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Applications of Transportation Theory to

Statistical Problems

BEVERLEY D. CAUSEY, LAWRENCE H. COX, and LAWRENCE R. ERNST*

The two-dimensional controlled selection problem and the prob-
lem of maximizing the overlap of old and new primary sampling
units after restratification and change of selection probabilities
have been studied for several decades but have never been
completely solved until now. Using transportation theory, com-
plete solutions are obtained here for these and other problems.
The solution to the controlled selection problem is based on a
specific transportation model that was originally developed, in
a previous paper by Cox and Ernst (1982), to solve completely
the controlled rounding problem, namely the problem of op-
timally rounding real-valued entries in a two-way tabular array
to adjacent integer values in a manner that preserves the tabular
(additive) structure of the array. This model is also applied to
other statistical problems, such as raking and statistical disclo-
sure for frequency count tabulations and microdata.

KEY WORDS: Controlled rounding; Controlled selection;
Overlap of primary sampling units; Statistical disclosure;
Raking.

1. INTRODUCTION

A transportation model is a system of linear constraints over
a set of variables {y;: 1 =i =< p, 1 =j = g} of the form:

p
2 Yij = €
i=1

Vi = 0; r,, ¢;, t constant.

(1.1)

It is equivalent, and for our purposes convenient, to represent
the transportation model as a tabular array

(ri)pxl
Oixr

that is, a two-way table satisfying the additivity constraints
(1.1).

The classical transportation problem is to minimize a linear
combination of the y’s subject to the constraints imposed by
(1.2) (Dantzig 1963). Transportation problems are linear pro-

(yij)pxq

(1.2)
(cj)IXq
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thank the associate editor and the referees for their insightful review and one
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gramming problems whose specialized tabular structure permits
solution strategies that are extremely efficient computationally
(Glover et al. 1974). Of particular importance is the fact that
for transportation problems, integer-valued r; and c; guarantee
that optimal solutions are integer valued.

In this article we present several applications of transportation
theory in statistics. Several of these problems are solved by
structuring the statistical problem as a “controlled rounding
problem” that, by virtue of Cox and Ernst (1982), is solvable
as a transportation problem. The problems of this type solved
here fall into two categories: general statistical problems that
involve replacing nonintegers by integers in tabular arrays and
the controlled selection problem in which survey sampling units
to be selected according to a specified probability model must
also satisfy additional constraints (controls).

Section 2, summarizing Cox and Ernst (1982), presents the
transportation solution of the controlled rounding problem. Sec-
tion 3 presents several statistical applications in which con-
trolled rounding can be used to replace nonintegers by integers
in tabular arrays and gives a new application of transportation
theory to raking two-way tables. In Section 4 controlled round-
ing is applied to solve the controlled selection problem. In
Section 5 the important problem of maximizing overlap between
sets of primary sampling units in redesigning statistical surveys
is modeled as a general transportation problem. Complete so-
lutions to the controlled selection and overlap problems have
eluded discovery for decades.

2. CONTROLLED ROUNDING AS A
TRANSPORTATION PROBLEM

In this section we define and summarize briefly the solution
of the controlled rounding problem discovered by Cox and Ernst
(1982). The term rounding here denotes the replacement of a
real number a by an adjacent integer value R(a); that is, R(a)
equals either [a] or [a] + 1, where [a] is the integer part of
a. This is base 1 rounding; by dividing all entries by B, the
general problem of rounding to a positive integer base B is
always reducible to this case. Let A denote the tabular array

(ai,)mx 1

(@ )ix: '

A controlled rounding of A is an array R(A) that satisfies the
following conditions:

(aij)mxn (21)

(a.j)lxn

For each entry a of A, including totals, R(a) is a
rounding of a.

The array R(A) is tabular.

(2.2)
(2.3)
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By choice of an integer p, 1 = p < %, R(A) is an optimal
controlled rounding of A if, in addition to (2.2) and (2.3), R(A)
minimizes

LIR(A), A] = (Z >

i=1j=1

1/p

or, forp = oo,
I,[R(A), A]

= max{jR(a;) — ayl:1=i=m 1=j=n} (2.5

Conventional rounding, that is, R(a) = [a + .5], always
minimizes (2.4) and (2.5); however, conventional rounding
often fails (2.3). Causey (1979) presented a heuristic algorithm
for controlled rounding; however, this algorithm is not optimal
and fails (2.2) or (2.3) in specific examples.

