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Module Overview

This module is meant to help the students develop their ability to interpret the information that is encoded by matrices.  Students will use probability and matrices to examine likely changes to an organism’s amino acids over units of evolutionary time.

In Lesson 1, the students are introduced to the background ideas in biology.  They learn that proteins are made of amino acids, and when mutations cause changes in the amino acids, evolution happens.  Next, they learn that there are probabilities that different amino acids will turn into other amino acids.  This section contains exercises that focus on the concepts of probability.  The idea of storing the probabilities in matrices is introduced.

In Lesson 2, the focus is on matrix operations.  There is a brief review of matrix operations.  The students learn to interpret the amino acid information that is encoded in the transition matrices.  They calculate low powers of the transition matrix, and they are asked to interpret to the meaning of these matrices in terms of the amino acids.

In Lesson 3, the focus is on higher powers of the transition matrices.  The students are asked to conjecture about the patterns they see as the power on the transition matrix increases.  As the matrices stabilize, the basic idea of a Markov chain is explained.  Students interpret these powers of transition matrices in terms of the amino acids.

This module can be done with only a few prerequisites.  Students need to know some simple probability and they need to have been introduced to matrix multiplication.

Lesson 1 Overview and Notes

Lesson 1 consists of three parts. The first introduces the students to some basic biology concepts. Understanding a little about evolution from a Molecular biologists point of view. In the second part the connection between evolution and probability is made. The students will go on to review basic probability concepts using examples of amino acid changes. The third begins with the need to find a good way to store all the probability information. Matrices are introduced as a method to store information. We conclude this section by interpreting basic information from an amino acid transformation matrix. 

 Throughout the lesson you will find example exercises that can be done on the board. It would be very useful to make an over head of the amino acid transition chart, given in the chapter, in order to point things out while doing these examples with your students. At the end of the lesson there is an extensive exercise sheet, that can be passed out as home work.

Lesson 1

The big question:
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Evolution relations are determined on the basis of similarities.

We all are familiar with the physical similarities over evolution

periods between man and ape. But if we look at ape and man today,

how similar are they ? In what ways are they similar? Some of the

questions that rise are: given two living organisms, what is the 

chance that one of them evolved from the other ? Did they both 

evolve from a common ancestor ? In the case evolution took place,

how long has this evolution taken ?

Biology background:

In all living organisms, proteins carry out  the organism’s functions.
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The building blocks of these proteins are called amino acids.

A protein is a chain of amino acids whose properties are determined

by it’s particular amino acid sequence. One change of amino acid can change 

completely change a protein’s function. There are a total of twenty 

amino acids. Mutations of DNA can result in a change of an

amino acids which will cause evolution to take place. Molecular

biologists determine the evolution of living organisms  by studying

these mutations  and changes. This module discusses the changes

of amino acids .

Modeling our question

Amino acids are commonly denoted by capital letters. 
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Suppose that over a period of one evolutionary unit (1) (e.u) 30 out of every 1000 amino acids denoted by D change into E. This is denoted as: P(D      E)=0.03. 

We can then denote the chance of a certain change taking place as the probability of its occurrence.

Examples:

1. The probability of amino acid F changing into H is 0.12 in one e.u.. Out of 1000 F how many would you expect to change into H after one e.u. ?
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2. The probability of G changing into H is 0.32 in one e.u.. Out of 1000 amino acids, which are half G and half F, how many H should be expected after one e.u.?
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Reminder: If A and B are disjoint occurrences then 
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3. Given 1000 G amino acids, can we know how many H should be expected after two evolution units?

No!

            Discussion: 

a. Some of the G will change into H after the first evolution period and some will change into H after the second. Is it possible for to change after these two steps in any other way ? For instance suppose some G change into a K after the first evolution unit and then some of those H change into J after the second evolution period. 

b. We need to know if after an amino acid changes does its probability for changing again increase or decrease?
In order to answer the question more information is needed about the probability of other changes of amino acids. 

It turns out that changing occurrences are independent of each other.

Reminder: If A and B are independent occurrences than: 
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Evolution occurs by the changes of proteins, which are strings of various amino acids.  To actually calculate the probability of  a certain change in a protein, we need to know the probability of each amino acid changing into each of the other amino acids. Which is 400 hundred probabilities ! 

Discuss: were the number 400 came from. Each amino acid can change into 19 other amino acids or not change at all, so for each amino acid we need 20 probabilities. 

The table below, gives us that exact information. The origin Amino acids are written along the side and the amino acids they change to are written across the top(2):

	 
	 
	Ala
	Arg
	Asn
	Asp
	Cys
	Gln
	Glu
	Gly
	His
	Ile
	Leu
	Lys
	Met
	Phe
	Pro
	Ser
	Thr
	Trp
	Tyr
	Val

	 
	 
	A
	R
	N
	D
	C
	Q
	E
	G
	H
	I
	L
	K
	M
	F
	P
	S
	T
	W
	Y
	V

	Ala
	A
	.9855
	.0001
	.0008
	.0008
	.0002
	.0006
	.0015
	.0010
	.0002
	.0005
	.0003
	.0001
	.0004
	.0002
	.0017
	.0025
	.0018
	.0000
	.0001
	.0017

	Arg
	R
	.0001
	.9918
	.0001
	.0000
	.0003
	.0011
	.0000
	.0001
	.0010
	.0004
	.0002
	.0019
	.0004
	.0001
	.0005
	.0008
	.0001
	.0009
	.0000
	.0002

	Asn
	N
	.0004
	.0001
	.9822
	.0037
	.0000
	.0004
	.0008
	.0006
	.0027
	.0003
	.0001
	.0023
	.0000
	.0004
	.0002
	.0040
	.0009
	.0001
	.0004
	.0004

	Asp
	D
	.0006
	.0000
	.0043
	.9861
	.0000
	.0006
	.0053
	.0006
	.0005
	.0001
	.0000
	.0002
	.0000
	.0000
	.0001
	.0006
	.0003
	.0000
	.0001
	.0006

	Cys
	C
	.0001
	.0001
	.0000
	.0000
	.9979
	.0000
	.0001
	.0000
	.0001
	.0003
	.0000
	.0001
	.0000
	.0000
	.0001
	.0006
	.0002
	.0000
	.0003
	.0001

	Gln
	Q
	.0003
	.0009
	.0004
	.0005
	.0000
	.9876
	.0027
	.0001
	.0023
	.0001
	.0003
	.0006
	.0004
	.0000
	.0006
	.0002
	.0002
	.0000
	.0000
	.0003

	Glu
	E
	.0010
	.0000
	.0007
	.0054
	.0000
	.0033
	.9863
	.0002
	.0002
	.0003
	.0001
	.0004
	.0001
	.0000
	.0003
	.0004
	.0002
	.0000
	.0001
	.0010

	Gly
	G
	.0021
	.0001
	.0012
	.0011
	.0001
	.0003
	.0007
	.9935
	.0001
	.0000
	.0001
	.0002
	.0001
	.0001
	.0003
	.0021
	.0003
	.0000
	.0000
	.0021

	His
	H
	.0001
	.0008
	.0018
	.0003
	.0001
	.0020
	.0001
	.0000
	.9912
	.0000
	.0001
	.0001
	.0000
	.0002
	.0003
	.0001
	.0001
	.0001
	.0004
	.0001

