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Summary. An approximation is derived for the expected time to extinction in a stochastic model for
recurrent epidemics. Numerical illustrations indicate that the approximation is crude but that it has
the correct order of magnitude. The quasi-stationary distribution plays an important role in the
derivation. Approximations for the critical community size and for the persistence threshold are
derived. Comments are made on the classical study by Bartlett (1956±1960).
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1. Introduction

A recurrence of epidemic outbreaks is known to happen for a number of diseases that confer
immunity. Recurrence can be explained by the combined in¯uence of epidemic and demo-
graphic forces. Stochastic models that account for these two forces in a closed population
predict that the infection will eventually become extinct. The time to extinction is an important
measure of the persistence of the infection. The aim of the present paper is to study the time
to extinction for two closely related stochastic models for recurrent epidemics.

The mathematical problem of determining the time to extinction has proved to be sur-
prisingly di�cult. Classical results in this area are contained in a series of papers by Bartlett
(1956, 1957, 1960a, b, c). A description of Bartlett's contributions is given by Bailey (1975).
One of our ®ndings is that Bartlett's approximation for the expected time to extinction gives a
serious underestimate in an important region of the parameter space.

The two models that we analyse can somewhat imprecisely be described as endemic
SIR models. Here, the letters S, I and R refer to the successive states of the individuals: S
for susceptible, I for infected and R for recovered and immune. The impreciseness in this
description is related to the fact that the endemicity is limited in time with the duration
measured by the time to extinction.

Both of the models that we deal with have been used previously in both deterministic and
stochastic versions for studying recurrent epidemics. The two models treat the epidemic
events of infection and recovery in identical ways, but they di�er in their treatment of demo-
graphic forces. Both allow for an in¯ow of susceptible individuals at a constant immigration
rate, but only one of the models, treated in Section 2, allows the individuals to die, whereas
the model of Section 3 allows all individuals to live for ever. The model of Section 3 is
therefore less realistic. Heuristically one can, however, argue that this di�erence between the
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hypotheses of the two models should have small consequences in the interesting case where
the rate of recovery from infection is much larger than the death-rate. The model in Section 2
has the additional desirable feature that its deterministic version has a threshold, whereas the
model in Section 3 does not. Our main reason for analysing the model of Section 3 is that this
model was used in Bartlett's work, and in the work of several later researchers.

The stochastic versions of both models are bivariate birth±death processes with absorbing
states. The concept of quasi-stationarity is of importance for such models. This concept was
introduced for continuous time Markov chains by Darroch and Seneta (1967). Quasi-
stationarity in this sense in the epidemic context was ®rst used by Kryscio and LefeÁ vre (1989).
They were concerned with a stochastic logistic model that also can be interpreted as an SIS
model. The SIS model is used for infections that give no immunity; in this model an individ-
ual who recovers from an infection is assumed to be susceptible to reinfection. The same
model has been analysed further by NaÊ sell (1996). He extended the results of Kryscio and
LefeÁ vre (1989) by the systematic use of asymptotic approximations. Such approximations are
conceptually useful in a search for qualitative features in stochastic models.

Our results support the claim by Bartlett (1956) that recurrence and extinction can be under-
stood through the study of a fully stochastic model. The same claim is further emphasized by
Dietz (1995).

2. The Martini model

In the Martini model, all individuals are subject to an immigration±death process, with the
death-rate independent of the state of infection. Furthermore, all newly immigrated indi-
viduals are assumed to be susceptible. The infection of susceptible individuals and recovery of
infected individuals are treated in the same way as in the classical SIR model.

The deterministic version of this model has previously been studied by Martini (1921),
Lotka (1923, 1956), Hethcote (1974, 1976) and Anderson and May (1991). The correspond-
ing deterministic model for a host vector situation has been studied by Dietz (1975). A slight
extension of the model is denoted an endemic SEIR model. Here, the letter E refers to
exposed individuals. In this model, each individual spends some time in the exposed state
after receiving infection but before becoming infected. A deterministic SEIR model has been
studied by Olsen and Scha�er (1990) and Sugihara and May (1990). The stochastic version of
this model, also incorporating age structure, has been studied by simulation by Schenzle
(1984) and Keeling and Grenfell (1997). The stochastic version of the model has been studied
mathematically by van Herwaarden and Grasman (1995).

2.1. Model formulation
We use two state variables, namely the number of susceptible individuals S�t� and the number
of infected individuals I�t� at time t. They take values in the state space f�m, n�: m � 0, 1,
2, . . ., n � 0, 1, 2, . . . g. The joint distribution at time t is denoted

pmn�t� � PfS�t� � m, I�t� � ng:
We use this notation even when m and/or n are negative, with the convention that pmn�t� is
then equal to 0.

The model accounts for four basic events, i.e. infection of a susceptible individual, recovery
of an infected individual, immigration of a susceptible individual and death of an individual
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(who can be susceptible or infected). Four parameters are used at the outset, namely the total
population size N, the death-rate per individual �, the contact rate � and the recovery rate per
infected individual 
. All four parameters are assumed to be strictly positive. The hypotheses
for the model are set out by specifying the transition rates as shown in Table 1.

All the states �m, 0) communicate with each other, but not with any state �m, n� with n5 1.
The states �m, 0) are absorbing and the states �m, n�, n5 1, are transient. The quasi-stationary
distribution is supported on the set of transient states, and the (trivial) stationary distribution
on the set of absorbing states.

