to include heuristics based on simulated

annealing.

Other heuristic approaches that have b een considered for clique include

the \GRASP" technique of F eo, Resende, and Smith [36] and the use of

interior p oint metho ds by Karmark ar, Ramakrishnan, and Resende [55].

3.2 Coloring

Again, there is a v ast literature, but in this case no current survey

, so we will

try to b e a bit more complete.

Let us �rst consider approximations algorithms for graph coloring. The

most common technique used is that of successive augmentation. In this

approach a partial coloring is found on a small numb er of vertices and this

is extended vertex by vertex until the entire graph is colored. Examples of

v arients of this approach include W elsh and Powell [82], W o o d [85 ], Williams

[84], Matula [67 ], Matula, Marble and Isaacson [68], Johnson [51 , 52 ], Grim-

met and McDiarmid [46 ], Br� elaz [18], Leighton [64 ], Johri and Matula [54 ],

Wigderson [83], Berger and Romp el [12], and Ku� cera [62],. The algorithm

providing the currently b est worst-case ratio (numb er of colors used divided

by optimal numb er) is due to Halld� orsson [47], guaranteeing a ratio of no

more than O (n(log log n)

2

=(log n)

3

, where n is the numb er of vertices.

More general heuristic techniques that have b een tried include simulated

annealing (Chams, Hertz, and De W erra [26] and Johnson et. al [53 ]) and

tabu search (Hertz and De W erra [49]). Issues related to �nding an appropri-

ate neighb orho o d structure for coloring graphs are describ ed by Morgenstern

and Shapiro [71].

Algorithms for �nding optimal colorings have b een for the most part based

on implicit enumeration. See for instance Brown [21], Christo�des [29, 30 ],

Corneil and Graham [32 ], Lawler [63], Korman [57], Br� elaz [18 ], Peem� oller

[77], Kubale and Kusz [59], Kubale and Jackowski [58 ].

Other work has considered algorithms that �nd k -colorings quickly on

average for v arious mo dels of random k -colorable graphs [60 , 80 , 61 , 14 , 34,

37 ]. The question of the b est worst-case b ounds obtainable in p olynomial

time for k -colorable graphs (�xed k , typically k = 3) is addressed in [83, 13,

14 ]. Pap ers on the exp ected chromatic numb er of a \usual" random graph

include Bollob� as [15 ], and Matula and Ku� cera [69].

4 Suggested Researc h Pro jects

1. Implement and test algorithms from the literature. Our references con-

tain many pap ers that already do this, and these should b e examined

closely b efore undertaking a study of this sort, but there is still ro om

for such studies. One can implement theoretical algorithms not previ-

ously studied exp erimen tally

, compare algorithms that p erformed well

in earlier studies but had not previously b een directly compared, test

old algorithms on new test b eds, etc.

2. Use detailed pro�ling of an algorithm’s implemen tation to b etter un-

derstand the circumstances that make it p erform well or p o orly

, and

to help extrap olate p erformance to very large instances sizes.

3. Design new algorithms for the problems and compare them to the pre-

vious b est. These could involve substantially new algorithmic ideas or

simply more e�cien t use of tuned data structures.

4. Adapt general purp ose heuristic metho ds (such simulated annealing[1,

23 , 31, 56 , 81 ], tabu search [43, 49 ], and genetic algorithms [44]), to

the clique and/or coloring problems. Some work has already b een done along these lines, as cited ab ove, but typically there are a v ariety of

ways in which one of these approaches can b e adapted to a particu-

lar problem, and such new adaptations can b e compared to previous

techniques.

5. Examine neighb orho o d structures for lo cal search. One asp ect of these

problems that makes solution di�cult is the lack of a natural neigh-

b orho o d structure for lo cal search. Neighb orho o d structures for these

problems tend either to b e to o narrow (leading to p o or lo cal optima) or

to o broad (leaving a di�cult neighb orho o d problem). What are some

alternative neighb orho o ds and how can they b e e�ectively searched?