Cox and Ernst (1982) modeled the problem of obtaining an
optimal controlled rounding of A as a classical transportation
problem in {0, 1} variables. Using the general theory of trans-
portation problems, they demonstrated that solutions always
exist to the controlled rounding problem (2.2) and (2.3). (A
referee pointed out that Baranyai 1975 had discovered an anal-
ogous result.) By mimicking the behavior of (2.4) and (2.5)
by linear functions of the transportation variables, Cox and
Ernst (1982) solved the optimal controlled rounding problem.
Furthermore, extending their argument slightly, they showed
that the same techniques guarantee and yield optimal solutions
to the zero-restricted controlled rounding problem, that is, (2.2)
and (2.3), subject to the restriction that integer values must
round to themselves. Consequently, controlled rounding prob-
lems always may be solved by means of standard, highly ef-
ficient algorithms and software (Glover et al. 1974). By means
of straightforward modification of (2.4) or (2.5), other familiar
measures of overall distortion to A can also be minimized using
these techniques [e.g., for a; # 0, divide each term of (2.4)

by |a;l].

3. SOME STATISTICAL APPLICATIONS OF
CONTROLLED ROUNDING AND
TRANSPORTATION THEORY

Controlled rounding can improve the readability of data val-
ues and enhance their utility for analysis. It may also be applied
to statistical problems for which a complete solution requires
that real-number values be replaced by integers (or more gen-
erally, integer multiples of B) with minimum overall distortion
to A [e.g., in the sense of (2.4) and (2.5)].

An important application of controlled rounding is control-
ling statistical disclosure in tables of frequency counts. If small
counts can be inferred from the released tables, then possibly
individual respondents will be identified and confidential data
divulged. The ability of users to infer small counts from the
published data therefore must be thwarted. A solution to this
problem is to round all entries in the published tables to an
appropriately chosen base B, for example, B = 5 or 10, and
to do so with minimum overall distortion of the data.

Conventional rounding is an inferior method for controlling
statistical disclosure: it fails to maintain additivity of detail items
to totals, and because the conventional rounding of a value is
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unique, it is sometimes possible to reconstruct the original array
from the rounded array. Nargundkar and Saveland (1972) rounded
each frequency count randomly while maintaining the adja-
cency condition (2.2). For example, with B = 5 the value 2
rounds to 0 with probability .6 and to 5 with probability .4.
Thus random rounding preserves expected values of individual
entries and totals.

Unfortunately, random rounding often fails the additivity
condition (2.3). Fellegi (1975) preserved adjacency, expected
values, and additivity but only for one-way tables. A single
controlled rounding of a two-way table preserves adjacency and
additivity but not expected values. As described in Section 4,
however, by virtue of (4.1)—(4.3) it is always possible to choose
a set N of controlled roundings together with associated prob-
abilities of selection such that under random selection of one
controlled rounding from this set, the expectation of the rounded
value for each entry equals the original unrounded value. More-
over, by suitable choice of the members of N, data distortion
can be reduced subject to preserving adjacency, additivity, and
expected values.

Controlled rounding may also be used to prevent statistical
disclosure in microdata release. Suppose for the two-way table
A that a; is the sum of k; quantities ay, kK = 1, ..., k;,
each of which is to be rounded to a multiple of B. Assume as
before that B = 1. We perform controlled rounding on the array
A so that each a; is replaced by an adjacent integer R(ay).
Next, for cell (i, j) we want to round some of the values a
up and some down to obtain a total R(a;) for the cell while
minimizing overall distortion. Let L denote R(a;) — > [a);
we set the rounded value of a to [a;] + 1 for the L largest
values among the k; quantities a;; — [a;] and to [ay] oth-
erwise. As a possible example of application of this method,
the a; might be personal incomes to be rounded to multiples
of $5,000 before presentation to preclude identification of par-
ticular individuals and their exact incomes, with i and j cor-
responding to sex and race categories. For each sex-race (i, j)
cell we would reveal the rounded sum, rather than the exact
sum, of the k; incomes for that category. In addition to con-
trolling statistical disclosure, this technique maintains consis-
tency between estimates derived either from A or from the
microdata directly.