The Kolmogorov forward equations for the model can be written as

p 0mn�t� � �1�mÿ 1, n� pmÿ1,n�t� � �1�m� 1, n� pm�1,n�t� � �2�m� 1, nÿ 1� pm�1,nÿ1�t�
� �2�m, n� 1� pm,n�1�t� ÿ ��m, n� pmn�t�, �2:1�

where

��m, n� � �1�m, n� � �1�m, n� � �2�m, n� � �2�m, n�:

2.2. The deterministic model and reparameterization
We consider the deterministic approximation of the stochastic model. This is useful both for
the reparameterization that it suggests and for its clear exhibition of the bifurcation phenom-
enon that corresponds to a threshold for the deterministic model.

The deterministic model can be expressed by the following pair of di�erential equations:

S0 � �Nÿ �

N
SIÿ �S,

I 0 � �

N
SIÿ �
 � ��I:

We reparameterize the model by introducing R0 to denote the basic reproduction ratio,
de®ned as the ratio of the contact rate � to the sum of the recovery rate 
 and the death-rate
�. Furthermore, we let � denote the ratio of the sum of the recovery rate 
 and the death-rate
� to the death-rate �. This means that � is the ratio of the average life length to the average
duration of infection. In our numerical illustrations we shall use two values of �, namely
� � 500 and � � 2500. These values are typical for polio and measles respectively, with an
average life length of 50 years and an average duration of infection of 1 month and 1 week
respectively. The derived parameters are

R0 � �=�
 � ��,
� � �
 � ��=�: �2:2�
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Table 1. Hypothesized transition rates for the stochastic version of the Martini model

Event Transition Transition rate

Immigration of susceptible individual �m, n� ! �m� 1, n� �1�m, n� � �N
Death of susceptible individual �m, n� ! �mÿ 1, n� �1�m, n� � �m
Infection of susceptible individual �m, n� ! �mÿ 1, n� 1� �2�m, n� � �mn=N
Death or recovery of infected individual �m, n� ! �m, nÿ 1� �2�m, n� � ��� 
 �n



The system of di�erential equations above has critical points at �N, 0) and at �N=R0,
N �R0 ÿ 1�=�R0�. The ®rst of these critical points corresponds to the absence of infection, and
the second corresponds to an endemic infection level provided thatR0 > 1. Stability analysis can
be used to show that bifurcation occurs for R0 � 1. We express this by saying that the deter-
ministic model has a threshold at R0 � 1. This threshold result is perhaps the most important
result to emerge from the deterministic analysis. We shall see below that the threshold values
of R0 based on the stochastic model are substantially larger than 1 for realistic values of the
parameters N and �. This means that the deterministic threshold is a poor approximation to
the stochastic threshold.

2.3. The quasi-stationary distribution
We derive ®rst a di�erential equation that will be used both later in this subsection and in the
discussion of time to extinction in the next subsection. Put n � 0 in the Kolmogorov forward
equations (2.1) and insert the explicit expressions for the transition rates given above. Also,
use the reparameterization given by equations (2.2). Furthermore, introduce

p.n�t� �
P1
m�0

pmn�t� � PfI�t� � ng

to denote the marginal distribution of the number of infected individuals at time t. By
summing the forward equations for n � 0 over all m-values we obtain

p0.0�t� � �� p.1�t�: �2:3�
Next we derive a system of equations for the quasi-stationary distribution. The state

probabilities conditioned on not being absorbed are denoted qmn�t� and given by

qmn�t� � PfS�t� � m, I �t� � njI�t� 6� 0g

� pmn�t�
1ÿ p.0�t�

, m � 0, 1, . . ., n � 1, 2, . . . : �2:4�

We introduce q.n�t� � �1m�0 qmn�t� to denote the marginal distribution for the number of
infected individuals at time t, conditioned on not having reached any state in the absorbing
set. By di�erentiating the expression for qmn�t� in equation (2.4) and applying equation (2.3)
we obtain

q0mn�t� �
p0mn�t�

1ÿ p.0�t�
� �� q.1�t�

pmn�t�
1ÿ p.0�t�

: �2:5�

By applying the forward equations for pmn�t� in equation (2.1) we obtain the following
system of di�erential equations for the conditional state probabilities qmn�t�:

q 0mn�t� � �1�mÿ 1, n� qmÿ1,n�t� � �1�m� 1, n� qm�1,n�t� � �2�m� 1, nÿ 1� qm�1,nÿ1�t�
� �2�m, n� 1� qm,n�1�t� ÿ ��m, n� qmn�t� � �� q.1�t� qmn�t�,

m � 0, 1, . . ., n � 1, 2, . . . : �2:6�
The quasi-stationary distribution fqmn g is the stationary solution of this system of equations.

We proceed to derive a recursion relationship for the marginal distribution q.n of the
number of infected individuals in quasi-stationarity. Accordingly, we put q0mn�t� � 0 in
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equation (2.6) and insert the explicit expressions for the transition rates, using the reparam-
eterization (2.2). We then add the resulting equations over all m-values and introduce

eS�n� �
P1
m�1

mqmn=q.n

to denote the conditional expectation of S, given I � n, in quasi-stationarity. By furthermore
putting

f�n� � nq.n ÿ �R0=N ��nÿ 1�q.nÿ1 eS �nÿ 1�, n � 1, 2, . . .,

we ®nd that

f�n� 1� � f�n� ÿ q.1q.n, n � 1, 2, . . . :

We can easily solve this recursion relationship since f �1� � q.1. The result is

f�n� 1� �
�
1ÿPn

k�1
q.k

�
q.1, n � 0, 1, . . . :

It follows that the marginal distribution fq.n g of infected individuals in quasi-stationarity
satis®es the recursion relationship

q.n�1 �
R0

N

n

n� 1
eS �n� q.n �

1ÿPn
k�1

q.k

n� 1
q.1, n � 1, 2, . . . : �2:7�

This relationship cannot be used to solve for the marginal distribution in quasi-stationarity,
since the conditional expectation eS �n� is unknown. We include it here as a possibly useful
basis for future work.