6. Explore the role of randomization. Most of the algorithms created

are completely deterministic. Can randomization help in solving these

typ es of problems?

7. Exp eriment on alternative machine architectures, including parallel and

vector pro cessors. How can multiple pro cessors b e exploited in solv-

ing these problems? This could b e either via distributed computing

(generally with high communications costs, heterogeneous machines,

and/or limited connectivity) or with such sp ecial purp ose machines as

Connection Machine computers.

8. Examine real world problems. The clique problem is commonly claimed

to have widespread applicabilit y . Most computational work to date,

however, has b een done with random graphs. How do real world prob-

lems di�er from such random graphs? How would the conclusions

drawn from past research b e di�erent if real problems were solved?

Identify a real-world application from which you can obtain instance

data, and then answer the ab ove questions.

9. Create and examine alternative instance generators. Consider the \ge-

ometric graphs" of [53], where the no des of a graph as p oints in the

Euclidean plane where an edge o ccurs only if the corresp onding no des

are su�ciently close (or su�ciently far away). Consider also the gener-

ators prop osed in [48 ]. Are these interesting problem generators? Do

algorithms p erform well or p o orly for them? What other generators

have interesting prop erties? (One \pro duct" we hop e this Challenge to pro duce is a broad library of generators and real-world instances for

future researchers to use.)

10. Examine \pathological" examples. F or each optimization algorithm

develop ed, there is a class of examples for which the algorithm do es

well and a class for which it do es p o o rly

. Can you characterize why

an algorithm do es p o orly? Alternatively

, can you determine a large,

interesting, class for which certain algorithms work well?

11. Examine planar graphs. The four color theorem, as proved by [3, 4]

is actually a constructive theorem that gives an O (n

2

) algorithm for

4{coloring a graph. This algorithm seems completely impractical due

to the large constants involved. Morgenstern and Shapiro [70 ] provide

some heuristics for such graphs and might b e seen as a starting p oint

for this class of interesting graphs.

12. Examine more fundamental issues in computational testing using these

problems as a testb ed. How should algorithms and heuristics b e com-

pared across environments? Do es go o d computational work require

outstanding \hacking" ability

, or is there some more fundamental mea-

sure indep endent of implementation?.

References

[1] E.H.L. Aarts and J.H.M Korst. Simulate d Anne aling and Boltzmann

Machines. John Wiley & Sons, Chichester, U.K., 1989.

[2] E.A. Akkoyunlu. The enumeration of maximal cliques of large graphs.

SIAM Journal on Computing, 2(1):1{6, 1973 .

[3] K. App el and W. Haken. Every planar map is 4-colorable { 1: Discharg-

ing. Il linois Journal of Mathematics, 21:421{4 90, 1977.

[4] K. App el and W. Haken. Every planar map is 4-colorable { 2: Reducibil-

ity . Il linois Journal of Mathematics, 21:491{56 7, 1977.

[5] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy

. Pro of

veri�cation and hardness of approximation problems. In Pr o c e e dings

33r d IEEE Symp osium on the Foundations of Computer Scienc e, pages

14{23 , Los Angeles, CA, 1992. IEEE Computer So ciety .

[6] S. Arora and S. Safra. Probabilistic checking of pro ofs; a new character-

ization of np. In Pr o c e e dings 33r d IEEE Symp osium on F oundations of

Computer Scienc e, pages 2{13, Los Angeles, CA, 1992. IEEE Computer

So ciety .

[7] Luitp old Bab el. Finding maximum cliques in arbitrary and in sp ecial

graphs. Computing, 46:321{3 41 , 1991.

[8] Egon Balas and H. Samuelsson. A no de covering algorithm. Naval

R ese ar ch L o gistics Quarterly, 24(2):213{ 233 , 1977.