Controlled rounding is also applicable to the problem of
iterative proportional fitting (or raking) in two-way tables of
counts as considered by Ireland and Kullback (1968). Given a
two-way table A’ of integer counts a;;, we seek to construct a
revised table of integer counts A, whose row and column sums
a; and a; have been predetermined, to minimize distortion to
the original table. As an example, i might correspond to
“race,” j to “county,” a;; to the count of persons by race and
county according to the 1980 census, a; and a; to known
numbers of persons in 1985 (based on demography, adminis-
trative records, or otherwise), and a; to estimated numbers of
persons in 1985. The raking procedure is based on repeated
uniform multiplication of entries in each row and then each
column to satisfy the desired marginals. In general, the resulting
a;’s are noninteger, in which case controlled rounding with B
= 1 can be applied to A to obtain an integer array as desired.

Raking requires zeros to appear in A whenever they appear
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in A’. Although the iterative proportional fitting algorithm for
raking will always converge to a solution table A with the
desired marginals if such a solution exists (Darroch and Ratcliff
1972), sometimes the presence of too many zeros in A’ makes
raking impossible. These zeros may be either sampling or struc-
tural zeros. Using transportation theory, one may identify non-
convergence in advance (using the method of Fagan and Green-
berg 1984). If raking will not converge, we may use transportation
theory a second time, as follows, to obtain a reduced set of
zero constraints for which raking will converge. (Typically, but
not necessarily, we require that this set contain the structural
Zeros.)

Use general transportation theory to construct a table A” with
the desired marginals and structural zeros (if such exists), such
that the sum of the internal entries corresponding to the sam-
pling zeros of A’ is minimal. Thus there is minimal overall
distortion from the original problem. Subtract from a; , a;, A’,
and A" the entries of A" corresponding to the sampling zeros
and apply iterative proportional fitting to the new A’. Because
the new A" satisfies the zero and marginal constraints for raking
the new A’ with respect to the new marginals, iterative pro-
portional fitting must converge (Darroch and Ratcliff 1972).
By adding back all subtracted entries to this solution, a raking
solution A with respect to the original A’ and marginals is
obtained. Our method minimizes the overall change to the orig-
inal (sampling) zeros of A’ (actually, we can do so for any
linear representation of distortion); another approach is to
“smooth” A’ by a Bayesian technique (Bishop et al. 1975,
chap. 12).

4. CONTROLLED SELECTION

Consider a population partitioned by two criteria of classi-
fication, m rows and n columns, resulting in a two-way table
of mn classification cells. A sample of size r is to be selected,
with s; denoting the expected number of sample units in the
ijth cell. Let S denote a tabular array with internal elements
(5;)mxn»- We wish to limit the deviation from s; of the number
of sample units in the ijth cell to less than one and similarly
limit the deviation for the row and column totals, while strictly
maintaining the requirements of probability sampling. This will
be done by construction of a finite sequence of arrays N, =
(nj), Ny = (ng), . . ., N, = (ny) and associated probabilities
Pi» - - -, P;, satisfying the following:

N, is a zero-restricted controlled rounding of S for

all k, 4.1)
!
> =1, 4.2)
k=1
]
E(nijkli,j) = Z Rijx Pk = Sy
k=1
l=si=m+1,1=j=n+1. 4.3)