2.4. The distribution of the time to extinction
The time to extinction is an important random variable that is of great interest because of its
epidemiological interpretation. It was used to de®ne thresholds for stochastic endemic models
by NaÊ sell (1995).

Two initial distributions are especially interesting. One is the quasi-stationary distribu-
tion and the other corresponds to one infected individual. The thresholds for both of these
cases occur at those values of the basic reproduction ratio R0 for which the expected time to
extinction equals some ®xed value. The corresponding function of N gives the persistence
threshold when the initial distribution equals the quasi-stationary distribution, and the
invasion threshold when initially we have one infected individual. In the following we shall be
concerned with the persistence threshold only.

The distribution of the time to extinction � can be determined if we can solve the Kolmogorov
forward equations (2.1) for pmn�t�. The reason is that the event that � exceeds t is equal to the
event that the number of infected individuals at time t is positive. By considering the com-
plementary events we obtain

Pf� 4 tg � PfI�t� � 0g � p.0�t�:
Thus the cumulative distribution function of the time to extinction at time t equals the
marginal probability that the number of infected individuals at time t equals 0.

The distribution of the time to extinction is especially simple when the initial distribution is
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equal to the quasi-stationary distribution. To be explicit, let us denote the time to extinction
from quasi-stationarity by �Q. We show that �Q has an exponential distribution and that its
expected value is equal to

E ��Q � � 1=�� q.1: �2:8�
To derive this result, we put q0mn�t� � 0 in equation (2.5). Thus we are led to the initial value

problems

p 0mn � ÿ�� q.1pmn, pmn�0� � qmn, m � 0, 1, . . ., n � 1, 2, . . .,

with solutions

pmn�t� � qmn exp�ÿ�� q.1t�, m � 0, 1, . . ., n � 1, 2 . . . .

By adding these expressions for pmn�t� over all m we obtain

p.n�t� � q.n exp�ÿ�� q.1t�, n � 1, 2, . . . :

The di�erential equation for p.0�t� in equation (2.3) can now be solved since the right-hand
side of this equation is known from above. Recalling that we have the initial value p.0�0� � 0
we obtain p.0�t� � 1ÿ exp�ÿ�� q.1t�. This establishes the claim that �Q has an exponential
distribution with expected value given by equation (2.8).

2.5. Diffusion approximation
In this subsection we derive a di�usion approximation for the process formulated in Section
2.1 with R0 > 1. The di�usion approximation has continuous state space, in contrast with the
discrete state space of the original process. The main result is that the quasi-stationary
distribution is approximated by a bivariate normal distribution if N is su�ciently large. The
method is based on work by Kurtz (1971) and Barbour (1972, 1976). A text-book treatment is
given by Gardiner (1985).

We rescale the state space by putting x1 � S=N and x2 � I=N and consider the bivariate
process x�t� � �x1�t�, x2�t��. The critical point of the rescaled deterministic model that
corresponds to an endemic infection level for R0 > 1 is denoted x̂ � �x̂1, x̂2� � �1=R0,
�R0 ÿ 1�=�R0�.

The changes in the scaled state variables x1 and x2 during the time interval from t to t��t
are denoted �x1 and �x2: �xi � xi�t��t� ÿ xi �t�, i � 1, 2. From the hypotheses for the
original process we determine the mean and the covariance of the vector with components
�x1 and �x2. We begin with the mean:

E
�x1

�x2

� �
� � 1ÿ �R0x1x2 ÿ x1

�R0x1x2 ÿ �x2

� �
�t� o��t� � b�x��t� o��t�:

The Jacobian matrix of the vector b�x� with respect to x is denoted B�x�:

B�x� � @b�x�
@x
� � ÿ�R0x2 ÿ 1 ÿ�R0x1

�R0x2 �R0x1 ÿ �
� �

:

We approximate the matrix B�x� by evaluating it at the deterministic critical point x̂ � �1=R0,
�R0 ÿ 1�=�R0�:
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B�x̂� � � ÿR0 ÿ�
R0 ÿ 1 0

� �
:

Next we determine the covariance matrix of the vector of changes in the state variables
during the time interval �t, t��t�:

cov
�x1

�x2

� �
� �

N

1� �R0x1x2 � x1 ÿ�R0x1x2

ÿ�R0x1x2 �R0x1x2 � �x2

� �
�t� o��t�

� S�x�
N

�t� o��t�:

The matrix S�x� is approximated by evaluating it at the critical point x̂ corresponding to the
endemic infection level:

S�x̂� � �

R0

2R0 ÿ�R0 ÿ 1�
ÿ�R0 ÿ 1� 2�R0 ÿ 1�

� �
:

The process N 1=2 fx�t� ÿ x̂g is approximated for large N by a bivariate Ornstein±Uhlenbeck
process with local drift matrix B�x̂� and local covariance matrix S�x̂�. Its stationary distri-
bution approximates the quasi-stationary distribution. It is approximately bivariate normal
with mean 0 and covariance matrix �, where the matrix � is determined from the matrices
B�x̂� and S�x̂� through the relationship

B�x̂����B T�x̂� � ÿS�x̂�,
where the superscript T is used to denote transpose. By solving this equation with the above
expressions for B�x̂� and S�x̂� we obtain

