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Q:	  Which	  food	  sta4ons	  to	  open	  to	  minimize	  the	  cost?

Cost	  =	  Facility	  Cost	  +	  Connec4on	  Cost
�

i:opened
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�

j∈C

d(j, closest opened)
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	  Applications: 
     clustering, 
     network design,
     “testbed” for techniques, ...
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Hardness
NP-hard and factor-1.463 is hard

Several	  Constant	  Approxima4on	  Algorithms

...

linear program (LP) rounding [Shmoys	  et	  al.’97]factor-4

primal dual [Jain and Vazirani’01]factor-3

greedy [Jain et al.’03]factor-1.861

LP + scaling + ... [Byrka’07]factor-1.5

[Guha and Khuller ’99]
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Hardness
NP-hard and factor-1.463 is hard

Several	  Constant	  Approxima4on	  Algorithms

...

linear program (LP) rounding [Shmoys	  et	  al.’97]factor-4

primal dual [Jain and Vazirani’01]factor-3

greedy [Jain et al.’03]factor-1.861

LP + scaling + ... [Byrka’07]factor-1.5

[Guha and Khuller ’99]

Theorem:	  
RNC	  O(m	  log	  m)-‐work,	  factor-‐(1.861+ε)	  greedy-‐style	  
approximaEon	  algorithm.
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Observa4ons:

1.	  Greedy	  process	  can	  be	  inherently	  sequen4al

2.	  Clients	  between	  stars	  don’t	  overlap

a technical example:
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Clients

FaciliEes

For	  each	  star	  S,	  put	  price(S)	  tokens	  on	  each	  client

Lemma	  1:	  Facility	  Cost	  +	  ConnecEon	  Cost	  ≤	  Total	  #tokens	  

The	  stars	  have	  no	  overlapping	  clients

Lemma	  2:	  Total	  #tokens	  ≤	  1.861OPT

factor-‐revealing	  LP	  +	  dual	  fiYng	  	  
[Jain	  et	  al.	  ’03]
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How to parallelize 
something that looks
inherently sequential?

[Blelloch-T’10, Blelloch-Peng-T’11]
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Greedy	  
Algorithm

Greedier	  
Algorithm

While	  (C	  not	  empty)
1.	  Each	  facility	  i	  finds	  the	  cheapest	  star	  centered	  at	  i
2.	  Suppose	  the	  cheapest	  star	  has	  price	  p

3.	  GOOD	  =	  {	  star	  centered	  at	  i	  if	  price	  ≤	  p(1+ε)	  },	  open	  them:
	  	  	  	  	  	  	  Open	  i,	  set	  fi	  = 0,	  and	  remove	  aUached	  clients	  from	  C

Good	  news:	  ≈	  log1+	  ε	  m	  rounds;	  price	  goes	  up	  by	  (1	  +	  ε)

idea previously used in 
set cover,  vertex cover, ...
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While	  (C	  not	  empty)
1.	  Each	  facility	  i	  finds	  the	  cheapest	  star	  centered	  at	  i
2.	  Suppose	  the	  cheapest	  star	  has	  cost	  p

3.	  GOOD	  =	  {	  star	  centered	  at	  i	  if	  price	  ≤	  p(1+ε)	  },	  open	  them:
	  	  	  	  	  	  	  Open	  i,	  set	  fi	  = 0,	  and	  remove	  aUached	  clients	  from	  C

Clients

FaciliEes GOOD
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In	  this	  round:	  cheapest	  star	  has	  price	  p

Clients

FaciliEes

Want: Select	  a	  subset	  of	  facili4es	  such	  that
if	  we	  put	  p	  tokens	  on	  each	  “covered”	  client

Property	  1:	  Fac	  Cost(	  	  	  )	  +	  Conn	  Cost(	  	  	  )	  ≤	  (1+δ)Total	  #tokens	  

Property	  2:	  Price	  aXer	  this	  round	  >	  p(1+ε)
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A B
bipar4te	  graph	  modeling	  coverage

-MaNIS is	  J	  ⊆	  A	  such	  that(ε, δ)a1

a2

b1

b2

b3

small overlaps
near	  independence:

|N(J)| ≥ (1− δ)
�

j∈J

|N(j)|

1

 “maximal”
maximality:

|N(a) \ N(J)| < (1− ε)|N(a)|
for	  all	  a	  outside	  of	  J,

21. not unique

2.                    no overlap 
—> maximal set packing

ε = δ = 0

3. simple O(|E|) seq. alg

N(X) = neighbors of X
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we	  have	  a	  1.861/(1-‐ε-‐δ)-‐approx.

Lemma	  1*:	  
	  	  	  	  	  Facility	  Cost	  +	  ConnecEon	  Cost	  ≤	  Total	  #tokens/(1-‐δ)

The	  stars	  have	  almost	  no	  overlapping	  clients

Lemma	  2*:	  Total	  #tokens	  ≤	  1.861OPT/(1	  -‐	  ε)

factor-‐revealing	  LP	  +	  dual	  fiYng	  	  
[Jain	  et	  al.	  ’03]

+	  geometric	  scaling
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Berger, Rompel, and Shor’94
(also Chierichetti, Kumar, and Tomkins’10) (ε, 8ε)-MaNIS
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[Blelloch-Peng-T’11]

add	  a	  to	  output	  and	  remove	  a’s	  nbr
c)	  For	  each	  a	  ∈	  A,	  if	  (1	  -‐	  δ)	  fracEon	  of	  nbrs	  joined	  it,

d)	  Remove	  a	  ∈	  A	  if	  degree	  less	  than	  (1-‐ε)	  fracEon	  	  	  	  
	  	  	  	  	  of	  its	  original	  degree

a)	  Pick	  a	  random	  permutaEon	  π	  of	  A

b)	  Each	  b	  ∈	  B	  joins	  the	  highest	  π-‐ranked	  nbr

While	  (A	  not	  empty)
A B

a1

a2

b1

b2

b3

Idea: random permutation removes a const fraction of edges
takes O(log |E|) rounds
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Using	  MaNIS:	  Linear-‐work	  algorithms	  for
max	  cover,	  (weighted)	  set	  cover,	  min-‐sum	  set	  cover
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Near-Linear Work SDD Solver  
Solve Ax = b in O(#nnz)-work O(#nnz1/3)-depth

... more at SPAA’11
Near Linear-Work Parallel SDD Solvers, Low-Diameter Decomposition, and Low-Stretch Subgraphs

~
Shameless Plug

if A is symmetric diagonally dominant (SDD)


