Information Retrieval through LSI

Grade Level and Subject
High School, mathematics

Concepts

Linear algebra (Matrix multiplication)
Singular Value Decomposition (SVD)

Latent Semantic Indexing (LSI)

Related Standards or Frameworks

· Representing and analyzing mathematical situations and structures using algebraic symbols

· Analyzing change in various contexts

· Adapting and applying alternative strategies for problem solving

· Using representations to model and interpret physical, social and mathematical phenomena

General related standards based off of the National Council of Teachers of Mathematics site - http://standards.nctm.org/document/chapter7/index.htm 
Objectives

By the end of the lesson, the student should:

1. Have a basic understanding of the LSI process
2. Have a cursory understanding of different approaches to information retrieval (term-matching and LSI)
3. Be able to generate a Term-Document matrix
4. Be able to produce a reduced-dimension form of factor matrices
5. Be able to recalculate (multiply) a reduced-dimension Term-Document matrix from its factors
6. Be able to use the reduced-dimension matrices to determine similarities between a Query and several Documents
Materials needed

· Pencils or pens

· Paper

· A computer with Internet access (for demonstrating the Google questions in the Introductory Activity, and pointing to Web assistance/calculators)

Description of Introductory Activity (Anticipatory Set) and Discussion

Things that Google can’t do
Google is good at finding many things, but it primarily does so (as all search engines do) by matching terms.
How does Google work?  In a simple sense, you type in some words, and it shows you sites that contain those words.

Question: What would you type into Google to find information about…

· American Idol?

· The weather?

· A sports team?

· Yourself?

But how do you use Google to find information about things that you might not know the right words for, or how to phrase them?

Question: What would you type into Google to find information about…

· Who will be the QB that the Philadelphia Eagles will play against in the 4th week this coming season?

· Where can you find the biggest shelf that will fit in your room?

· What is the common theme behind the most popular movies in 2006?  Is there one?

What about these kinds of questions that deal with crime and security?
· What is the most common modus operandi for criminals in the Washington D.C. area?

· What are the most likely targets for the prominent terrorist groups right now?

· Who is providing money to terrorist organizations?

These questions are more difficult to answer, because they are not contained in a single document or website – but likely can be inferred through a combination of them.  Google and most other search engines focus on one site at a time.

Today we are going to discuss a mathematical process that provides “latent” “semantic” information, which can help to answer these kinds of questions.

These kinds of questions are exactly what researchers in the field of Information Retrieval are working on.  Information Retrieval is a field in Computer Science which strives to find the best way to store and retrieve information from collections of data.  Generally speaking, data is a collection of “terms,” stored in a number of distinct “documents.”  In terms of the Web, you can think of each Web page as a “document,” and each word on that page as a “term.”

One approach to Information Retrieval, popular with Web search engines, is to focus on term-matching: finding which document contains the most matching terms.  The approach presented today will take a related but different approach, which has its own benefits.

Description of Learning Activities

Overview

Performing the LSI process involves 4 major steps:
1. Constructing the Term-Document matrix

2. Constructing the U, S and V^T matrices by SVD

3. Reducing the dimensions

4. Computing the final LSI Space

An overall picture (based on DyDAn @ Rutgers presentation):

[image: image1]
Purpose of LSI (and Information Retrieval in general)
5. Given a set of documents, and a query to them (a collection of terms), return the documents ranked by their similarity to the query.
· Note: this is similar to the basic purpose of other search engines, but we are going to determine this ranking in a different way.
Documents and Terms

6. Simply, a document is a collection of terms
Some examples of this:
· In your class textbook, each page could be a “document” and each word in it would be a “term”

· On the Web, each Web page (meaning what’s returned at a single URL), that entire page is a “document” and each word displayed on the page is a “term”

For right now, we’re going to focus on “terms” being textual only. This could be extended to other things (like numbers), but that is beyond the scope of this lesson.
7. Provide the sample data to the students: a set of documents, and a query on them
a. Note: for this simple lesson, each document is only a single sentence.  In other real-world applications, a document may consist of thousands of terms.  Going through the LSI process with documents of that scale is not suggested as an exercise to the teacher, unless you are using automated tools, or are looking for an alternative classroom management mechanism.
b. An example, taken from the textual description of the GSPC: 

· Document 1: The Salafist Group for Call and Combat (GSPC) has emerged in recent years as a major source of recruiting and other support for al Quaeda operations in Europe.
· Document 2: In the late 1990s, the group carried out a number of operations aimed at government and military targets in the more rural areas of Algeria.