[9] Egon Balas and Jue Xue. Minim um weighted coloring of triangulated

graphs, with application to maximum weight vertex packing and clique

�nding in arbitrary graphs. SIAM Journal on Computing, 20(2):209{

221, 1991.

[10] Egon Balas and Chang Sung Y u. Finding a maximum clique in an

arbitrary graph. SIAM Journal on Computing, 15(4):1054{ 106 8, 1986.

[11] Jean-Pierre Barth� elem y and Alain Gu� eno che. T r e es and Pr oximity R ep-

r esentations. John Wiley and Sons, New Y ork, NY, 1991.

[12] B. Berger and J. Romp el. A b etter p ermance guarantee for approximate

graph coloring. Algorithmic a, 5:459{4 66, 1990.

[13] A. Blum. An

~

O (n

0:4

)-approximation algorithm for 3-coloring (and im-

proved approximation algorithms for k -coloring). In Pr o c e e dings 21st

ACM Symp osium on The ory of Computing, pages 535{54 2, New Y ork,

1989. ACM.

[14] A. Blum. Some to ols for approximate 3-coloring. In Pr o c e e dings 31st

IEEE Symp osium on Foundations of Computer Scienc e, pages 554{562 ,

Los Angeles, CA, 1990. IEEE Computer So ciety .

[15] B. Bollob� as. The chromatic numb er of random graphs. Combinatoric a,

8:49{56 , ???

[16] B. Bollob� as and P

. Erd� os. Cliques in random graphs. Mathematic al

Pr o c e e dings of the Cambride Philosophic al So ciety, 80:419{4 27, 1976.

[17] B. Bollobas and A. Thomason. Random graphs of small order. Annals

of Discr ete Math., 28:47{97, 1985.

[18] D. Br� elaz. New metho ds to color vertices of a graph. Communic ations

of the ACM, 22:251{2 56, 1979.

[19] P

. Briggs, K. Co op er, K. Kennedy

, and L. T orczon. Coloring heuris-

tics for register allo cation. In ASCM Confer enc e on Pr o gr am L anguage

Design and Implementation, pages 275{284 , 1989.

[20] Co en Bron and Jo ep Kerb osch. Finding all cliques of an undirected

graph. Communic ations of the ACM, 16(9):575 {5 77, 1973.

[21] R. J. Brown. Chromatic scheduling and the chromatic numb er problem.

Management Science, 19:451{4 63, 1972.

[22] R. Carraghan and P

. M. Pardalos. An exact algorithm for the maximum

clique problem. Op er ations R ese ar ch L etters, 9:375{38 2, 1990.

[23] V. Cerny

. A thermo dynamical approach to the traveling saleman prob-

lem: An e�cient simulation algorithm. Journal of Optimization The ory

and Applic ations, 45:41{5 1, 1985.

[24] G.J. Chaitin. Register allo cation and spilling via graph coloring. In

Pr o c e e dings of the ACM SIGPLAN 82 Symp osium on Compiler Con-

struction, pages 98{105 , New Y ork, NY, 1982. ACM.

[25] G.J. Chaitin, M. Auslander, A.K. Chandra, J. Co cke, M.E. Hopkins,

and P

. Markstein. Register allo cation via coloring. Coputer L anguages,

6:47{57 , 1981.

[26] M. Chams, A. Hertz, and D. De W erra. Some exp eriments with sim-

ulated annealing for coloring graphs. Eur op e an Journal of Op er ations

R ese ar ch, 32:260{26 6, 1987 .

[27] F red C. Chow and John L. Hennessy

. Register allo cation by priority{

based coloring. In Pr o c e e dings of the ACM SIGPLAN 84 Symp osium on

Compiler Construction, pages 222{2 32, New Y ork, NY, 1984. ACM.

[28] F red C. Chow and John L. Hennessy

. The priority{based coloring ap-

proach to register allo cation. ACM T r ansactions on Pr o gr amming L an-

guages and Systems, 12(4):501{5 36 , 1990.

[29] N. Christo�des. An algorithm for the chromatic numb er of a graph.