	Ile
	I
	.0002
	.0002
	.0003
	.0001
	.0002
	.0001
	.0002
	.0000
	.0000
	.9872
	.0009
	.0002
	.0012
	.0007
	.0000
	.0001
	.0007
	.0000
	.0001
	.0002

	Leu
	L
	.0003
	.0001
	.0003
	.0000
	.0000
	.0006
	.0001
	.0001
	.0004
	.0022
	.9947
	.0002
	.0045
	.0013
	.0003
	.0001
	.0003
	.0004
	.0002
	.0003

	Lys
	K
	.0002
	.0037
	.0025
	.0006
	.0000
	.0012
	.0007
	.0002
	.0002
	.0004
	.0001
	.9926
	.0020
	.0000
	.0003
	.0008
	.0011
	.0000
	.0001
	.0002

	Met
	M
	.0001
	.0001
	.0000
	.0000
	.0000
	.0002
	.0000
	.0000
	.0000
	.0005
	.0008
	.0004
	.9874
	.0001
	.0000
	.0001
	.0002
	.0000
	.0000
	.0001

	Phe
	F
	.0001
	.0001
	.0001
	.0000
	.0000
	.0000
	.0000
	.0001
	.0002
	.0008
	.0006
	.0000
	.0004
	.9946
	.0000
	.0002
	.0001
	.0003
	.0028
	.0001

	Pro
	P
	.0013
	.0005
	.0002
	.0001
	.0001
	.0008
	.0003
	.0002
	.0005
	.0001
	.0002
	.0002
	.0001
	.0001
	.9926
	.0012
	.0004
	.0000
	.0000
	.0013

	Ser
	S
	.0028
	.0011
	.0034
	.0007
	.0011
	.0004
	.0006
	.0016
	.0002
	.0002
	.0001
	.0007
	.0004
	.0003
	.0017
	.9840
	.0038
	.0005
	.0002
	.0028

	Thr
	T
	.0022
	.0002
	.0013
	.0004
	.0001
	.0003
	.0002
	.0002
	.0001
	.0011
	.0002
	.0008
	.0006
	.0001
	.0005
	.0032
	.9861
	.0000
	.0002
	.0022

	Trp
	W
	.0000
	.0002
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0001
	.0000
	.0001
	.0000
	.9976
	.0001
	.0000

	Tyr
	Y
	.0001
	.0000
	.0003
	.0000
	.0003
	.0000
	.0001
	.0000
	.0004
	.0001
	.0001
	.0000
	.0000
	.0021
	.0000
	.0001
	.0001
	.0002
	.9945
	.0001

	Val
	V
	.0013
	.0002
	.0001
	.0001
	.0003
	.0002
	.0002
	.0003
	.0003
	.0057
	.0011
	.0001
	.0017
	.0001
	.0003
	.0002
	.0010
	.0000
	.0002
	.9901


Examples: In one e.u. what is the probability that:

4. A changes into D?
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5. K changes into R?
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6. M does not change?
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7. N changes into S or T?
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8. L does change?
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In mathematics a table is just like a matrix. Notice we are using a mathematical object to store information. This is often done with matrices. The above table is called “the transition matrix  for amino acids”. Commonly denoted by M.

The elements of the m by n matrix shown below use the following notation:

Notation reminder: in matrices, each entry is denoted by 
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 is the element value,
[image: image5.wmf]i

 is row number and 
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 is the column number.
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Examples:

9. Notice that 
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 , what information does that tell us?

The probability of N changing into D. 

10. What is the probability of C changing into F?

Zero ! Might want to discuss what that means and if it’s the exact value, or maybe rounded of.

11. What is the probability of A changing into S or R?
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12. After one e.u., does R have a higher probability changing into a Q or a K ?
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13. What amino acids will C never change into ?  

      Need to find all the columns in row C that the probability equals 0: N, D, Q, G, L, 

      M, F, W.

14. What amino acid has the most chance of not changing after one evolution unit?      Explain how your answer is represented in the matrix.

The probabilities of an amino acid not changing are given along the diagonal. Students need to find the largest value along the diagonal: .9979. Approximately 99.79% of the C’s will not change over one e.u..
Notice, the sum of probabilities in each of the first three rows of the transition matrix, equals 1. Will this property hold for all the rows in the matrix? Why? 

Discussion: All rows sum up to 1. Each amino acid can only change to one new amino acid, at the end of one evolution unit, thus the sum of the probabilities can not exceed 1. On the other hand, an amino acid will either change into one of the other 19 amino acids or not change and stay the same. This will exhaust all the possibilities, thus the sum is exactly 1. If you compute all rows you will notice that most of them do not add up to exactly 1. This is due to the fact that our accuracy is four decimal points. We took the liberty of adjusting the first five rows, so that the sum is exactly 1. So that each teacher can decide if to include the accuracy issues in his class discussion.

Foot notes:

(1) One evolutionary time unit (e.u.): Is the average amount of time it takes 1% of the amino acids to change.

(2) A little bit of information about how the initial figures are computed….(coming soon)

Exercise: 

1. Referring to the transition matrix state the following probabilities:

a. A changing into Q after one e.u..
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b. K changing into L after one e.u..
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c. E changing to K or M after one e.u..
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d. V not changing after one e.u..
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e. Q changing after one e.u..
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2. Where in each row does the highest probability occur in the transition matrix? Explain what the information tells us about amino acid evolution.

The highest probability in row i is the value of ai,i. The diagonal  values are the highest. The information tells us that the largest probability for an amino acid is not to change after 1 e.u.. In fact over 98% of them will not change.

3. a. What is more likely to occur after one e.u.: A changing into I or I 

          changing into A?
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b. Find three examples of pairs of amino acids that have the following  

    property: the probability of the first changing into the second, after one 

    e.u., equals the probability of the second changing into the first after   

    one e.u..

    There are many pairs for instance: A and R,  I and H,  Wand T. Disscus 

    with the students how would it be easy to find them, around the diagnol 

    for instance.

c. How could you denote the property above, using matrix notation?
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d. Describe a matrix that holds the above property for every pair of amino     

    acids.

    A symmetric matrix. If students are not familiar with this term, it would 

    be adequate to explain it and again interpret what information this 

    property give us. 
4. Consider the following matrix: 
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 as a transition matrix in a world with only five amino acids. Describe the “evolution” that takes place in this world.

No evolution takes place. All 5 amino acid stay themselves with probability 1.

5. Assume that row X in a certain transition matrix adds up to 0.8. What can be an explanation for this?

That  2% of the X will disappear after 1 e.u.. It is important to clarify to the students that this is a hypothetical situation.

Refrences: 

http://www.bioinfo.rpi.edu/~zukerm/Bio-5495/align-html/node8.html
Lesson 2 Overview and Notes

Transition Matrices

Lesson 2 starts with a review of the basic concepts of matrix multiplication when using   1 x 2 and 2 x 2 matrices. Students will then expand upon this concept by learning how to create a transition matrix by raising that matrix to a given exponent. The use of  probability is then introduced, in matrix form, to show how  a transition matrix is used to predict if one amino acid will change into another over a given evolutionary unit of time.

A teacher’s version of the student handouts is included with solutions.

· Because of the size and complexity of the transition matrices being used it is suggested that students have access to a calculator or computer that can manipulate the given matrices.

· Discuss decimal precision and approximation and when each is appropriate.