� � 1

R2
0

�� R0 ÿR0

ÿR0 R0 ÿ 1� R2
0=�

� �
:

2.6. Approximation for the quasi-stationary distribution
We conclude from the above result that the marginal distributions of the number of suscep-
tible and infected individuals in quasi-stationarity are approximately normal with means �S

and �I respectively and standard deviations �S and �I respectively, where

�S �
N

R0

,

�S �
p
N

R0

p��� R0�,
�2:9�

�I � N
R0 ÿ 1

�R0

,

�I �
p
N

R0

p�R0 ÿ 1� R2
0=��:

�2:10�

Furthermore, the covariance is approximated by

�SI � ÿ
N

R0

: �2:11�
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The model results are of particular interest when �, the ratio of the average life length to
the average length of infection, is large. The expressions for �S and �I can then be simpli®ed.
We obtain

�S � ~�S �
p
N

R0

p
�

and

�I � ~�I �
p
N

R0

p�R0 ÿ 1�,

given that

�� R2
0

R0 ÿ 1
:

The coe�cients of variation of the distributions of susceptible and infected individuals are
therefore approximated by the expressions

CV�S � � ~�S
�S

�
p
�p
N

and

CV�I � � ~�I
�I

� �p
N
p�R0 ÿ 1� ,

given that

�� R2
0

R0 ÿ 1
:

These relationships show that the coe�cient of variation of infected individuals is larger
than the coe�cient of variation of susceptible individuals under our assumed inequality
�� R2

0=�R0 ÿ 1�, since then � is much larger than R0 ÿ 1.
The approximating expression for the coe�cient of variation of I coincides with an expres-

sion given by Schenzle and Dietz (1987) if we adopt our notation for the derived parameters.
They dealt with measles and assumed an average length of infection of 1=�
 � �� � 12 days
and an average life length of 1=� � 70 years. Hence, � � 70� 365=12 � 2129. Furthermore,
they put R0 � 15. With a population size as large as N � 106 they found from this formula
that the coe�cient of variation of I is equal to 0.57. This result prompted them to the
insightful comment that we can expect large variations in the prevalence of measles even in
very large communities.

The asymptotic analysis of the SIS model in NaÊ sell (1996) identi®es three regions in
parameter space with qualitatively di�erent behaviours of the quasi-stationary distribu-
tion. The identi®cation of the regions is based on the reparameterization � � N 1=2�R0 ÿ 1�.
Asymptotic analysis is carried out by requiring R0 � O�1� with R0 > 1 in the ®rst of the
regions, � � O�1� in the second region and R0 � O�1� with R0 < 1 in the third region, all as
N!1. The three parameter regions for the SIS model are described by saying that R0 is
distinctly above or below the deterministic threshold value 1 in the ®rst or the third region
respectively and that R0 lies in the transition region close to the deterministic threshold value
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1 in the second region. The quasi-stationary distribution is approximated by a normal
distribution in the ®rst region and by a geometric distribution in the third region, whereas the
behaviour is more complicated in the transition region.

The relationship between R0 and � allows us to judge which parameter region any given
community belongs to. The formal requirement � � O�1� can for practical purposes be
replaced by j� j < 3. (This choice of interval for � is related to the fact that a normally
distributed random variable takes values within �3 standard deviations of its mean with high
probability.) Thus, any community described by the SIS model lies in the transition region if
j� j � jN 1=2�R0 ÿ 1�j < 3. The transition region for the SIS model is narrow. For example, if
N � 10000, then the community lies in the transition region only if 0:97 < R0 < 1:03.

Our investigation will be limited to R0 > 1. This is no limitation for the goal of our study,
since the persistence threshold always occurs for R0 > 1. In this parameter range there are
two qualitatively di�erent behaviours of the quasi-stationary distribution, and two correspond-
ing parameter regions. We shall refer to the two regions as `R0 is distinctly large' and `R0 is in
the transition region' respectively. This means that we avoid the wording used for the SIS
model, where the transition region is described as being close to the deterministic threshold
value 1. The reason is that the transition region for the model studied in this section is very
wide; R0 can belong to the transition region without having its value close to 1.

The reparameterization that is necessary to describe the two parameter regions is found by
putting the inverse of our approximation for the coe�cient of variation of I, ~�I=�I, equal to �.
This gives

p
N
p�R0 ÿ 1�=� � �. We are thus led to the relationship

R0 � 1� �2=M,

whereM � N=�2. Note that the new parameterM accounts for the combined in¯uence of the
two parameters N and � on this rescaling of R0.

We show that the transition region for the model in this section is wide. As for the SIS
model, it is determined by the requirement j� j < 3, which translates intoM�R0 ÿ 1� < 9. With
� � 500 and N � 10000 we ®nd that the transition region contains the interval 1 < R0 < 226.

We recall that the di�usion approximation led to the conclusion that the marginal
distribution of the number of infected individuals I in quasi-stationarity is approximately
normal. We modify the approximating normal distribution by truncation at 0.5 to achieve
consistency with the fact that I is positive. Thus we ®nd that this distribution can be
approximated by the expression

q.n �
1

�I

'f�nÿ �I�=�I g
�f��I ÿ 0:5�=�I g

, �2:12�

where � and ' denote the normal cumulative distribution function and the normal density
function respectively.

Numerical evaluations were undertaken to illustrate the approximations that we present.
Following the ideas of Eichner et al. (1996) we used Monte Carlo simulations. The pro-
gramming of the simulations was done in Fortran, whereas some of the analysis and all of the
graphing utilized MATLAB1. Both programs were run on a personal computer. The
random number generator used for the simulations was the minimal standard generator of
Park and Miller with Bays±Durham shu�e; see Press et al. (1992).