Computer Journal, 14:38{3 9, 1971.

[30] N. Christo�des. Gr aph The ory: An Algorithmic Appr o ach. Academic

Press, London., 1975.

[31] N.E. Collins, R.W. Eglese, and B.L. Golden. Simulated annealing: An

annotated bibliography

. Americ an Journal of Mathematic al and Man-

agement Sciences, 8:205{30 7, 1988.

[32] D. G. Corneil and B. Graham. An algorithm for determining the chro-

matic numb er of a graph. SIAM Journal on Computing, 2:311{218 ,

1973.

[33] D. De W erra. An intro duction to timetabling. Eur op e an Journal of

Op er ations R ese ar ch, 19:151{16 2, 1985.

[34] M. Dyer and A. F rieze. The solution of some random np{hard problems

in p olynomial exp ected time. Journal of Algorithms, 10:451{4 89, 1989.

[35] U. F eige, S. Goldwasser, L. Lov asz, S. Safra, , and M. Szegedy

. Ap-

proximating clique is almost NP-complete. In Pr o c e e dings 32nd IEEE

Symp osium on F oundations of Computer Scienc e, pages 2{12, Los An-

geles, CA, 1991. IEEE Computer So ciety .

[36] T. A. F eo, M. G. C. Resende, and S. H. Smith. Greedy randomized

adaptive search pro cedure for maximum indep endent set. Op er ations

R ese ar ch, page (to app ear), 1993.

[37] M. F � urer and C. R. Subramanian. Coloring random graphs. In Pr o c e e d-

ings 3r d Sc andinavian Workshop on Algorithmic The ory, Berlin, 1992.

Springer Lecture Notes in Computer Science.

[38] Andreas Gamst. Some lower b ounds for a class of frequency assignment

problems. IEEE T r ansactions of V ehicular Echnolo gy, 35(1):8{14, 1986.

[39] M. R. Garey

, D. S. Johnson, and H. C. So. An application of graph

coloring to printed circuit testing. IEEE T r ans. on Cir cuits and Systems,

CAS-23:591{ 59 9, 1976.

[40] Michael R. Garey and David S. Johnson. The complexit y of near{

optimal graph coloring. Journal of the Asso ciation for Computing Ma-

chinery, 23:43{4 9, 1976.

[41] Michael R. Garey and David S. Johnson. Computers and Instr actabil-

ity: A Guide to the The ory of NP{Completene ss. W.H F reeman, San

F rancisco, CA, 1979.

[42] L. Gerhards and W. Lindenb erg. Clique detection for nondirected

graphs: Two new algorithms. Computing, 21:295{ 32 2, 1979.

[43] F red Glover. T abu search, part 1. ORSA Journal on Computing, 1:190{

206, 1989.

[44] D. E. Goldb erg. Genetic Algorithms in Se ar ch, Optimization & Machine

L e arning. Addison-W esley

, Reading, MA, 1989.

[45] M. Golumbic. Algorithmic Gr aph The ory and Perfe ct Gr aphs. Acadmeic

Press, New Y ork, NY, 1980.

[46] G.R. Grimmet and C.J.H. McDiarmid. On colouring random graphs.

Mathematic al Pr o c e e dings of the Cambridge Philosophic al So ciety,

77:313{ 324 , 1975.

[47] M. M. Halld� orsson. A still b etter p erformance guarantee for approximate

graph coloring. T echnical Rep ort 91{35, DIMACS, New Brunswick, NJl,

1990.

[48] J. Hasselb erg, P

. M. Pardalos, and G. V airaktarakis. T est case generators

and computational results for the maximum clique problem. W orking

pap er, University of Florida, 1992.

[49] A. Hertz and D. De W erra. Using tabu search techniques for graph

coloring. Computing, 39:345{3 51, 1987.

[50] Mark Jerrum. Large cliques elude the metrop olis pro cess. R andom

Structur es and Algorithms, 3(4):347{36 0, 1992.