· Reinforce the concept that row values in a transition matrix have a sum of 1.

Name:                        Solutions_______________       Warm-up

Multiply each:

1.
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Name:               Solutions__________



            Handout 1

Transition Matrices

The matrix below is called a transition matrix T. It contains the probability values that one element in the left column will become an element in the top row over one Evolutionary Unit (e.u.) of time.

	Transition Matrix

T
	D
	E
	F
	G

	D
	.99
	.002
	.003
	.005

	E
	.002
	.99
	.005
	.003

	F
	.003
	.005
	.99
	.002

	G
	.005
	.003
	.002
	.99


1. After one e.u. of time what is the probability that:

a. a D will remain a D?

.99 or 99% of the time.

b. an E will become an F?

.002 or .2% of the time.

2. Why are the values along the main diagonal so much higher compared to the rest of the Matrix T?

It is much more likely that the amino acid will stays the same than change. 
3. In Matrix T are there any amino acids that are least likely to change? If there are which ones?   A G to an F, F to a G, E to an F, F to an E, D to (visa-versa) either E, F or G. Any changes other then remaining the same.
4. Notice that the likelihood of D changing to E is the same as E changing to D, are there any other pairs where this happens? What does this tell you about the Matrix T?  T is Symmetric
5. If you started with 1000 D’s, after one e.u., how many D’s would you expect to see? I would expect to find 999 D’s

Name:               Solutions__________



            Handout 2

Transition Matrices
What if we wanted to look at 2 e.u.s of time, Then we would need to look at the probability an amino acid changed to something during the first unit of time and changed again during the second unit of time. We will call this Transition Matrix-2 (T2), and its probability values must be recalculated. 

To calculate the new probability for D we must account for all combinations that will change a D to something and back to a D again:

The new probability value for D changing to a D in 2 e.u.s is found by:

P( D ( D )2 = P ( D ( D ( D) + P(D ( E ( D) + P( D( F (D) + P(D( G (D)


       = (.99)(.99)   +   (.002)(.002)  +   (.003)(.003) +   (.005)(.005)

                 = .9801

The new probability value for D changing to an E in 2 e.u.s is found by:

P( D ( E )2 = P ( D ( D ( E) + P(D ( E ( E) + P( D( F (E) + P(D( G (E)


     = (.99)(.002)  +  (.002)(.99)  +  (.003)(.005)  +  (.005)(.003)


     = .0040

Find the new probability value for D changing to an F in 2 e.u.s is found by:

P( D ( F )2 = P ( D ( D ( F) + P(D ( E ( F) + P( D( F (F) + P(D( G (F)


     = (.99)(.003)  +  (.002)(.005)  +  (.003)(.99)  +  (.005)(.002)

     = .0060

Complete the matrix below.

	Transition Matrix

T2
	D
	E
	F
	G

	D
	.9801
	.0040
	.0060
	.0099

	E
	.0040
	.9801
	.0099
	.0060

	F
	.0060
	.0099
	.9801
	.0040

	G
	.0099
	.0060
	.0040
	.9801


“What does the value in the cell D-F of .0060 mean?

That D will change to an F  .6% of the time

Name:               Solutions__________



            Handout 3
Transition Matrices

Having just completed the previous task you will probably agree that this was a very labor intensive task. It turns out this process is really matrix multiplication. Getting from T to T2 is really T x T, or T2

Either by hand or using of a graphing calculator, find T2 and verify that your answers match your previous solutions.
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With the method shown above, how would you find transition matrices T3, T5, or T10?

Either T x T x T or T3
Students should realize to get to the next transformation matrix they can either work from their previous answer and multiply by T again or just raise T to the desired value. 

Name:               Solutions__________



            Homework

Transition Matrices

Calculate T3, T4, and T10 to 4 significant digits
T3
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T5
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T10
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1. If you started with 1000 D’s, how many D’s would you expect to find after the third e.u.?    D = 1000 x .9704 = 970
2. If you started with 500 E’s and 800 F’s, how many would you expect to find after the fifth e.u.?  

Take 500 times row E and 800 times row F 
E’s 500 [ .0099  .9514  .0241  .0146 ]  = [ 4.95    475.7  12.05   7.30 ]

F’s 800 [ .0146  .0241  .9514  .0099 ]  = [ 11.68  19.28  761.12  7.92 ]

The total E’s = 475.7+19.28=495

The tital number of F’s = 12.05+761.12 = 773
3. If you started with
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, after the tenth e.u., how many of each would you expect to find?
Multiple the given matrix and T10 to produce [ 999  506  1195  900 ]

So D = 999  E = 506  F = 1195  G = 900

Name:__________Solutions________________



Quiz

Transition Matrices

Refer to the given conditions for all questions.

Given:

There are two amino acids. The probability that D will remain a D is 85%, while the probability that E will remain an E is 90%.

1. Create a matrix that models this event.
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2. Using your matrix in problem 1, determine how many D’s will change into E’s if you start with 500 D’s.

.15 x 500 = 75 D’s will  change into E’s

3. Show the steps needed to find the new probability for a D remaining a D after 2 e.u.’s of time.

P(D(D)2= _P( D( D ( D )  +  P ( D ( E  ( D )_____
4. Complete the matrix T2
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5. Is it more likely for a D to change to an E or an E to a D after 2 e.u.’s of time?

D ( E = 26.35%   E ( D = 17.50%       So D changing to an E is more likely. 

6. How much more likely is D to remain a D after 1 e.u. than after 3 e.u’s?

T3=
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 ,  P(D ( D)1 = 85% ; P(D(D)3= 73.8%, 

So D is 11.2% more likely to remain D in 1 e.u. than in 3e.u.’s of time.

Lesson 3

Long-Term Amino Acid Changes

PART ONE

In Lesson 1, you saw that tracking amino acid changes is made complicated by the fact that there are 20 amino acids, which gives rise to a 20x20 transition matrix with 400 entries.

To simplify the calculations you will do, consider a hypothetical planet, Merin, on which the organisms’ proteins are made up of only 5 amino acids: E, I, M, N, and R.  The transition matrix for how amino acids change on Merin is
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In Lesson 2, you used transition matrices to determine how an Earth organism’s amino acids change over time.  Now, you’ll do the same thing for organisms on Merin, but you’ll look at much longer periods of time.

Store matrix T in your graphing calculator, and set your calculator’s mode to display only three decimal places.

1. Calculate T10, T20, T30.


[image: image27]
2. What do you notice?

As the power increases, the entries in a column become closer.

3. Make a conjecture about what will happen if you calculate higher powers of T.

As the power increases, the entries will become closer and closer.

4. How can you check your conjecture?  

by raising matrix T to higher and higher powers

5. Check your conjecture.  Does it seem to be accurate?  Why?

Yes.  The numbers in each column become the same (up to three decimal places).

6. Here is another possible transition matrix.  Based on your work with transition matrix T, what conjecture could you make about the powers of transition matrix B?
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When you take increasing powers of B, the columns will become single-entry columns.

7. Does your conjecture hold true for transition matrix B?  Justify your answer.

Yes.  When you raise matrix B to higher and higher powers on the calculator, you can observe the matrix’s columns becoming single-entry columns.

Lesson 3

Long-Term Amino Acid Changes

PART ONE

In Lesson 1, you saw that tracking amino acid changes is made complicated by the fact that there are 20 amino acids, which gives rise to a 20x20 transition matrix with 400 entries.