· Document 3: Yet more alarming to U.S. and European observers, by 2000, according to Italian investigators, the GSPC had taken over the GIA’s external networks across Europe and North Africa and were moving to establish an ‘Islamic International’ under the aegis of Osama bin Laden.
· Document 4: Some of the high profile operations planned included a plot to blow up the U.S. Embassies in Paris and Rome, and attacks on the Christmas market in Strasbourg, France and the G-8 summit in Genoa.
· Query: GSPC Strasbourg
· Question to class: is GSPC predicting an attack on Cathedral at Strasbourg?  Will this be uncovered in these documents?
8. Make a list of all of the words that are underlined in these documents, with one word on each row of a column (on the left side of the page).  Leave one line at the top for a header.  If you alphabetize the list, it may make them easier to find in the following process.
· Note: The words have been underlined according to some specific parsing directions.  “Parsing” refers to the process when computers analyze data (generally strings of characters) to determine the syntax of the data (e.g. to determine which characters make up a term), and how it should be interpreted.  This is analogous to how humans parse written text in books, to determine which are verbs, subjects, phrases, and so on.  For this example, we have manually parsed (and underlined) strings of characters which represent (some) names of organizations and places, and “operation” – and skipped the rest.
· Note: If you would prefer to use a shorter example for this lesson, where no words are manually selected or parsed out (i.e., all words are used as terms), please see the example given at http://www.miislita.com/information-retrieval-tutorial/svd-lsi-tutorial-4-lsi-how-to-calculations.html
9. Use “D1”, “D2”, “D3” and “D4” as the headers for four columns, directly to the right of the terms.  If using a different number of Documents, use the “D#” labeling scheme as needed.
10. Use “Q” as the header for a column, to the right of the D’s.
11. To populate the matrix, count how many times each term on the left occurs in that document, and place that number where the term-row and doc-column intersect. Count alternative forms of a word (such as “Europe” and “European” as the same term).  Write all terms in uppercase, singular form.  In the example, the term “operation” occurs 1 time in D1, D2, and D4 each, so the student would write “1”, “1”, “0”, “1” in those columns across the “operation” row.

· Note: The uppercasing and taking the root form of words are additional data pre-processing steps taken to improve the effectiveness of LSI and many other Information Retrieval techniques.  If steps like these are not taken, then each word will be seen as a different term if there is a single discrepancy between them.  For example, “Europe” and “European” will each be a different term, even though we (as humans) recognize them as referring to the same idea/concept/area.
12. For the “Q” matrix, do the same as the last step: count how many times that term appears in the query, and mark that number in the appropriate space.
· Continuing the example from above:
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Note: We will call the Term-Document matrix the A matrix, and the Query matrix the Q matrix from now on.

Singular Value Decomposition
13. The second step in LSI is to take the Term-Document matrix and decompose, or factor it, into its constituent parts.  The process by which this is done is called Singular Value Decomposition, or SVD.
· Note: SVD is actually used in a number of application areas, including signal processing, statistics, image deblurring, seismology, and others.
14. We are using SVD here to generate the factor matrices from our current Term-Document matrix.  From the Term-Document matrix, we will get three factor matrices: U (Term x Concept), S (Concept x Concept) and VT (transform of Document by Concept).  “Concepts” can be thought of as the inherent, latent, underlying information that we want to elicit through this process.
15. Once decomposed, you can recompose the original Term-Document matrix (and check your work) by A = USVT
16. As an aside, you can explain that the SVD process is very similar to numerical factorization.  Just as you can factor a number into other numbers that, when multiplied together, make it up (such as 12 = 2x3x2), this works in the same principle – but dealing with matrices.
17. Since the SVD process involves a significant amount of computation and discussion of topics that may not be covered at this grade level (regarding eigenvectors, eigenvalues, and inverses of matrices), this process is not discussed here.  Therefore, for the purposes of this lesson, use any matrix-computation software you may currently have (such as Matlab), graphing calculators, or Web-based calculators (such as http://users.pandora.be/paul.larmuseau/SVD.htm) to compute the factorial matrices: U, S, V and VT.
· Note: the diagonal values in S should be in decreasing order.

· Continuing the example, these are the matrices to three decimal points:
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Dimension Reduction

18. Once we have the U, S, V and VT matrices, we will perform what is called “Dimension Reduction.”
19. Quite simply, Dimension Reduction is taking only a subset of the current matrices.  By choosing some number “k” and keeping only the first “k” columns of U, the first “k” rows of VT, and the first “k” rows and columns of S we have “reduced” the dimension (size) of these component matrices.  This will also reduce the size of the resulting A matrix when re-computed.
20. Choose some number for k.  Then, write new versions of the U, S, and VT matrices using only their first k rows, columns, and row/column pairs, respectively.  These reduced matrices will be called Uk, Sk, and VTk, respectively.
· For our example, we will choose k=2, and therefore keep only the left two columns of Uk, the top two rows of VTk, and the upper-left four values in Sk.
Matrix Multiply (LSI Space Result)
21. With the reduced dimension matrices Uk, Sk, and VTk, we can now recompute the reduced dimension Term-Document matrix Ak.  Recall that we can do this because A = USVT, and so Ak = UkSkVTk.  This is left as an exercise to the class if you wish to do this.
22. To compute the similarities between our Query and each individual Document really only requires the computation of a k-reduced Query vector, and the k-reduced Document vectors.  Applying some matrix algebra, we find that the new Query vector is: qk = qTUkSk-1
· For the example, this will equate to:
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23. You will also need the reduced-dimension version of the Document vectors.  This is simply done by taking the corresponding column of VTk (or the corresponding row from Vk).  For example, the reduced-dimension version of the first document would be the first column of VTk.
Finding the cosine similarity between each Document and Query is now done by computing the normalized dot product between the Query vector and each (reduced-dimension) Document vector.  
In other words: sim(qk, dk) = (qk ● dk) / (|qk| * |dk|)
24. The resulting values from the sim( ) computation are the rankings of how similar each Document is to the Query.  The Document producing the highest value is the most similar.  The final result is left as an exercise to the class.
Guiding Questions / Typical Discussion Questions

a) Why do Dimension Reduction?  What’s the point of that?