For notational simplicity, throughout this section [including
(4.3) above] the ith row total, the jth column total, and the
grand total of a tabular array A will be denoted respectively by
Qi 1)> Amery> aNd i1y @S alternatives to a;, a;, and
a_.
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The preceding conditions, which can be generalized to di-
mensions greater than two, are a special case of conditions to
be satisfied for the sampling technique known as controlled
selection, first described by Goodman and Kish (1950). An
example was given in that paper to illustrate the application of
controlled selection, but no general method to solve such prob-
lems was presented. Bryant et al. (1960) developed a simple
method for approaching the two-way stratification problem just
described, but it does not in general satisfy all these require-
ments exactly. Jessen (1970) considered the identical require-
ments that we have imposed but presented no general procedure
for obtaining a set of arrays that satisfies these conditions.
Groves and Hess (1975) presented a formal algorithm for ob-
taining solutions to the two-dimensional and the much more
complex three-dimensional problems. They made no claim,
however, that their algorithm will always yield a solution; and
there are indeed simple examples where it fails, even in the
two-way case. Ernst (1981) presented the first complete pro-
cedure for the two-dimensional case, but that procedure is la-
borious. In this section, we present an efficient algorithm for
controlled selection that employs the results described in Sec-
tion 2 to completely solve the two-dimensional problem, to-
gether with an illustrative example. We also show by example
that the three-dimensional problem does not always have a
solution.

41 The Algorithm

We proceed to recursively define the sequences N, . . .,
N, and p,, . . . , p;, satisfying (4.1)-(4.3). For fixed k, to
define N,, p, we begin with the tabular array A, = (a;). A,
= §; and for k = 1, A, will be defined in terms of N, p,.

N, is simply a zero-restricted controlled rounding of A,. To

define p,, first let
de = agl:l<is=m+1,1=j=n+1},

4.4)

max{ln,'jk -

and then let

pe=1-d, ifk = 1,

k—1
(1 -> p,-) (1 —-d) ifk>1. 4.5)
i=1

If d, > 0, define A, by letting

A+ = Mg T+ (@ — nijk)/dk (4.6)
for all i, j, and then proceed to define Ny, Pis1-
We now show that eventually there will be an integer 1 for

which d; = 0 and that this will terminate the algorithm; that

is, N,,...,N,and p,, . . ., p, satisfy (4.1)-(4.3).
Proof of (4.1). We note that it suffices to show that for all
i, k,
[ap] = ajusy = lag] + 1 4.7)
and
Aju+ry = ag if ay is an integer, (4.8)
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since (4.7) and (4.8) imply that a zero-restricted controlled
rounding of any of the A, is a zero-restricted controlled round-
ing of every preceding member of the sequence, including
A =S,

To establish (4.7) and (4.8), first let Q = a; — ny and
R = ny — lay]. Then 0 = R + Q/d, = 1, because by the
definitions of N, and d,, either R = O and 0 =< Q/d, =< 1 or
R = 1land — 1 = Q/d, = 0. Since a;4+,, = [ax] + R +
Q/d,, (4.7) follows. Furthermore, if a; is an integer, then Q
= R = 0, hence (4.8).

Proof That d; = 0 for Some l. For any (i, j), if a; be-
comes an integer for some k, then by (4.8) it will remain so
for all subsequent values of k. Furthermore, by (4.4) and (4.6),
for each k = 2, this happens for at least one (i, j). Consequently,
there exists a smallest integer 1 such that a; is an integer for
all (i, j) and d, = 0 by (4.4).

Proof of (4.2).

Proof of (4.3).
P, We obtain

Simply substitute k = [ and d;, = 0 in (4.5).
Solving (4.6) for n; and multiplying by

Dt = pl(1 — dk)(aijk - dka.j(k+|)),
which together with (4.5) yields

pinp = a; + (p — l)aij2r
k-1 k
Pl = (1 - 2 ps)aijk + (E Ps — l)aij(k+l);
s=1 s=1
2=<k=1[-1.
Consequently, Ef;'l Plge = a; + (Zﬁ;ll ps — Day, which

is then combined with the relations a;, = s;, n; =
(4.2) to obtain (4.3).

ay, and

42 An Example

Figure 1 presents an example. Note that the solution given
is not unique.

Remark 4.1. From the proof given in Section 4.1 that
d; = 0 for some 1, it immediately follows that an upper bound
onlis (m + 1)(n + 1), and this can be lowered to mn because
of the constraints imposed by the totals. It can also be shown
that another upper bound on 1 is the greatest common divisor
of the denominators of all of the entries in S, when each entry
is expressed in reduced form. For the example illustrated in
Figure 1, this last upper bound is 5, only one more than the
actual value of 1.