The simulations were used to study the process starting from the quasi-stationary distri-
bution. All simulations started from the deterministic equilibrium of the model and were
allowed to run for an initial time period before data collection began. The initial time period
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was longer for smaller values of �; it was judged to be su�ciently long if the observed
distribution of time to extinction was close to an exponential distribution. The marginal
distributions of S and I in quasi-stationarity, the two conditional expectations of either as a
function of the other and the distribution of the time to extinction are examples of data that
were gathered during the simulations.

Two di�erent sets of simulations were run. In both cases we used R0 � 10 and � � 500.
These parameter values are close to a set of values used in simulation studies of the per-
sistence of polio by Eichner et al. (1996). Two di�erent population sizes were used, namely
N � 800000 and N � 50000. The corresponding values of � were 5.37 and 1.34 respectively.
In the ®rst of these cases, R0 is distinctly large, whereas in the second case it is in the transition
region.

Comparisons between the simulation results for the marginal distributions of the number
of susceptible individuals S and the number of infected individuals I in quasi-stationarity
show the following: the distributions of S agree reasonably well with the normal distributions
predicted by the di�usion approximation in both cases. The distribution of I is close to
approximation (2.12) when R0 is distinctly large, at least in the body of the distribution, but it
deviates somewhat more from this approximation when R0 is in the transition region. An
illustration of the latter case is given in Fig. 1.

2.7. Approximation for the time to extinction
We present two approximations for the expected time to extinction from quasi-stationarity,
E ��Q �. The ®rst, denoted E1 ��Q�, is based on our approximation of the quasi-stationary
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approximation (2.12) (N � 50000, R0 � 10, � � 500 and hence � � 1:34)



distribution, whereas the second, E2 ��Q�, is a further approximation to the ®rst. By inserting
the approximation to q.1 from expression (2.12) into the relationship (2.8) that expresses
E ��Q � in terms of q.1, we ®nd that

E ��Q � � E1 ��Q� �
�I
��

�f��I ÿ 0:5�=�I g
'f��I ÿ 1�=�I g

: �2:13�

A further approximation can be derived by ®rst approximating �I by ~�I and then noting
that the arguments of � and ' can be approximated by �I= ~�I � �. The result is

E ��Q � � E2 ��Q� �
�

�R0

����
' ��� : �2:14�

The two approximations are based on di�erent parameter sets. The ®rst depends on the
four parameters �, N, R0 and �, whereas the second depends on the three parameters �, M
and � (since R0 � 1� �2=M �. The parameter � plays the same role in both cases, since both
of the approximations are proportional to 1=�. This means that we can put � � 1 in the
numerical evaluations and interpret the results in terms of a new unit of time which equals the
average life length 1=�.

Fig. 2 gives a numerical comparison between the simulation results and the two approx-
imations given above. The two approximations are seen to be quite close. Fig. 2 supports our
claim that either of the two approximation formulae gives the correct order of magnitude, but
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Fig. 2. Expected time to extinction from quasi-stationarity as a function of N : simulation results compared with
approximations (2.13) and (2.14) (R0 � 10, � � 500, � � 1 and hence � ranges from 0.60 when N � 10000 to
1.90 when N � 100000)



it also shows that there is a de®nite need for improvement in the approximations, for both
small and large values of N.

The time to extinction has also been analysed recently by van Herwaarden and Grasman
(1995), who worked with the time to extinction starting from the endemic equilibrium,
whereas our results are based on the assumption that we start from the quasi-stationary
distribution. On the basis of the results in NaÊ sell (1996) we would expect that these two times
to extinction are close if R0 is distinctly large, and that they deviate somewhat when R0 is in
the transition region.

van Herwaarden and Grasman (1995) give a formula for their approximation for the
expected time to extinction from the endemic equilibrium. The formula takes the form

C �N � � Q1p
N

exp�Q0N �

when R0 is distinctly large. We note that in the same parameter region the second of our
approximations for the expected time to extinction from the quasi-stationary distribution can
be written

E2 ��Q� �
pf2��R0 ÿ 1�Ng

��R0

exp

� �R0 ÿ 1�N
2�2

�
: �2:15�

A comparison between these two expressions shows that they are not of the same order as
N!1.

The quantities Q1 and Q0 in the formula for C �N � are functions of the parameters R0, �
and �. No expression is given for Q1 in van Herwaarden and Grasman (1995). To determine
Q0 they described a numerical procedure that requires the use of a shooting method to deter-
mine a particular solution to an autonomous system of four ordinary di�erential equations.
Comparisons with simulation results show that the procedure gives good agreement for the
parameter values R0 � 2, � � 2 and � � 0:2. However, the numerical procedure appears to
break down in the interesting case where the ratio � between the life length and the length of
the infectious period is large; we found it impossible to determine the particular solution to
the system of di�erential equations in a test case with R0 � 10 and � � 500.

2.8. Approximation for the critical community size and for the persistence threshold
The expected time to extinction from quasi-stationarity, E ��Q�, is an increasing function of
the population size N. The critical community size NC can be de®ned as that value of N for
which E ��Q � takes some ®xed value. We study the situation where E ��Q � takes the ®xed value
K=�. The critical community size NC is therefore determined implicitly by the relationship

E ��Q� � K=�: �2:16�
We conclude that NC is a function of the three parameters R0, � and K. Equivalently, the
persistence threshold R0P is that value of R0 for which E ��Q � takes the ®xed value K=�. The
persistence threshold R0P is a function of N, � and K. The critical community size NC and
the persistence threshold R0P are related in the sense that when � and K are ®xed then the
functions NC�R0� and R0P�N � are the inverses of each other.