To simplify the calculations you will do, consider a hypothetical planet, Merin, on which the organisms’ proteins are made up of only 5 amino acids: E, I, M, N, and R.  The transition matrix for how amino acids change on Merin is
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In Lesson 2, you used transition matrices to determine how an Earth organism’s amino acids change over time.  Now, you’ll do the same thing for organisms on Merin, but you’ll look at much longer periods of time.

Store matrix T in your graphing calculator, and set your calculator’s mode to display only three decimal places.

1. Calculate T10, T20, T30.


[image: image30]
2. What do you notice?

As the power increases, the entries in a column become closer.

3. Make a conjecture about what will happen if you calculate higher powers of T.

As the power increases, the entries will become closer and closer.

4. How can you check your conjecture?  

by raising matrix T to higher and higher powers

5. Check your conjecture.  Does it seem to be accurate?  Why?

Yes.  The numbers in each column become the same (up to three decimal places).

6. Here is another possible transition matrix.  Based on your work with transition matrix T, what conjecture could you make about the powers of transition matrix B?


[image: image31.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

=

87

.

04

.

03

.

05

.

01

.

02

.

90

.

04

.

01

.

03

.

08

.

02

.

72

.

05

.

13

.

01

.

03

.

02

.

93

.

01

.

02

.

01

.

02

.

11

.

84

.

B


When you take increasing powers of B, the columns will become single-entry columns.

7. Does your conjecture hold true for transition matrix B?  Justify your answer.

Yes.  When you raise matrix B to higher and higher powers on the calculator, you can observe the matrix’s columns becoming single-entry columns.

8. Check your conjecture on one more transition matrix.  Make up a 5x5 amino acid transition matrix, and call it C.  Record your matrix C here:

Answers will vary, but all transition matrices should have rows which each add up to 1.

9. Test your conjecture on matrix C.  Explain whether or not your conjecture seems to hold.

Specific details will vary, but the matrix’s columns should approach single-entry columns.
So far, you’ve only looked at three decimal places.  Do you think your conjecture will still hold if we look at the numbers with more precision?  Change your calculator’s mode to “Float,” pick any one of the matrices you’ve been investigating, and see if your pattern still works when you’re looking at more decimal places.  

10. What difference do you notice?  How would you explain this?

The matrix will take longer to stabilize than before.  By looking at more decimal places, you will observe numbers that are different in the small decimal places but had previously rounded to the same number.  You will have to use higher powers of the matrix to have the column entries converge with this much precision.

PART TWO

You’ve noticed that when we take higher and higher powers of a transition matrix, each column gets closer and closer to being a single-entry column (i.e. a column where each entry is the same number).  

And, it seems that once the matrix reaches that point, the matrix doesn’t change.

Now you will investigate this phenomenon. 

11. Try to find a 2x2 transition matrix with single-entry columns that will change when you multiply it by itself.

This is not possible.

Let’s prove that a 3x3 transition matrix will single-entry columns will not change.

12. Fill in the rest of the entries in this 3x3 transition matrix, so that it has single entry columns:
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13. When you multiply matrix A by itself, what do you expect the upper-left entry in the resulting matrix be equal to?  Why?

Because the matrix should not change, the upper left entry should be a1,1.

14. Perform the multiplication.
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15. Prove that your answers in numbers 13 and 14 are equal.  What characteristic of the transition matrices makes this possible?

a1,1a1,1 + a1,2a1,1 + a1,3a1,1  = a1,1 (a1,1 +  a1,2 + a1,3) = a1,1 (1) = a1,1

This is possible because of the fact that a row in a transition matrix adds up to 1.

16. Does this same argument work for the other entries in the resulting matrix?  Why or why not?

Yes, because the second and third rows also add up to 1.

17. The proof of this fact provides some intuition about what happens when the transition matrices are stabilizing, but it doesn’t fit the amino acid situation exactly.  Why not?

The proof was about a matrix whose columns are exactly equal to a single number.  The amino acid transition matrices have entries which are approaching a single value, but they are not exactly equal to that value.

PART THREE

From what you’ve done so far, it appears when you take a transition matrix T and look at the chain of matrices 

T1,  T2,  T3,  T4,  T5,  … 

eventually there is a certain matrix Tn  such that there are no changes in the matrices Tn+1, Tn+2, Tn+3, etc.  

NOTE: Of course, this depends on how many decimal places you look at.  n will be different number if you look at a different number of decimal places.  The important idea is that the matrix values in the chain are getting closer and closer to a certain set of values.

A chain of matrices that stabilizes this way is an example of a Markov chain.  It turns out that the transition matrices will always form a Markov chain.

18. For each of the three matrices T, B, and C, find the n at which the Markov chain stabilizes (to three decimal points). 


For T, n = 66.


For B, n = 69.


For C, answers will vary.

19. Which Markov chain stabilizes the quickest?   Answers will vary.

20. Which Markov chain takes the longest to stabilize?    Answers will vary.

21. For matrix T, write down the matrix you get when the Markov chain stabilizes.


[image: image33]

PART FOUR

22. Suppose that one of the organisms on Merin is called a snoogle.  What does the matrix T say about snoogles’ amino acids? 

The matrix gives the probabilities that each amino acid will change into each other amino acid in one evolutionary unit of time.  (It does NOT tell you what changes will actually occur, just the probability of each change.)
23. What does matrix T20 represent about snoogles?  

This matrix gives the probabilities that each amino acid will change into each other amino acid after TWENTY evolutionary units of time.
24. Write down the matrix Tn you get when the Markov Chain stabilizes (to three decimal places).

[image: image101.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

=

159

.

052

.

351

.

138

.

300

.

153

.

052

.

336

.

144

.

316

.

163

.

053

.

363

.

134

.

286

.

143

.

051

.

309

.

154

.

343

.

133

.

051

.

283

.

158

.

375

.

T

30


25.  Suppose a certain snoogle protein P1 is made up of 100 E’s and no other amino acids.  

a. What would you predict the new distribution of amino acids to be after 30 e.u.?

Describe how you did this calculation.

34 E’s, 15 I’s, 31 M’s, 5 N’s, and 14 R’s – Students are likely to multiply 100 by each entry in the first row.

b. What would you predict the new distribution of amino acids to be after 70 e.u.?

c. after 100 e.u.?
b-c-d      33 E’s, 15 I’s, 33 M’s, 5 N’s, 15 R’s

d. after 1000 e.u.?

We can represent the information from problem 25 in a row matrix.  The protein’s amino acids are 100 E’s, 0 I’s, 0 M’s, 0 N’s, and 0 R’s.  So, the row matrix is
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You can perform the calculations in problem 25(a) by multiplying this row matrix by the amino acid transition matrix:
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so we expect that there will be 34 E’s, 15 I’s, 31 M’s, 5 N’s, and 14 R’s.

26. Suppose snoogle protein P2 has 100 E’s, 200 I’s, 300 M’s, 250 N’s, and 150 R’s.

a. Represent this information in a row matrix.



[ 100   200   300   250   150 ]

b. Set up and perform a matrix multiplication that will calculate the likely distribution of amino acids in this protein after 10 e.u.



286 E’s,  145 I’s,  353 M’s,  53 N’s,  162 R’s

27.  Another snoogle protein (P3) consists of 400 M’s, 250 E’s, 100 R’s, 600 I’s, and 100 N’s.  What would you predict the new distribution of amino acids to be after 20 e.u.