[51] David S. Johnson. Approximation algorithms for combinatorial prob-

lems. Journal of Computer and System Scienc es, 9:256{278 , 1974.

[52] David S. Johnson. W orst{case b ehavior og graph coloring algorithms. In

Pr o c e e dings 5th Southe astern Confer enc e on Combinatorics, Gr aph The-

ory, and Computing, pages 513{5 27, Winnip eg, Canada, 1974. Utilitas

Mathematica Publishing.

[53] David S. Johnson, Cecilia R. Aragon, Lyle A. McGeo ch, and Cather-

ine Schevon. Optimization by simulated annealing: An exp erimen tal

ev aluation; part ii, graph coloring and numb er partitioning. Op er ations

R ese ar ch, 39(3):378{4 06, 1991.

[54] A. Johri and David W. Matula. Probabilistic b ounds and heuristic

algorithms for coloring large random graphs. T echnical rep ort, Southern

Metho dist University

, Dallas, T exas, 1982.

[55] N. K. Karmark ar, K. G. Ramakrishnan, and M. G. C. Resende. An inte-

rior p oint approach to the maximum indep endent set problem in dense

random graphs. In Pr o c e e dings of the XV L atin Americ an Confer enc e

on Informatics I, pages 241{26 0, 1989.

[56] S. Kirkpatrick, C.D. Gelatt, and M.P . V ecc hi. Optimization by simulated

annealing. Scienc e, 220(13 May 1983):67 1{6 80, 1983.

[57] S. M. Korman. The graph-colouring problem. In N. Christo�des, A. Min-

gozzi, P . T oth, and C. Sandi, editors, Combinatorial Optimization, pages

211{2 35, New Y ork, 1970. Wiley .

[58] M. Kubale and B. Jackowski. A generalized implicit enumeration al-

gorithm for graph coloring. Communic ations of the ACM, 28:412{ 418 ,

1985.

[59] M. Kubale and E. Kusz. Computational exp erience with implicit enu-

meration algorithms for graph coloring. In M. Nagl and J. Perl, editors,

Pr o c e e dings of the WG’83 International Workshop on Gr aphthe or etic

Conc epts in Computer Scienc e, pages 167{17 6, Linz, 1983. T rauner V er-

lag.

[60] Ludek Ku� cera. Exp ected b ehavior of graph coloring algorithms. In

M. Karpinski, editor, F oundations of Comup ation The ory 77, volume 56

of L e ctur e Notes in Computer Science, pages 447{4 51 , Berlin, 1977.

Springer.

[61] Ludek Ku� cera. Graphs with small chromatic numb ers are easy to color.

Information Pr o c essing L etters, 30:233{2 36, 1989.

[62] Ludek Ku� cera. The greedy coloring is a bad probabilistic algorithm.

Journal of Algorithms, 12:674{6 84, 1991.

[63] E. L. Lawler. A note on the complexity of the chromatic numb er prob-

lem. Information Pr o c essing L etters, 5:66{67, 1976.

[64] F.T. Leighton. A graph coloring algorithm for large scheduling problems.

Journal of R e ase ar ch of the National Bur e au of Standar ds, 84:489{ 506 ,

1979.

[65] E. Louk akis and C. Tsouros. Determining the numb er of internal stabil-

ity of a graph. International Journal of Computer Mathematics, 11:207{

220, 1982.

[66] C. Lund and M. Y annak akis. On the hardness of approximating mini-

mization problems. In Pr o c e e dings 25th ACM Symp osium on The ory of

Computing, page (submitted), New Y ork, NY, 1993. ACM.

[67] D. G. Matula. Bounded color functions on graphs. Networks, 2:29{44 ,

1972.

[68] D. W. Matula, G. Marble, and J. D. Isaacson. Graph theory and com-

puting. In R. C. Read, editor, Gr aph c oloring algorithms, pages 109{122 ,

New Y ork, NY, 1972. Academic Press.