We derive two approximations for the critical community size (or, equivalently, for the
persistence threshold) by inserting our two approximations for E ��Q � in the de®ning relation-
ship (2.16). By using the approximation E ��Q � � E1 ��Q� we obtain
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�I
�

�f��I ÿ 0:5�=�I g
'f��I ÿ 1�=�I g

� K: �2:17�

Similarly, by replacing E ��Q� by the approximation E2 ��Q� we obtain

�

1� �2=M
����
' ��� � K: �2:18�

The second of these relationships de®nes implicitly an approximation to the critical value
�C of �. This approximation is denoted �C2. It is a function ofM and K. The functional values
�C2�M, K � can be determined numerically. We use the reparameterization in terms of � and
M also in the study of the ®rst of these two relationships. This relationship determines
implicitly an approximation �C1 to the critical value �C of �. This approximation depends on
three parameters, namely M, K and �, just as the critical value �C does itself. As above, the
functional values �C1�M, K, �� can be determined numerically.

The persistence threshold R0P is related to the critical value of � through the relationship

R0P�N, K, �� � 1� �
2

N
�2C

�
N

�2
, K, �

�
:

By inserting the two approximations for �C into the right-hand side of this expression
we are led to two corresponding approximations for the persistence threshold. Finally, two
corresponding approximations for the critical community size NC are found from the fact
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Fig. 3. Two approximations to the critical community size NC as a function of R0 for K � 1 and � � 500



that the function NC�R0� is the inverse of the function R0P�N � for ®xed values of K and �.
Fig. 3 gives the results of numerical evaluations of the two approximations for the critical
community size with � � 500 and K � 1. The two approximations are shown as functions
of R0 over the interval 1 < R0 < 500. They deviate appreciably only for large values of R0.

3. The Bartlett model

The model in this section di�ers from the model of the previous section only in the sense that
no deaths of individuals are assumed to occur.

A deterministic version of this model was ®rst formulated by Hamer (1906) and Soper
(1929). Bartlett (1956, 1957, 1960a, b, c) was the ®rst to realize that an understanding of both
recurrence and extinction could be provided through stochastic modelling. Further work on
the stochastic version of the model has been published by Stirzaker (1975), Ridler-Rowe
(1967), Pollett and Stewart (1994) and Stewart and Bebbington (1996).
The analysis of the model runs closely parallel to the analysis of the Martini model of the

previous section.

3.1. Model formulation
The hypotheses of the Bartlett model are set down by specifying the transition rates in Table
2. We equip the transition rates with a subscript B (for Bartlett) to distinguish them from the
transition rates of the preceding section.

3.2. The deterministic model and reparameterization
The deterministic version of the model leads to the di�erential equations

S 0 � �Nÿ �

N
SI,

I 0 � �

N
SIÿ 
 I:

We reparameterize by introducing RB and �B as follows:

RB � �=
,
�B � 
=�:

�3:1�

The system of di�erential equations has one critical point only, with co-ordinates S � N=RB

and I � N=�B. It is asymptotically stable for all positive values of the parameters. Hence the
deterministic version of the Bartlett model has no threshold. This means that there is no
parameter that can be referred to as the basic reproduction ratio. The parameter RB is a
substitute for R0. Even though the deterministic model has no threshold, we expect the
stochastic version of the model to have threshold behaviour for ®nite values of N.
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Table 2. Hypothesized transition rates for the Bartlett model

Event Transition Transition rate

Immigration of susceptible individual �m, n� ! �m� 1, n� �1B �m, n� � �N
Infection of susceptible individual �m, n� ! �mÿ 1, n� 1� �2B �m, n� � �mn=N
Recovery of infected individual �m, n� ! �m, nÿ 1� �2B �m, n� � 
n



3.3. The quasi-stationary distribution
The main result in this section is that the marginal distribution q.n of the number of infected
individuals in quasi-stationarity satis®es the recursion relationship

q.n�1 �
RB

N

n

n� 1
eS�n�q.n �

1ÿPn
k�1

q.k

n� 1
q.1, n � 1, 2, . . . : �3:2�

As mentioned in Section 1 the concept of quasi-stationarity for continuous time Markov
chains was introduced by Darroch and Seneta (1967). The concept was therefore unknown to
Bartlett at the time when he carried out his studies. Bartlett used a closely related concept,
namely the stationary distribution (let us call it rmn) of the model modi®ed with a small rate of
immigration of infected individuals. He derived an approximate recursion relationship for the
marginal distribution r.n of infected individuals in this stationary distribution. It takes the
form

r.n�1 �
RB

N

n

n� 1
eS �n�r.n , n � 1, 2, . . .,

and is clearly di�erent from the recursion relationship (3.2) for the marginal distribution q.n.

3.4. The distribution of the time to extinction
Our main result in this subsection is that the time to extinction from quasi-stationarity �Q has
an exponential distribution with expectation determined by

E ��Q � � 1=��B q.1: �3:3�
Bartlett's counterpart to the random variable `time to extinction' is `recurrence time to zero

infectives'. He derived an approximate relationship between the mean recurrence time to zero
infectives, R, and the probability r.1 . It takes the form

R � 1=��B r.1:

This relationship can be seen to be a close counterpart to our relationship (3.3).