Remark 4.2. One potential use of this controlled selection
algorithm occurs in the selection of sample primary sampling
units (PSU’s; contiguous geographic areas) for a redesign of
the household surveys conducted by the U.S. Bureau of the
Census. Each row in the controlled selection problem can be
considered as representing a stratum; when the design calls for
one PSU per stratum, the row totals would be 1. The columns
would arise from a classification variable that is not part of the
original stratification. For example, the state in which a PSU
is located has been used as a classification variable in previous
redesigns. Each PSU’s position in S would then be determined

Journal of the American Statistical Association, December 1985

LetS= 4 20 0 2.4
12 0 1.0 2.2
2 0 0 2
12 4 2 1.8
10 6 2 1.8
0 4 4 .8
0 2 4 6
0O 0 2 2
40 36 24 10.0
ThenA; =S, N,=1 2 0 3
1 0 1 2
0 0O 0
110 2
110 2
0 0 1 1
0 0O 0
0 0O 0
4 4 2 10
d, = .6, pi = 4,
A,=0 2 O 2 N,=0 2 0 2
13 0 1 2% 2 0 1 3
{1 0 O 3 0 0O 0
13 0 3 13 1 0 1 2
1 3 3 1% 110 2
0 3§ 0 3 0 0O 0
0 % 3 1 010 1
0 0 1% H 00O 0
4 3% 23 10 4 4 2 10
d2=%1 p2='2:
Ay =0 20 2 N:=0 2 0 2
1 0o 1 2 1 0 1 2
5 00 5 1 00 1
15 0 0 15 1 00 1
1 0 5 1.5 1 0 1 2
0 10 1 010 1
0 0 1 1 0 0 1 1
0 0 5 5 0 0O 0
4 3 3 10 4 3 3 10
d; = .5, p; = .2
N, = A, = 0 20 2
1 0 1 2
0 0O 0
2 00 2
1 00 1
010 1
0 0 1 1
0 0 1 1
4 3 3 10
de=0, p.= .2

Figure 1. An Example.

by its stratum and state. Since the PSU’s are selected with
probability proportional to size, as determined by population
data from the most recent census, the entry in each internal cell
of S would be the sum of the probabilities of the PSU’s in that
cell. The column totals would be the expected number of PSU’s
to be selected from each state. Controlled selection would guar-
antee that the number of sample PSU’s in each state is within
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one of the expected number. The selected N, would be a
{0, 1} array with a single 1 in each row, which would indicate
the state in which the sample PSU would be located in that
stratum. In any stratum in which there is more than one PSU
from the selected state, a single PSU would be selected from
among them with probability proportional to size.

4.3 Three-Way Stratification

The following example illustrates that the three-way strati-
fication problem does not always have a solution.

Consider a population subject to a2 X 2 X 2 stratification
from which a sample of size 2 is to be drawn. The expected
number of sample units in the ijkth stratum cell, s, is as
follows:

Sip = S = Si;p = S = .5,

Siz1 = Sou = Sz = S = 0.

We demonstrate that there is no solution by proving that there
exists no 2 X 2 X 2 integer-valued matrix N = (n;;) such
that

Inje — sl <1 fori=1,2,j=1,2,k=1,2, (49
|n.. — s:..] <1 fori =1,2, (4.10)
In, —s;] <1 forj=1,2, 4.11)
g — sl <1 fork =1,2, (4.12)

n. =2 (4.13)

To show this we note that there are six possible N’s that will
satisfy (4.9) and (4.13). The nonzero elements of N for each

of these possibilities are as follows: ny, = ny = 1, 0y =
np =1, =y = 1,0 = nip = I, nyp = nyp =
1, and ny, = ny, = 1. The first possibility fails, since n..,
= 2 and 5., = 1 and hence (4.12) is not satisfied. Similarly,

the others fail to satisfy (4.10), (4.11), (4.11), (4.10), and
(4.12), respectively.