484 E’s,  215 I’s,  463 M’s,  75 N’s,  213 R’s

28.  Snoogle protein P4 consists of 3000 M’s, 1000 E’s, and 2000 R’s.  What would you predict the new distribution of amino acids to be after 80 e.u.?



1963 E’s,  876 I’s,  1954 M’s,  311 N’s,  895 R’s

29.  Snoogle protein P5 consists of 1500 M’s, 2000 I’s, and 2500 R’s.  What would you predict the new distribution of amino acids to be after 80 e.u.?



same answer as problem 28

30.  Snoogle protein P6 consists of 1000 N’s and 5000 R’s.  What would you predict the new distribution of amino acids to be after 80 e.u.?



same answer as problem 28

31.  Snoogle protein P7 consists of 4000 M’s, 1000 N’s, and 1000 R’s.  What would you predict the new distribution of amino acids to be after 100 e.u.?



same answer as problem 28

32.  What explanation can you give for the answers in problems 28-31?

For T80 and T100, the rows in the matrices are all the same.  So, no matter what amino acid you start with, you have the same probabilities.  In each problem you have 6000 amino acids, each of which has the same probability as the others for which amino acid it will change to.  It doesn’t matter what the particular amino acids are.
33. Snoogle protein P8 consists of 1000 M’s and no other amino acids

a. What would you predict the new distribution of amino acids to be after 60 e.u.?

b. after 70 e.u.?

c. after 80 e.u.?

a-b-c-d  327 E’s,  146 I’s,  326 M’s,  52 N’s,  149 R’s
d. after 90 e.u.?

34. All your answers in problem 33 should have been the same.  Does this mean that once you reach 60 e.u., no amino acids are changing?  Why or why not?

No.  Amino acids are still changing, but the NET result is that the total number of each amino acid remains constant.

Module Assessment

1. For each matrix explain why it is (or is not) an amino acid transition matrix.
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No.  The rows don’t all add up to 1.
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No.  The numbers aren’t probabilities.
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Yes.  The numbers are all probabilities.  All rows sum to 1.

2. Suppose on the planet Mynock, there are four amino acids, A, E, I, and L.  In one evolutionary unit (e.u.) of time, the amino acids on Mynock change according to the probabilities in the following transition matrix:
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a. What is the probability that an E will change into an L after 1 e.u.?  .01
b. What is the probability that an A will change into an I or an L after 1 e.u.?  .07
c. What is the probability that an I will not have changed after 1 e.u.?   .50
d. Is it more likely that an A will change to an L or that an L will change to an A?   A to L (.50 compared to .04 for L to A)
e. Which amino acid has the least probability of changing?   A
f. Which amino acid is most likely to change?   I
3. On the planet Kashyyk, there are four amino acids, E, I, K, and W.  In one e.u., the amino acids on Kashyyk change according to the probability transition matrix:
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a. If a certain protein (P1) has 200 E’s, what is the probable new distribution of amino acids after 1 e.u.?

140 E’s,  6 I’s,  50 K’s,  and 4 W’s

b. If a different protein (P2) has 300 K’s, what is the probable new distribution of amino acids after 2 e.u.?

33 E’s,  79 I’s,  168 K’s,  and 20 W’s

c. If another protein (P3) has 200 I’s and 800 W’s, what is the probable new distribution of amino acids after 3 e.u.?

189 E’s,  233 I’s,  264 K’s,  and 314 W’s

d. Another protein (P4) consists of 100 E’s, 500 I’s,  600 K’s, and 800 W’s.  What will be the likely probability distribution after 40 e.u.?

439 E’s,  520 I’s,  743 K’s,  and 299 W’s

e. Calculating to three decimal places, find the value of the exponent for which the Kashyyk matrix stabilizes.
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Doing Matrices on the TI-83+ Graphing Calculators

On the TI-83+, the matrix menu (MATRX) appears in yellow over the x-1 key.

Under the MATRX menu, you get three submenus:

NAMES Submenu
This submenu gives you pre-set names of matrices (A, B, … ).  When a matrix has values assigned for its entries, the dimensions of the matrix appear next to the matrix name (e.g.  1: [A]  4x4  ).

This submenu allows you to refer to a matrix in the main window.  Just select the matrix you wish to operate on either by pressing its number or by arrowing down and pressing enter.

MATH Submenu
If you arrow over to the right, you get to the MATH submenu.  This allows you to perform operations on the matrices you’ve already entered.  These functions are not used in this module.  Refer to your manual for more information on these functions, should you need them.

EDIT Submenu
This is the menu that allows you to enter or edit matrices.

To enter a matrix:

· Go to the EDIT submenu.

· Select the name of the matrix you wish to enter.

· You will be prompted to input the dimension of the matrix.  Input the number of rows in your matrix.  Press enter.  Input the number of columns in your matrix.  Press enter.

· Now you will be asked to input the matrix’s entries, one at a time, across the rows.  Type each entry, following each by pressing enter.

· When you’re done, QUIT to return to the main screen.

To edit a matrix:

· Go to the EDIT submenu

· Select the name of the matrix you with to edit.

· Use the arrow keys to move to the item you with to change.

· Type the new value and press enter.

· QUIT to the main screen when you have finished.

OTHER FUNCTIONS USED IN THIS MODULE

To display a matrix:  

· Choose its name from the NAMES submenu.  Press enter.  The matrix will be displayed.  

· Often, the entries will continue off the right side of the screen.  Use the left and right arrow keys to see more of the matrix.

To multiply two matrices:  

· Choose the first matrix from the NAMES submenu.  Choose the second matrix from the NAMES menu.  Press enter.  The resulting matrix will be displayed.  

· If you so choose, you can store the product as a new matrix (e.g. [A][B]→[C]).  This will not be necessary in this module.

· If you try to multiply two matrices that cannot be multiplied because of their dimensions, you will get a DIM MISMATCH error.

To raise a matrix to a certain power:

· Choose the matrix from the NAMES submenu.

· Press the caret [^] key.

· Type the exponent.

· Press enter.

· The resulting matrix will be displayed.

· If you so choose, you can store the result as a new matrix (e.g. [A]^3→[D]).  This will not be necessary in this module.

Lesson 1

The big question:

[image: image102.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

=

185

.

052

.

402

.

122

.

239

.

168

.

055

.

348

.

144

.

285

.

192

.

055

.

448

.

104

.

201

.

126

.

050

.

260

.

214

.

350

.

098

.

049

.

195

.

169

.

489

.

T

10


Evolution relations are determined on the basis of similarities.

We all are familiar with the physical similarities over evolution

periods between man and ape. But if we look at ape and man today,

how similar are they ? In what ways are they similar? Some of the

questions that rise are: given two living organisms, what is the 

chance that one of them evolved from the other ? Did they both 

evolve from a common ancestor ? In the case evolution took place,

how long has this evolution taken ?

Biology background:

In all living organisms, proteins carry out  the organism’s functions.
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The building blocks of these proteins are called amino acids.

A protein is a chain of amino acids whose properties are determined

by it’s particular amino acid sequence. One change of amino acid can change 

completely change a protein’s function. There are a total of twenty 

amino acids. Mutations of DNA can result in a change of an

amino acids which will cause evolution to take place. Molecular

biologists determine the evolution of living organisms  by studying

these mutations  and changes. This module discusses the changes

of amino acids .