3.5. Diffusion approximation
The main result in this section is that the covariance matrix � of the stationary distribution of
the approximating Ornstein±Uhlenbeck process is

� � 1

R2
B

�B � RB ÿRB

ÿRB RB � R2
B=�B

� �
:

This agrees with the results reported by Barbour (1976) and by Pollett and Stewart (1994).
The methods and results for the di�usion approximation to discrete state space Markov

chains were not developed at the time when Bartlett published his results. It is therefore of
considerable interest to note that one part of the study undertaken by Bartlett was directed at
a linearization of the bivariate stochastic model about the deterministic critical point. This
study allowed Bartlett to conclude that the covariance matrix of the process can be approx-
imated with exactly the same covariance matrix � that we have given above as a result of
applying the standard di�usion approximation. Bartlett did not draw the conclusion that the
bivariate quasi-stationary distribution is approximately normal.
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3.6. Approximation for the quasi-stationary distribution
We conclude that the marginal distributions of the number of susceptible and infected
individuals in quasi-stationarity are approximately normal with means �SB and �IB respec-
tively and standard deviations �SB and �IB respectively, where

�SB �
N

RB

,

�SB �
p
N

RB

p��B � RB�,

�IB �
N

�B

,

�IB �
p
N

RB

p�RB � R2
B=�B�:

Furthermore, the covariance is approximated by

�SI � ÿ
N

RB

: �3:4�

We obtain the following approximations for the standard deviations �SB and �IBwhen �B

is much larger than RB:

�SB � ~�SB �
p
N

RB

p
�B

and

�IB � ~�IB �
r�

N

RB

�
,

when

�B � RB:

The coe�cients of variation of the distributions of infected and susceptible individuals are
then approximated as

CV�S � � ~�SB
�SB

�
p
�Bp
N

and

CV�I � � ~�IB

�IB

� �Bp�RBN �
,

when

�B � RB:

These relationships show that the coe�cient of variation for infected individuals is larger
than the coe�cient of variation for susceptible individuals when the assumed inequality
�B � RB holds. As was the case for the main model, we truncate the approximation of the
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marginal distribution of infected individuals in quasi-stationarity. The resulting approxima-
tion can be expressed as

q.n �
1

�IB

'f�nÿ �IB�=�IB g
�f��IB ÿ 0:5�=�IB g

: �3:5�

We rescale the parameters of the Bartlett model by introducing �B and MB to satisfy the
relationships

RB � �2B=MB,

MB � N=�2
B:

Bartlett derived an approximation for the marginal stationary distribution r.n . The result
can be expressed in the form

r.n �
N

n�B

1

�IB
'

�
nÿ �B

�IB

�
, �3:6�

where

�B � �IB �
�B

RB

� 1:
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Fig. 4. Marginal distribution of the number of infected individuals in quasi-stationarity in Bartlett's model
determined by simulation, together with approximations (3.5) and (3.6) (N � 50000, RB � 10, �B � 500 and
hence �B � 1:41)



A simulation study of the Bartlett model shows that the marginal distribution of the number
of infected individuals in quasi-stationarity is rather well approximated by both approx-
imations (3.5) and (3.6) in the body of the distribution when RB is distinctly large. The
situation is di�erent in the transition region. A comparison of the simulation results with the
two approximations when RB lies in the transition region is shown in Fig. 4. Here, the Bartlett
approximation is seen to deviate rather strongly from the simulation result in the important
left-hand tail of the distribution.

The reason for the disagreement between the Bartlett approximation and the simulation
result lies in Bartlett's choice of approximation for the quasi-stationary distribution. Bartlett
modi®ed his process by allowing a small rate of immigration of infected individuals. Several
alternative modi®cations are available. One would be to allow for one individual in the popu-
lation to be immortal and permanently infected. Another would be to remove the possibility
of transitions from the state �m, 1) to the state �m, 0). All three of the modi®ed processes are
free from absorbing states, so they have stationary distributions. Heuristic arguments lead to
the conjecture that all three of these stationary distributions are good approximations for the
quasi-stationary distribution. This conjecture is correct when RB is distinctly large, but not in
the transition region. Here, subtle di�erences appear that can only be discovered by careful
analysis.

Numerical methods for the evaluation of joint quasi-stationary distributions are discussed
by Pollett and Stewart (1994) and by Stewart and Bebbington (1996). It is not clear whether
these methods can be used for the large values ofN and �B that are used for example in Fig. 4.

3.7. Approximation for the time to extinction
Similarly to the case for the main model in the previous section we derive two approximations
for the expected time to extinction from quasi-stationarity. They can be written as

E ��Q� � E1 ��Q� �
�IB
��B

�f��IB ÿ 0:5�=�IB g
'f��IB ÿ 1�=�IB g

, �3:7�

and

E ��Q� � E2 ��Q� �
�B
�RB

� ��B�
' ��B�

: �3:8�

Bartlett derived an approximation for the expected recurrence time to zero infectives, R.
His result can be expressed as

R � �IB
�N

1

'f��B ÿ 1�=�IB g
: �3:9�

A di�erent approximation for the time to extinction is presented in Stirzaker (1975). He
approximated the time dependence of the scaled realization of the process as a perturbation
of a periodic solution A cos�!t�  �. The time to extinction is studied from the initial
amplitude A0. For A0 � 0 this initial condition is equivalent to starting in the deterministic
equilibrium.