5. OPTIMAL METHOD FOR MAXIMIZING THE
OVERLAP BETWEEN SURVEYS

Consider a periodic survey with a multistage stratified design,
where the PSU’s are contiguous geographic areas. Typically,
to increase the precision of the estimates, PSU’s with similar
characteristics are grouped together in the same stratum and
the sample PSU’s are selected proportional to some measure
of size associated with each PSU, such as the population in the
most recent census. At some point a redesign is undertaken in
which the PSU’s remain the same but the strata and selection
probabilities change because more current data have become
available, such as data from a new census, that would lead to
improved stratification and measures of size. The new sample
PSU’s may of course be selected independently of the initial
PSU’s. However, additional costs are generally incurred with
each change of sample PSU. Consequently, it may be consid-
ered desirable to maximize the expected number of old PSU’s
retained in the new design, while strictly maintaining the re-
quirements of probability sampling.

Keyfitz (1951) presented an optimum procedure for one PSU
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per stratum designs in the special case in which the initial and
new strata are identical, with only the selection probabilities
changing. For the more general one PSU per stratum problem
for which the strata definitions can change in the redesign,
Perkins (1970) and Kish and Scott (1971) presented procedures
that are not optimal. Fellegi (1966) considered a particular type
of two PSU’s per stratum problem, but his procedure is also
not optimal.

In this section a relatively simple optimal procedure is ob-
tained by formulating the problem as a transportation problem.
This procedure is very general, with no restrictions on changes
in strata definitions or number of PSU’s per stratum. Raj (1968)
previously employed the transportation problem approach, but
only with the restrictive assumptions considered by Keyfitz.

51 The Procedure

Each stratum S in the new design represents a separate prob-
lem. Corresponding to each possible set of initial sample PSU’s
is a subset of S consisting of all PSU’s in S that were in the
initial sample. LetI,, . . . , I, denote all possible such subsets
of S, and let p; (1 = i = m) be the probability that I; is the
set of initial sample PSU’s in S. For example, if the initial
design was k PSU’s per stratum, then a subset I of S would
be among the I,’s iff no more than k PSU’s from each initial
stratum are in I and at least k PSU’s in each initial stratum are
not in S ~ 1. Similarly, let S, . . . S, denote all possibilities
for the subset of S consisting of all the new sample PSU’s in
S, and let 7; (1 < j < n) be the probability that S; is the set
of new PSU’s in S. For example, if the new design is k PSU’s
per stratum without replacement, then S,, . . . , S, would be
all subsets of S with exactly k elements. For 1 = i = m and
1 = j = n, let x;; denote the joint probability that I; is the set
of initial sample PSU’s in S and §; is the set of new PSU’s in
S, and let ¢; be the number of PSU’s in /; N S;. The p;’s, m,’s,
and ¢;’s are known values, whereas the Xx;’s are variables for
which optimal values are to be determined.

The goal of the procedure is to obtain probabilities for the
new outcomes, conditional on the initial outcome, that maxi-
mize the expected number of initial sample PSU’s retained in
the new sample, while preserving the unconditional probabil-
ities m,, . . . , m,. We are further constrained by the given
p.’s. Of course, for this to be done legitimately, the full set of
conditional probabilities corresponding to all pairs of initial and
new outcomes must first be determined without regard to the
actual initial outcome, and then from this full set, the subset
corresponding to the actual initial outcome will be used. To
obtain our goal we first solve the following transportation prob-
lem: Determine x; = 0 that maximize

S.D
i=1j=1
subject to
zxijzp” l=i=m, 5.2)
j=1
2xij=nj’ ISJSH (53)
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Table 1. Sets of Initial Sample PSU’s and Corresponding p,'s

m
1 2 3 4 5 6 7 8 9 10 11 12
Sample
psus {1} {2} {8 {4 & {1,4 {1,5 {24 {25 {34 {35 0
pi 15 .018 .012 24 .04 .30 .05 .036 .006 .024 .004 .12

Note that in this transportation problem, the (objective) function
(5.1) is the expected number of PSU’s in S that are in both the
initial and new samples, and note that constraints (5.2) and
(5.3) are required by the definitions of the p;’s, m,’s, and x;/s.

Then once the optimal x;’s have been obtained, the condi-
tional new selection probabilities given that I is the set of initial
sample PSU’s in S are x;/p;, 1 = j = n.

5.2 An Example

In this example the initial and new designs are both one PSU
per stratum. S consists of five PSU’s with new selection prob-
abilities .40, .15, .05, .30, and .10. Then n = 5 and the given
probabilities are the values of m,, . . . , 75, respectively.