[69] David Matula and Ludek Ku� cera. An exp ose{and{merge algorithm and

the chromatic numb er of a random graph. In M. Karonski, J. Jaworski,

and A. Rucinski, editors, R andom Gr aphs’87, pages 175{18 7. John Wi-

ley and Sons, 1990.

[70] C. Morgenstern and H. Shapiro. Heuristics for rapidly four{coloring

large planar graphs. Algorithmic a, 6:869{8 91, 1991.

[71] Craig Morgenstern and Harry Shapiro. Coloration neighb orho o d struc-

tures for general graph coloring. In First Annual ACM{SIAM Symp o-

sium on Discr ete Algorithms, 1990.

[72] George L. Nemhauser and Les E. T rotter. V ertex packings: Structural

prop erties and algorithms. Mathematic al Pr o gr amming, 8:232{2 48 , 1975.

[73] Hideo Ogawa. Lab eled p oint pattern matching by delaunay triangula-

tion and maximal cliques. Pattern R e c o gnition, 19(1):35{40 , 1986.

[74] R.J. Opsut and F red S. Rob erts. On the eet maintenance, movile radio

frequency

, task assignment and tra�c phasing problems. In G. Char-

trand, Y. Alavi, D.L. Goldsmith, L. Lesniak-F oster, and D.R. Lick, edi-

tors, The The ory and Applic ations of Gr aphs, pages 479{4 92, New Y ork,

NY, 1981. John Wiley & Sons.

[75] P

. M. Pardalos and G. P

. Ro dgers. A branch and b ound algorithm

for the maximum clique problem. Computers and Op er ations R ese ar ch,

19:363{ 375 , 1992.

[76] P

. M. Pardalos and J. Xue. The maximum clique problem. Journal of

Glob al Optimization, page (to app ear), 1993.

[77] J. Peem� oller. A correction to Br� elaz’s mo di�cation of Brown’s coloring

algorithm. Communic ations of the ACM, 26:595{ 59 7, 1983.

[78] B. Pittel. On the probable b ehaviour of some algorithms for �nding the

stability numb er of a graph. Mathematic al Pr o c e e dings of the Cambride

Philosophic al So ciety, 92:511{5 26 , 1982.

[79] Rob ert E. T arjan and A.E. T ro janowski. Finding a maximum indep en-

dent set. SIAM Journal on Computing, 6:266{28 3, 1977 .

[80] J. S. T urner. Almost all k -colorable graphs are easy to color. Journal

of Algorithms, 9:63{82 , 1988.

[81] P

.J.M V an Laarhoven and E.H.L. Aarts. Simulate d Anne aling: The ory

and Pr actic e. Kluwer Academic Publishers, Dordrrecht, The Nether-

lands, 1987.

[82] D.J.A. W elsh and M.B. Powell. An upp er b ound on the chromatic num-

b er of a graph and its application to timetabling problems. Computer

Journal, 10:85{86 , 1967.

[83] A. Wigderson. Improving the p erformance guarantee of approximate

graph coloring. Journal of the Asso ciation for Computing Machinery,

30:729{ 735 , 1983.

[84] M. R. Williams. The coloring of very large graphs. In Combinatorial

Structur es and their Applic ations, pages 477{4 78 , New Y ork, 1970. Gor-

don and Breach.

[85] D. C. W o o d. A technique for coloring a graph applicable to large scale

time-tabling problems. The Computer Journal, 3:317{31 9, 1969.

[86] G. Y u, O. Goldschmidt, and H. Chen. Clique, indep endent set, and

vertex cover in geometric graphs. ORSA/TIMS Presentation, San F ran-

cisco, CA, 1992.

[87] G. Y u, P

. Kouvelis, and Luo. A weighted vertex packing problem for

sp ecially structured geometric graphs arising in the design of electronic

testing �xtures. ORSA/TIMS Presentation, San F rancisco, CA, 1992.