Linear programming bounds for spherical codes and designs

Peter Boyvalenkov Danyo Danev Institute of Mathematics and Informatics Department of Electrical Engineering Bulgarian Academy of Sciences Linköping University 8 G.Bonchev street, 1113 Sofia, Bulgaria S-581 83 Linköping, Sweden e-mail: peter@moi.math.bas.bg e-mail: danyo@isy.liu.se

ABSTRACT (Outline of the talk) The linear programming techniques for estimating the size of codes and designs on the n-dimensional Euclidean sphere S^{n−1} were introduced after 1975. The result was quite impressive: the new bounds appeared to be, in a sense, universal, and easy for calculation.

The background for the linear programming approach was developed by Delsarte, Goethals and Seidel [11] and Kabatiansky and Levenshtein [12]. They proved that real polynomials which possess certain properties (to be explained in the talk) can be used for obtaining upper bounds on the size of spherical codes (for fixed dimension and minimum distance) and lower bounds on spherical designs (for fixed dimension and strength). Moreover, suitable polynomials were proposed and universal bounds have been obtained.

In section 2 we discuss the logic of the linear programming bounds and the logic of the universal bounds, i.e. the Levenshtein bound for codes [13, 14] and the Delsarte-Goethals-Seidel bound for designs [11]. Althought extremal in some sense and the best possible in (infinitely) many cases, these bounds appear not to give the full strength of the linear programming [16, 4, 6, 10]. We show how the distance distributions of codes and designs attaining the universal bounds can be computed. This can be used for proving nonexistence results [2, 3, 5, 7, 8].

In section 3 we describe necessary and sufficient conditions for existence of better than the universal bounds. Such conditions are investigated and it can be shown that they are satisfied in (infinitely) many cases. However, the properties of these functions are not completely studied and we give some conjectures about their behaviour. When improvements are possible, we describe a method for calculating corresponding new bounds. A computer program for such computations will be presented.

Section 4 is devoted to a search of analytic form of the new bounds (in this way they would become universal in the same sense that the Levenshtein bound and the Delsarte-Goethals-Seidel bound are universal). This problem is solved for designs [15] and we explain our agruments toward analogous solutions for codes.

In section 5 we go beyond the pure linear programming. Indeed, the linear programming techniques can be combined with other (geometric, for example) ideas for investigations on the structure of putative good codes and designs. Again the problem for designs is easier and we describe improvements (either asymptotic and in concrete cases, such as the first open ones) of the Delsarte-Gothals-Seidel bound [9]. In other application, linear programming techniques are used to estimate other parameters of codes such as their distance distribution. This resulted [1] in obtaining new bound on the exponent of error probability of decoding for the best possible codes in the Gaussian channel.

References

[1] A.Ashikhmin, A.Barg, S.Litsyn, A new upper bound on the reliability function of the Gaussian channel, preprint.

[2] E.Bannai, R.M.Damerell, Tight spherical designs I, J. Math. Soc. Japan 31, 1979, 199-207.

[3] E.Bannai, R.M.Damerell, Tight spherical designs II, J. London Math. Soc. 21, 1980, 13-30.

[4] P.G.Boyvalenkov, Extremal polynomials for obtaining bounds for spherical codes and designs, Discr. Comp. Geom. 14, 167-183 (1995).

[5] P.G.Boyvalenkov, Computing distance distribution of spherical designs, Linear Algebra and Its Applications 226/228, 1995, 277-286.

[6] P.G.Boyvalenkov, D.P.Danev, S.P.Bumova, Upper bounds on the minimum distance of spherical codes, IEEE Trans. Inform. Theory 42, 1996, 1576-1581.

[7] P.G.Boyvalenkov, D.Danev, I.N.Landgev, On maximal spherical codes I, Proc. Eleventh Intern.

Symp. AAECC, Paris 1995; Springer–Verlag Lecture Notes in Computer Science 948, 158-168.

[8] P.G.Boyvalenkov, D.Danev, I.N.Landgev, On maximal spherical codes II, J. Comb. Designs, to appear.

[9] P.G.Boyvalenkov, D.Danev, S.Nikova, Nonexistence of certain spherical designs of odd strengths and cardinalities, Discr. Comp. Geom. 21, 1999, 143-156.

[10] P.Boyvalenkov, S.Nikova, Improvements of the lower bounds on the size of some spherical designs, Math. Balkanica 12, 1998, 151-160.

[11] P.Delsarte, J.-M.Goethals, J.J.Seidel, Spherical codes and designs, Geom. Dedicata 6, 1977, 363-388.

[12] G.A.Kabatiansky, V.I.Levenshtein, Bounds for packings on a sphere and in space, Probl. Inform.

Transm. 14, 1978, 1-17.

[13] V.I.Levenshtein, On choosing polynomials to obtain bounds in packing problems, Proc. Seventh All-Union Conf. on Coding Theory and Inform. Transm., Part II, Moscow, Vilnius, 1978, 103- 108 (in Russian).

[14] V.I.Levenshtein, Universal bounds for codes and designs, Chapter 6 in Handbook of Coding Theory, Eds. V.Pless and W.C.Huffman, Elsevier Science B.V., 1998.

[15] V.Nikov, S.Nikova, Extremal polynomials of degree τ + 2 and τ + 3 which improve the Delsarte bound for τ-designs, Proc. Intern. Workshop on Coding and Cryptography, Paris 1999, 361-365.

[16] A.M.Odlyzko, N.J.A.Sloane, New bounds on the number of unit spheres that can touch a unit sphere in n dimensions, J. Comb. Theory A26, 1979, 210-214.