We are further given that the initial selection probabilities
for these five PSU’s were .50, .06, .04, .60, and .10; that the
first three PSU’s were in one initial stratum and the other two
in a second initial stratum; and that the sampling was done
independently in each initial stratum. Then m = 12 with the
possible sets of initial sample PSU’s and corresponding p;’s
given in Table 1. Furthermore, the ¢;’s are then as given in
Table 2.

On maximizing (5.1) subject to (5.2) and (5.3) with the given
p/’s, m;’s, and ¢;’s, an optimal set of X;’s, given in Table 3,
is found. The conditional probabilities of selection given that
I; is the set of initial sample PSU’s in S can be obtained by
dividing the ith row of Table 3 by p,. The corresponding max-
imum value of the objective function is .880, compared to an
overlap probability of .402 if the new sample is selected in-
dependently of the initial sample.

Remark 5.1. If it is desired to minimize the expected num-
ber of retained sample PSU’s instead of maximizing this quan-
tity, simply minimize (5.1) subject to (5.2) and (5.3).

Remark 5.2. Although modern computers are capable of
solving rather large transportation problems rapidly, the values

Table 2. Values of ¢;

of both m and n can be very large if S is of moderate size and
more than, say, two PSU’s are selected per stratum. Further-
more, m can also be very large in two PSU’s per stratum design
if S contains PSU’s from several initial strata. Therefore, in
any potential application of the procedure, it is first necessary
to compute the size of the resulting transportation problems to
determine whether this procedure is practical. When the amount
of computation required for the optimal procedure is too large
for certain strata, a combined procedure that employs a com-
putationally simpler overlap procedure for those strata can be
used instead, and the optimal procedure can be employed for
the other strata.

Remark 5.3. The procedure that has been described in this
section requires that the joint selection probability in the initial
sample be known for any set of PSU’s that are in the same
stratum in the new design; that is, the p,’s must be known. If
the initial sample, however, was not chosen independently from
stratum to stratum, this information may not be available. In
Ernst (1985) an alternative overlap procedure was presented
that only requires knowledge of the joint selection probabilities
in the initial sample for sets of PSU’s that are in the same initial
and new strata, which, in certain circumstances, is optimal
among all procedures that require only this amount of infor-
mation. This alternative procedure formulates the overlap prob-
lem as a linear programming problem, but not a transportation
problem.

The household surveys conducted by the U.S. Bureau of
the Census were recently redesigned. An overlap procedure
was used in the selection of sample PSU’s for two of these
surveys. In both cases the initial sample PSU’s had not been
chosen independently from stratum to stratum and the p,’s were
not known. Consequently, the procedure of Ernst (1985) was
used instead of the procedure described in this section. The
reasons for this lack of independence were that both controlled

Table 3. Values of x; That Maximize (5.1)

~.

i

i 1 2 3 4 5 i 1 2 3 4 5
1 1 0 0 0 0 1 .150 .000 .000 .000 .000
2 0 1 0 0 0 2 .000 018 .000 .000 .000
3 0 0 1 0 0 3 .000 .000 012 .000 .000
4 0 0 0 1 0 4 .000 .000 .000 .240 .000
5 0 0 0 0 1 5 .000 .000 .000 .000 .040
6 1 0 0 1 0 6 .240 .000 .000 .060 .000
7 1 0 0 0 1 7 .000 .000 .000 .000 .050
8 0 1 0 1 0 8 .000 .036 .000 .000 .000
9 0 1 0 0 1 9 .000 .000 .000 .000 .006
10 0 0 1 1 0 10 .000 .000 .024 .000 .000
11 0 0 1 0 1 11 .000 .000 .000 .000 .004
12 0 0 0 0 0 12 .010 .096 014 .000 .000
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selection and overlap procedures had been used in previous
redesigns of these surveys, and these procedures can be shown
to destroy such independence. In redesigning a survey, how-
ever, in which neither controlled selection nor an overlap pro-
cedure had been used previously, the overlap procedure de-
scribed here may be usable.

[Received May 1983. Revised April 1985.]
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