Modeling our question

Amino acids are commonly denoted by capital letters. 
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Suppose that over a period of one evolutionary unit (1) (e.u) 30 out of every 1000 amino acids denoted by D change into E. This is denoted as: P(D      E)=0.03. 

We can then denote the chance of a certain change taking place as the probability of its occurrence.

Examples:

15. The probability of amino acid F changing into H is 0.12 in one e.u.. Out of 1000 F how many would you expect to change into H after one e.u. ?

16. The probability of G changing into H is 0.32 in one e.u.. Out of 1000 amino acids, which are half G and half F, how many H should be expected after one e.u.?

Reminder: If A and B are disjoint occurrences then 
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17. Given 1000 G amino acids, can we know how many H should be expected after two evolution units?

In order to answer the question more information is needed about the probability of other changes of amino acids. 

It turns out that changing occurrences are independent of each other.

Reminder: If A and B are independent occurrences than: 
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Evolution occurs by the changes of proteins, which are strings of various amino acids.  To actually calculate the probability of  a certain change in a protein, we need to know the probability of each amino acid changing into each of the other amino acids. Which is 400 hundred probabilities ! 

The table below, gives us that exact information. The origin Amino acids are written along the side and the amino acids they change to are written across the top(2):

	 
	 
	Ala
	Arg
	Asn
	Asp
	Cys
	Gln
	Glu
	Gly
	His
	Ile
	Leu
	Lys
	Met
	Phe
	Pro
	Ser
	Thr
	Trp
	Tyr
	Val

	 
	 
	A
	R
	N
	D
	C
	Q
	E
	G
	H
	I
	L
	K
	M
	F
	P
	S
	T
	W
	Y
	V

	Ala
	A
	.9855
	.0001
	.0008
	.0008
	.0002
	.0006
	.0015
	.0010
	.0002
	.0005
	.0003
	.0001
	.0004
	.0002
	.0017
	.0025
	.0018
	.0000
	.0001
	.0017

	Arg
	R
	.0001
	.9918
	.0001
	.0000
	.0003
	.0011
	.0000
	.0001
	.0010
	.0004
	.0002
	.0019
	.0004
	.0001
	.0005
	.0008
	.0001
	.0009
	.0000
	.0002

	Asn
	N
	.0004
	.0001
	.9822
	.0037
	.0000
	.0004
	.0008
	.0006
	.0027
	.0003
	.0001
	.0023
	.0000
	.0004
	.0002
	.0040
	.0009
	.0001
	.0004
	.0004

	Asp
	D
	.0006
	.0000
	.0043
	.9861
	.0000
	.0006
	.0053
	.0006
	.0005
	.0001
	.0000
	.0002
	.0000
	.0000
	.0001
	.0006
	.0003
	.0000
	.0001
	.0006

	Cys
	C
	.0001
	.0001
	.0000
	.0000
	.9979
	.0000
	.0001
	.0000
	.0001
	.0003
	.0000
	.0001
	.0000
	.0000
	.0001
	.0006
	.0002
	.0000
	.0003
	.0001

	Gln
	Q
	.0003
	.0009
	.0004
	.0005
	.0000
	.9876
	.0027
	.0001
	.0023
	.0001
	.0003
	.0006
	.0004
	.0000
	.0006
	.0002
	.0002
	.0000
	.0000
	.0003

	Glu
	E
	.0010
	.0000
	.0007
	.0054
	.0000
	.0033
	.9863
	.0002
	.0002
	.0003
	.0001
	.0004
	.0001
	.0000
	.0003
	.0004
	.0002
	.0000
	.0001
	.0010

	Gly
	G
	.0021
	.0001
	.0012
	.0011
	.0001
	.0003
	.0007
	.9935
	.0001
	.0000
	.0001
	.0002
	.0001
	.0001
	.0003
	.0021
	.0003
	.0000
	.0000
	.0021

	His
	H
	.0001
	.0008
	.0018
	.0003
	.0001
	.0020
	.0001
	.0000
	.9912
	.0000
	.0001
	.0001
	.0000
	.0002
	.0003
	.0001
	.0001
	.0001
	.0004
	.0001

	Ile
	I
	.0002
	.0002
	.0003
	.0001
	.0002
	.0001
	.0002
	.0000
	.0000
	.9872
	.0009
	.0002
	.0012
	.0007
	.0000
	.0001
	.0007
	.0000
	.0001
	.0002

	Leu
	L
	.0003
	.0001
	.0003
	.0000
	.0000
	.0006
	.0001
	.0001
	.0004
	.0022
	.9947
	.0002
	.0045
	.0013
	.0003
	.0001
	.0003
	.0004
	.0002
	.0003

	Lys
	K
	.0002
	.0037
	.0025
	.0006
	.0000
	.0012
	.0007
	.0002
	.0002
	.0004
	.0001
	.9926
	.0020
	.0000
	.0003
	.0008
	.0011
	.0000
	.0001
	.0002

	Met
	M
	.0001
	.0001
	.0000
	.0000
	.0000
	.0002
	.0000
	.0000
	.0000
	.0005
	.0008
	.0004
	.9874
	.0001
	.0000
	.0001
	.0002
	.0000
	.0000
	.0001

	Phe
	F
	.0001
	.0001
	.0001
	.0000
	.0000
	.0000
	.0000
	.0001
	.0002
	.0008
	.0006
	.0000
	.0004
	.9946
	.0000
	.0002
	.0001
	.0003
	.0028
	.0001

	Pro
	P
	.0013
	.0005
	.0002
	.0001
	.0001
	.0008
	.0003
	.0002
	.0005
	.0001
	.0002
	.0002
	.0001
	.0001
	.9926
	.0012
	.0004
	.0000
	.0000
	.0013

	Ser
	S
	.0028
	.0011
	.0034
	.0007
	.0011
	.0004
	.0006
	.0016
	.0002
	.0002
	.0001
	.0007
	.0004
	.0003
	.0017
	.9840
	.0038
	.0005
	.0002
	.0028

	Thr
	T
	.0022
	.0002
	.0013
	.0004
	.0001
	.0003
	.0002
	.0002
	.0001
	.0011
	.0002
	.0008
	.0006
	.0001
	.0005
	.0032
	.9861
	.0000
	.0002
	.0022

	Trp
	W
	.0000
	.0002
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0000
	.0001
	.0000
	.0001
	.0000
	.9976
	.0001
	.0000

	Tyr
	Y
	.0001
	.0000
	.0003
	.0000
	.0003
	.0000
	.0001
	.0000
	.0004
	.0001
	.0001
	.0000
	.0000
	.0021
	.0000
	.0001
	.0001
	.0002
	.9945
	.0001

	Val
	V
	.0013
	.0002
	.0001
	.0001
	.0003
	.0002
	.0002
	.0003
	.0003
	.0057
	.0011
	.0001
	.0017
	.0001
	.0003
	.0002
	.0010
	.0000
	.0002
	.9901


Examples: In one e.u. what is the probability that:

18. A changes into D?

19. K changes into R?

20. M does not change?

21. N changes into S or T?

22. L does change?

In mathematics a table is just like a matrix. Notice we are using a mathematical object to store information. This is often done with matrices. The above table is called “the transition matrix  for amino acids”. Commonly denoted by M.