The expected time to extinction from the initial amplitude A0 is approximated by the
expression

M1�A0� �
1

n

�1
A0

�t
0

exp

�
ÿm�s2 ÿ t2�

2n

�
ds dt,
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where, in our notation,

m � 1

2
�RB,

n � ��B

2N
��B � RB�:

It follows that M1�A0� can be expressed in the form

M1�A0� �
2�B1
�RB

�1
A0

� ��B1t� ÿ 0:5

� ��B1t�
dt,

where

�B1 �
r�

m

n

�
� �IB

�IB
�

p�RBN �pf�B��B � RB�g
is the inverse of the coe�cient of variation of I, without introducing any approximation for
large �. It is of interest to compare this result with our approximation E2 ��Q�. We note
therefore ®rst that �1

0

� ��y� ÿ 0:5

� ��y� dy � 1

2�2 � ��� , �!1:

Thus, Stirzaker's expression for M1�0� can be approximated as follows when RB is distinctly
large:

M1�0� �
1

�RB�B1 � ��B1�
, �!1: �3:10�

Since �B1 � O�pN �, we ®nd from this result that the N-dependence of M1�0� has the same
form as the N-dependence for C �N � given by van Herwaarden and Grasman (1995) in
Section 2.7, and that this N-dependence di�ers from that of our approximation E2��Q�.

A di�erent analysis of the same model was undertaken by Ridler-Rowe (1967). It follows
from his results that the expected time to extinction, starting at the deterministic equilibrium
�N=RB, N=�B�, is given by

� �m, n� � 1

��B

log

�
N

RB

� N

�B

�
, N!1: �3:11�

This approximation deviates substantially in form from the several approximations given
above; it behaves like Of log�N �g for all positive values of RB and �B, whereas all the other
approximations above for the expected time to extinction grow exponentially with N for RB

su�ciently large. The explanation for this di�erence in behaviour is that Ridler-Rowe's
model is based on di�erent hypotheses. On p. 22 of Ridler-Rowe (1967), he uses the (implicit)
assumption that his parameter � � �=N is independent of N. This is equivalent to the un-
realistic assumption that the contact rate � is proportional to the population size N.

The ®ve approximations for the expected time to extinction that are available for the
Bartlett model are compared with simulations in three cases in Table 3. In all three cases we
use the parameter values RB � 10, �B � 500 and � � 1, whereas the population size N takes
the three values 20000, 50000 and 100000. All three cases are in the transition region, with
�-values 0.89, 1.41 and 2 respectively. The table entries may be compared with the results
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in Fig. 2 for the closely related model of Section 2. Table 3 shows that none of the ®ve
approximations is very accurate. Both of the approximations E1��Q� and E2 ��Q� overestimate
the time to extinction for N � 20000 and N � 50000 and underestimate it for N � 100000,
but they are all of the same order of magnitude as the simulation results. The remaining three
approximations give underestimates in all three cases, and several of them are low by one or
two orders of magnitude.

4. Concluding comments

Both stochastic and deterministic formulations of endemic SIR models have been studied in
the literature. It is well known that the deterministic version of any stochastic model is
actually an approximation to it. The question therefore arises whether this approximation is
acceptable. The deterministic versions of the fully stochastic endemic SIR models cannot be
used to study extinction, since this is a purely stochastic phenomenon. Furthermore, our
results show (for the Martini model) that the persistence threshold is orders of magnitude
larger than the deterministic threshold R0 � 1 for realistic parameter values. We are led to
conclude that the deterministic version of the model gives an unacceptable approximation to
the stochastic model.

A deterministic endemic SIR (or SEIR) model with a periodic contact rate shows chaotic
behaviour if the variation in the contact rate is su�ciently large. This fact forms the basis for
a number of papers that argue that chaos is important for understanding recurrent epidemics.
Examples are given by Sugihara and May (1990), Olsen and Scha�er (1990) and Ellner et al.
(1995). The chaos argument is, however, completely at odds with our result that the deter-
ministic model is an unacceptable approximation to the stochastic model.

The models of Sections 2 and 3 omit several factors that are known to be of importance.
Schenzle (1984) described a stochastic model that accounts for age-dependent exposure and
seasonality in transmission. The model was analysed by simulation. Keeling and Grenfell
(1997) extended the Schenzle model to account for waiting times that are not exponentially
distributed. It is a challenge to analyse mathematically the e�ect of any of these factors on the
model properties.

Our comparisons with simulation results show that our approximation to the expected
time to extinction from quasi-stationarity is crude. An improvement requires improved
approximation for the marginal distribution of infected individuals in quasi-stationarity.
When R0 is distinctly large, an improvement is needed in the left-hand tail of the distribution,
and when R0 lies in the transition region the improvement is needed in the body of the
distribution.
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Table 3. Expected time to extinction from quasi-stationarity for the Bartlett model determined by
simulation and compared with ®ve explicit approximations{

N Simulation E1(�Q) E2(�Q) Bartlett
approximation

Stirzaker
approximation

Ridler-Rowe
approximation

20000 0.12 0.27 0.27 0.041 0.090 0.015
50000 0.67 0.86 0.89 0.032 0.28 0.017
100000 5.7 3.4 3.6 0.054 0.87 0.018

{The approximations E1��Q� and E2 ��Q� are given in equations (3.7) and (3.8) respectively. The Bartlett
approximation is given in equation (3.9), the Stirzaker approximation in equation (3.10) and the
Ridler-Rowe approximation in equation (3.11). The parameters are RB � 10, �B � 500 and � � 1.



The analysis that we have presented is based on the concept of quasi-stationarity, the
di�usion approximation result, the result that scaling can be used to study the transition
region and the tools of modern computer software and hardware. It is noteworthy that all
four components of this basis have been developed since the time when Bartlett undertook his
study. Our brief review of Bartlett's work has shown that his approach is rather similar to
ours. We can only admire his ability to discover the structure of the problem at a time when
the basis for today's analysis was just not available. Bartlett's work on this problem remains
impressive even though his approximation for the expected time to extinction fails when RB

lies in the transition region.
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