Two reasons:  One is to save time.  Dimension Reduction provides an “approximation” of a matrix using fewer values, so less work needs to be done in the following matrix multiplications (which can take a lot of time!)  The other is that by removing the less-influential (or “noisy”) factors/components of the larger matrix (by keeping only the subset of values), the resulting matrix demonstrates more clearly the primary or more-influential parts.  This is the “latent” information that is brought forth with Latent Semantic Indexing.
b) Is SVD only used for LSI?

No – SVD is a common and powerful process used in many fields.  Do some quick searches on the Web to see what you can find, and make a short list.

c) Is matrix factorization like numerical factorization?

Yes – the idea behind SVD is analogous to finding the factors of a number.  So, just as the number “12” may be factored down into 2*3*2, so too is the A matrix factored into USVT.  The process is a little more complicated, but the idea is the same.

d) I’ve seen that some equations for SVD use the names T, S, and D instead of U, S, and V.  What’s the difference?

There is no difference.  This is simply the author choosing to use a different set of variable names to represent the matrices.  Some find the T, S, D names to be easier to remember which is the “Term” and “Document” component matrices.  Use whichever is best for you.

e) How did you know what number to choose for “k”?

For this example, k=2 is chosen to simplify the calculations but no other specific reason.  The general question of “what is the best k?” is an open and active area of research, but many search-engine developers generally think that values around k=100 provide good results.

f) How did you get from Ak=UkSkVTk to q = qTUkSk-1?

The steps for this proof are based off of http://www.miislita.com/information-retrieval-tutorial/svd-lsi-tutorial-4-lsi-how-to-calculations.html, with the major difference being the addition of the dk and qk for clarity:

1. AT = USVT = VSUT
2. ATUS-1 = VSUTUS-1
3. V = ATUS-1
4. dk = dTUS-1 ( dk = dTUkSk-1
5. qk = qTUS-1 ( qk = qTUkSk-1
Lesson Closure

Main point review:

I. LSI is a mathematical procedure that can be used in Information Retrieval.
1. Information Retrieval is basically what all Search Engines do: they know about a large number of Web pages, and tell you which ones best match your query.

2. In LSI, the Web pages are a kind of “document”, and documents and queries are made up of “terms.”

II. LSI stands for Latent Semantic Indexing: “latent” means it uses information that might not be as obvious, “semantic” means that it focuses on the context and meaning of the words above just matching the words themselves, and “indexing” provides a quicker way to get the documents back and search them.

III. Performing LSI involves four primary “steps”

· Question: What are they?

i. Generating the Term-Document matrix
ii. Calculating the factorial U, S, and VT matrices using Singular Value Decomposition (SVD)

iii. Reducing the Dimension by keeping only the top k rows/columns.

iv. Comparing each reduced-dimension Document vector to the Query vector by cosine similarity. 
Assessments

Procedural correctness:

· Check the students’ original Term-Document (A) and Query (Q) matrices for correctness.

· Check their reduced matrices for correctness.

· Check their final LSI Space matrix for correctness.

Homework reinforcement:

· Ask the students to create two other queries, and go through the final (post SVD) steps again for the LSI process.  Have them bring in their results, including the similarity rankings for the different documents.

Additional Opportunities

· Point the students to some resource which will assist in SVD computation (Web-based, graphing calculator or otherwise), and have them complete this entire lesson with another set of Documents and Queries.

· Lead the students through the proof of the Query vector computation equation.

· Assist the students in performing the SVD computations by hand.  This could also be a good starting point for lessons on eigenvectors and eigenvalues in your current curriculum.

· Further explore the many different techniques for textual data parsing and processing.  A brief description is provided in this lesson, but there are more techniques currently used, and different variations of them.  This may provide a good segue into lessons on data input and output.

References

· Latent Semantic Analysis – Wikipedia - http://en.wikipedia.org/wiki/Latent_semantic_analysis
· Singular Value Decomposition – Wikipedia - http://en.wikipedia.org/wiki/Singular_value_decomposition
· Tutorial on Understanding SVD and LSI - http://www.miislita.com/information-retrieval-tutorial/svd-lsi-tutorial-1-understanding.html
· Deerwester et. al., Indexing by Latent Semantic Analysis, 1990 - http://citeseer.ist.psu.edu/deerwester90indexing.html
· Web-based tools for computing SVD – http://users.pandora.be/paul.larmuseau/SVD.htm and http://metamerist.com/excanvas/example23a.htm
· Web-based matrix calculator – 

http://www.uni-bonn.de/~manfear/matrixcalc.php
· Some interesting applications of SVD – http://www2.imm.dtu.dk/~pch/Projekter/tsvd.html
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