The elements of the m by n matrix shown below use the following notation:

Notation reminder: in matrices, each entry is denoted by 
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 is the element value,
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 is row number and 
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 is the column number.
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Examples:

23. Notice that 
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 , what information does that tell us?

24. What is the probability of C changing into F?

25. What is the probability of A changing into S or R?

26. After one e.u., does R have a higher probability changing into a Q or a K ?

27. What amino acids will C never change into ?  

28. What amino acid has the most chance of not changing after one evolution unit?      Explain how your answer is represented in the matrix.

Notice, the sum of probabilities in each of the first three rows of the transition matrix, equals 1. Will this property hold for all the rows in the matrix? Why? 

Foot notes:

(3) One evolutionary time unit (e.u.): Is the average amount of time it takes 1% of the amino acids to change.

(4) A little bit of information about how the initial figures are computed….(coming soon)

Exercise: 

1. Referring to the transition matrix state the following probabilities:

a. A changing into Q after one e.u..

b. K changing into L after one e.u..

c. E changing to K or M after one e.u..

d. V not changing after one e.u..

e. Q changing after one e.u..

2. Where in each row does the highest probability occur in the transition matrix? Explain what the information tells us about amino acid evolution.

3. a. What is more likely to occur after one e.u.: A changing into I or I 

          changing into A?

b. Find three examples of pairs of amino acids that have the following  

    property: the probability of the first changing into the second, after one 

    e.u., equals the probability of the second changing into the first after   

    one e.u..

c. How could you denote the property above, using matrix notation?

d. Describe a matrix that holds the above property for every pair of amino     

    acids.

4. Consider the following matrix: 
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 as a transition matrix in a world with only five amino acids. Describe the “evolution” that takes place in this world.

5. Assume that row X in a certain transition matrix adds up to 0.8. What can be an explanation for this?

Refrences: 

http://www.bioinfo.rpi.edu/~zukerm/Bio-5495/align-html/node8.html
Name:______________________                 



Handout Review
Transition Matrices

Matrix Math Review Concepts:

Remember two matrices can be multiplied together provided the first matrix’s number of columns is equal to the second matrix’s number of rows.
Matrix ( 1 x 2 ) – Matrix ( 2 x 2 ) Multiplication:
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Example:
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Matrix ( 2 x 2 ) – ( 2 x 2 ) Matrix Multiplication:
Given Matrices 
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Example:
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Name:____________________________________

Warm-up

Multiply each:

1.
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Name:_________________________________________


Handout 1

Transition Matrices

The matrix below is called a transition matrix T. It contains the probability values that one element in the left column will become an element in the top row over one evolutionary unit (e.u.) of time.

	Transition Matrix

T
	D
	E
	F
	G

	D
	.99
	.002
	.003
	.005

	E
	.002
	.99
	.005
	.003

	F
	.003
	.005
	.99
	.002

	G
	.005
	.003
	.002
	.99


1. After one e.u. of time what is the probability that:

· a D will remain a D?

· an E will become an F?

2. Why are the values along the main diagonal so much higher compared to the rest of the Matrix T?

3. In Matrix T are there any amino acids that are least likely to change? If so, which ones?

4. Notice that the likelihood of D changing to E is the same as E changing to D. Are there any other pairs where happens? What does this tell you about the Matrix T?
5. If you started with 1000 D’s, after one e.u., how many D’s would you expect to see?

Name:______________________                 




Handout 2
Transition Matrices 

What if we wanted to look at 2 e.u.s of time, Then we would need to look at the probability an amino acid changed to something during the first unit of time and changed again during the second unit of time. We will call this Transition Matrix-2 (T2), and its probability values must be recalculated. 

To calculate the new probability for D we must account for all combinations that will change a D to something and back to a D again:

The new probability value for D changing to a D in 2 e.u.s is found by:

P( D ( D )2 = P ( D ( D ( D) + P(D ( E ( D) + P( D( F (D) + P(D( G (D)


       = (.99)(.99)   +   (.002)(.002)  +   (.003)(.003) +   (.005)(.005)

                 = .9801

The new probability value for D changing to an E in 2 e.u.s is found by:

P( D ( E )2 = P ( D ( D ( E) + P(D ( E ( E) + P( D( F (E) + P(D( G (E)


      = (.99)(.002)  +  (.002)(.99)  +  (.003)(.005)  +  (.005)(.003)


      = .0040

Find the new probability value for D changing to an F in 2 e.u.s is found by:

P( D ( F )2 = P ( D ( D ( F) + P(D ( E ( F) + P( D( F (F) + P(D( G (F)


     =


     = 

Complete the matrix below.

	Transition Matrix

T2
	D
	E
	F
	G

	D
	.9801
	.0040
	
	

	E
	.0040
	
	
	

	F
	
	
	
	

	G
	
	
	
	


 “What does the value in the cell D-F of .0060 mean?

Name:_________________________                                               

Handout 3
Transition Matrices

Having just completed the previous task you will probably agree that this was a very labor intensive task. It turns out this process is really matrix multiplication. Getting from T to T2 is really T x T, or T2

Either by hand or using of a graphing calculator, find T2 and verify that your answers match your previous solutions.
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With the method shown above, how would you find transition matrices T3, T5, or T10?

Name:______________________                                                    Homework

Transition Matrices

Calculate T3, T4, and T10 to 4 significant digits

T3
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T5
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T10

4. If you started with 1000 D’s, how many D’s would you expect to find after the third e.u.?

5. If you started with 500 E’s and 800 F’s, how many would you expect to find after the fifth e.u.?

6. If you started with
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, after the tenth e.u., how many of each would you expect to find?

Name:______________________________



Quiz

Transition Matrices

Refer to the given conditions for all questions.

Given:

There are two amino acids. The probability that D will remain a D is 85%, while the probability that E will remain an E is 90%.

1. Create a matrix that models this event.
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2. Using your matrix in problem 1, determine how many D’s are likely to change into E’s if you start with 500 D’s.

3. Show the steps needed to find the new probability for a D remaining a D after 2 e.u.’s of time.

P(D(D)2= ________________________________________

4. Complete the matrix T2
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5. Is it more likely for a D to change to an E or an E to a D after 2 e.u.’s of time?

6. How much more likely is D to remain a D after 1 e.u. than after 3 e.u’s?

Lesson 3

Long-Term Amino Acid Changes

PART ONE

In Lesson 1, you saw that tracking amino acid changes is made complicated by the fact that there are 20 amino acids, which gives rise to a 20x20 transition matrix with 400 entries.

To simplify the calculations you will do, consider a hypothetical planet, Merin, on which the organisms’ proteins are made up of only 5 amino acids: E, I, M, N, and R.  The transition matrix for how amino acids change on Merin is
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In Lesson 2, you used transition matrices to determine how an Earth organism’s amino acids change over time.  Now, you’ll do the same thing for organisms on Merin, but you’ll look at much longer periods of time.

Store matrix T in your graphing calculator, and set your calculator’s mode to display only three decimal places.

1. Calculate T10, T20, T30.

2. What do you notice?

3. Make a conjecture about what will happen if you calculate higher powers of T.

4. How can you check your conjecture?  

5. Check your conjecture.  Does it seem to be accurate?  Why?

6. Here is another possible transition matrix.  Based on your work with transition matrix T, what conjecture could you make about the powers of transition matrix B?
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7. Does your conjecture hold true for transition matrix B?  Justify your answer.

8. Check your conjecture on one more transition matrix.  Make up a 5x5 amino acid transition matrix, and call it C.  Record your matrix C here:

9. Test your conjecture on matrix C.  Explain whether or not your conjecture seems to hold.

So far, you’ve only looked at three decimal places.  Do you think your conjecture will still hold if we look at the numbers with more precision?  Change your calculator’s mode to “Float,” pick any one of the matrices you’ve been investigating, and see if your pattern still works when you’re looking at more decimal places.  

10. What difference do you notice?  How would you explain this?

PART TWO

You’ve noticed that when we take higher and higher powers of a transition matrix, each column gets closer and closer to being a single-entry column (i.e. a column where each entry is the same number).  

And, it seems that once the matrix reaches that point, the matrix doesn’t change.

Now you will investigate this phenomenon. 

11. Try to find a 2x2 transition matrix with single-entry columns that will change when you multiply it by itself.

Let’s prove that a 3x3 transition matrix will single-entry columns will not change.

12. Fill in the rest of the entries in this 3x3 transition matrix, so that it has single entry columns:
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13. When you multiply matrix A by itself, what do you expect the upper-left entry in the resulting matrix be equal to?  Why?

14. Perform the multiplication.

15. Prove that your answers in numbers 13 and 14 are equal.  What characteristic of the transition matrices makes this possible?

16. Does this same argument work for the other entries in the resulting matrix?  Why or why not?

17. The proof of this fact provides some intuition about what happens when the transition matrices are stabilizing, but it doesn’t fit the amino acid situation exactly.  Why not?

PART THREE

From what you’ve done so far, it appears when you take a transition matrix T and look at the chain of matrices 

T1,  T2,  T3,  T4,  T5,  … 

eventually there is a certain matrix Tn  such that there are no changes in the matrices Tn+1, Tn+2, Tn+3, etc.  

NOTE: Of course, this depends on how many decimal places you look at.  n will be different number if you look at a different number of decimal places.  The important idea is that the matrix values in the chain are getting closer and closer to a certain set of values.

A chain of matrices that stabilizes this way is an example of a Markov chain.  It turns out that the transition matrices will always form a Markov chain.

18. For each of the three matrices T, B, and C, find the n at which the Markov chain stabilizes (to three decimal points). 

19. Which Markov chain stabilizes the quickest?

20. Which Markov chain takes the longest to stabilize?

21. For matrix T, write down the matrix you get when the Markov chain stabilizes.

PART FOUR

22. Suppose that one of the organisms on Merin is called a snoogle.  What does the matrix T say about snoogles’ amino acids? 

23. What does matrix T20 represent about snoogles?  

24. Write down the matrix Tn you get when the Markov Chain stabilizes (to three decimal places).

25.  Suppose a certain snoogle protein P1 is made up of 100 E’s and no other amino acids.  

a. What would you predict the new distribution of amino acids to be after 30 e.u.?

Describe how you did this calculation.

b. What would you predict the new distribution of amino acids to be after 70 e.u.?

c. after 100 e.u.?

d. after 1000 e.u.?

We can represent the information from problem 25 in a row matrix.  The protein’s amino acids are 100 E’s, 0 I’s, 0 M’s, 0 N’s, and 0 R’s.  So, the row matrix is
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You can perform the calculations in problem 25(a) by multiplying this row matrix by the amino acid transition matrix:
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so we expect that there will be 34 E’s, 15 I’s, 31 M’s, 5 N’s, and 14 R’s.

26. Suppose snoogle protein P2 has 100 E’s, 200 I’s, 300 M’s, 250 N’s, and 150 R’s.

a. Represent this information in a row matrix.

b. Set up and perform a matrix multiplication that will calculate the likely distribution of amino acids in this protein after 10 e.u.

27.  Another snoogle protein (P3) consists of 400 M’s, 250 E’s, 100 R’s, 600 I’s, and 100 N’s.  What would you predict the new distribution of amino acids to be after 20 e.u.

28.  Snoogle protein P4 consists of 3000 M’s, 1000 E’s, and 2000 R’s.  What would you predict the new distribution of amino acids to be after 80 e.u.?

29.  Snoogle protein P5 consists of 1500 M’s, 2000 I’s, and 2500 R’s.  What would you predict the new distribution of amino acids to be after 80 e.u.?

30.  Snoogle protein P6 consists of 1000 N’s and 5000 R’s.  What would you predict the new distribution of amino acids to be after 80 e.u.?

31.  Snoogle protein P7 consists of 4000 M’s, 1000 N’s, and 1000 R’s.  What would you predict the new distribution of amino acids to be after 100 e.u.?

32.  What explanation can you give for the answers in problems 28-31?

33. Snoogle protein P8 consists of 1000 M’s and no other amino acids

e. What would you predict the new distribution of amino acids to be after 60 e.u.?

f. after 70 e.u.?

g. after 80 e.u.?

h. after 90 e.u.?

34. All your answers in problem 33 should have been the same.  Does this mean that once you reach 60 e.u., no amino acids are changing?  Why or why not?

Module Assessment

4. For each matrix explain why it is (or is not) a transition matrix.
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5. Suppose on the planet Mynock, there are four amino acids, A, E, I, and L.  In one evolutionary unit (e.u.) of time, the amino acids on Mynock change according to the probabilities in the following transition matrix:
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a. What is the probability that an E will change into an L after 1 e.u.?

b. What is the probability that an A will change into an I or an L after 1 e.u.?

c. What is the probability that an I will not have changed after 1 e.u.?

d. Is it more likely that an A will change to an L or that an L will change to an A?

e. Which amino acid has the least probability of changing?

f. Which amino acid is most likely to change?

6. On the planet Kashyyk, there are four amino acids, E, I, K, and W.  In one e.u., the amino acids on Kashyyk change according to the probability transition matrix:
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a. If a certain protein (P1) has 200 E’s, what is the probable new distribution of amino acids after 1 e.u.?

b. If a different protein (P2) has 300 K’s, what is the probable new distribution of amino acids after 2 e.u.?

c. If another protein (P3) has 200 I’s and 800 W’s, what is the probable new distribution of amino acids after 3 e.u.?

d. Another protein (P4) consists of 100 E’s, 500 I’s,  600 K’s, and 800 W’s.  What will be the likely probability distribution after 40 e.u.?

e. Calculating to three decimal places, find the value of the exponent for which the Kashyyk matrix stabilizes.
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� A Markov chain is a model for a process that has a certain number of states at a given time.  The Markov chain is determined by the probability that the system move from one state to the next.  An example is “If it rains today, there is a 70% chance that it will rain tomorrow.  If it does not rain today, there is a 40% chance that it will rain tomorrow.”  The possible states are raining and not raining.  Whether it will rain tomorrow or not depends only on the current state (i.e. whether it’s raining or not today) and these probabilities.


� A Markov chain is a model for a process that has a certain number of states at a given time.  The Markov chain is determined by the probability that the system move from one state to the next.  An example is “If it rains today, there is a 70% chance that it will rain tomorrow.  If it does not rain today, there is a 40% chance that it will rain tomorrow.”  The possible states are raining and not raining.  Whether it will rain tomorrow or not depends only on the current state (i.e. whether it’s raining or not today) and these probabilities.
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