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Nature of Data

LABEL

Traffic sign - STOP

y; € R™
Pl

Impossible
to know |

(A;,y;) ~ Distribution




Goal: Predict Labels

Choose a family of prediction functions ¢(x; w)
parametrized by W

Example: linear predictor ¢(5L', fw) — [[;TU}
Task: Find a good W !

(Aia yz) ~ Distribution
— o(Ajw) =y

Choose a loss function to measure the success/failure

/&ab‘l ab—Ha—bH

prediction true label




Training Phase

min - E[l(¢p(A;;w), y;)]

w

(A;,y;) ~ Distribution

SampleN i.i.d. points

{(A;,y;) }iy ~ Distribution

.
min % > [U(é(Aj;w), i) +Reg(w)

1=1



Stochastic Gradient Descent

H. Robbins and S. Monro
A Stochastic Approximation Method
Annals of Mathematical Statistics 22, pp. 400-407, 1951




Stochastic Gradient Descent

min {F(w) == ?:1f?j(w)}

W

\I\/IL applications =>n > 1|

Stochastic Gradient Descent i €4{1,2,...,n}
1. choose wy E[V

filw)] = VF(w)
2. fort =0,1,2,.

3. Wil = wt ntvfz(wt)




Convergence
If F(w) has Lipschitz continuous gradient (for simplicity L=1):
F(wiy1) < F(w) + @?’Um — wt) + %ﬂ"ﬁtﬂ — ’thz
W1 = wy — 0V fi(wy)
F(wi1) < F(we) + (VF(wi), =n:V filwe)) + 5010V filwe) |)°

“w:7
I

Take conditional expectation with respect to

E[F (wi1)|w)] < F(w) = ml|VF(w)|* + ZE[IV fi(w) |

/

Does NOT converge to zero, when Uy — UJ}i< !
To guarantee convergencezztnt — OO, Ztnf < O




Stochastic Gradient Descent

Pros:

e Each iterationis independent on

e Achieves sublinear convergence rate
(again independent on 1?)

E[F(w) - F| <55 ifn=
Assumptions: \

® F(w) is smooth Not optimal!
e |F(w) is strongly convex Can we get linear rate?

e Second moment of stochastic « — , Modify

gradient if bounded -'Q: stochastic
gradient

some constants

d
v+ 1

ni Léon Bottou, Frank E Curtis, Jorge Nocedal
AAAAA Optimization methods for large-scale machine learning



SVRG: Stochastic Variance Reduced Gradient

“*  Rie Johnson, Tong Zhang
" Accelerating Stochastic Gradient Descent using Predictive Variance Reduction, 2013

E;L Lin Xiao, Tong Zhang
A Proximal Stochastic Gradient Method with Progressive Variance Reduction, 2014




ldea

e Modify stochastic gradient (decrease variance overtime)

1. Choose wy

2. Set ) = (I

3. Fort =0, 1 2, .

4, Choose %t € {1 2 n}

S Wiyl = W — U(sz't(’wt) V/fi(w) + VF(w))

Ut

Unbiased stochastic gradient: E[”Ut|”wt] = VF(wt)

Second moment can bounded (by suboptimality):
E(||v|*] < 4L(F(w;) — F(w") + F(@) — F(w"))




Convergence of SVRG

® Choose 1n < %,m

1 2Ln
such that o := | <1
pn(l —2Ln)m 1 —2Ln
® |et ?E_I_ - {w[); Wi, ... ?wm—l}

Then E[F(w™) — F(w")] < aE[F(0) — F(w")]

Note: For fixed 17 we will not converge to thirpal

solution. -Q- Restarting

U RN BRI N ©

E[F(0") — F(w)] < o*(F(w") = F(w"))



SVRG Algorithm
An issue:

e How to choose “m” in algorithm?
(PS: theory too pessimistic)

600

A Simple Example with SVRG

\ “m” too small!

gOOd llmll
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SAG/SAGA

lﬂ/l Mark Schmidt, Nicolas Le Roux, Francis Bach
“ Minimizing Finite Sums with the Stochastic Average Gradient, 2013

"jl Aaron Defazio, Francis Bach, Simon Lacoste-Julien
SAGA: A Fast Incremental Gradient Method With Support for Non-Strongly Convex

Composite Objectives, 2014

| e |




ldea

e Keep a table of “past” gradients
® In each iteration update one “gradient” in the table

Yit—1, otherwise

Yit —

(SAG) . \

Wipl = Wy — N = =+ it

(SAGA) |

W1 = W — 1] (Vfit(’wt) — Yiyt—1 T gzi%,tq)
Pros: Contra:
® No need to restart ® Extra storage!

® Linear convergence rate! Need to store “n” gradients.



Research Challenges

® SAG/SAGA - large extra storage!
Can we eliminate it and keep linear convergence?

® SVRG - Performance sensitive on “m”
Can we restart based on runtime criteria?



SARAH

i Lam Nguyen, Jie Liu, Katya Scheinberg, Martin TakaC
° SARAH: A Novel Method for Machine Learning Problems Using Stochastic Recursive
Gradient




The New Stochastic Gradient

® We want
vt &= VF(wt)

e We also want to use only one function f; (w) to define
the stochastic gradient

v =V filwt) = Vfi(wi—1) v

e A little bit similar to momentum

vt = V fi(we) + 0.9v4_1



The Big Picture

e |t do restarting (like SVRG)
e |s “similar” to SAG/SAGA, but DOESN’T need extra

storage

Choose wp, compute vy = VF(“UJ())

Set W1 =— Wy — 7oV

Fort =1,2,...,m

Choose i+ € {1,2,...,n}

vy = V fi,(wy) — V fi,(wi—1) + v
. [ W41 = W — Ty

Al S

\]\o:

No extra storage is needed!



SARAH is Conditionally Biased
o Recal: v, = Vf; (w) — Vfi(wi—1) + v

e We have
E[Ut|Ft] — VF(’U]t) — VF(wt_l) + Vi1 7é VF(wt)

\ Conditioned on {”UJO, 11,12, . . . a?:t—l}
e However, we have E[’Ut} = E[VF(’wt)]

Theorem: /F(w) is strongly convex

EHWK{“ oz = DI 9 P () |2

(1 2uln\t

/J+L) —; f( )is strongly convex

SARAH is converging (somewhere)!




SARAH Convergence

2

® Choose 7n < 7o
1 L
such that v := | d <1
pn(m+1) = 2—=nL
® |et ?E_I_ - {wOj Wi, ... ?wm—l}

E[|VE@)|%] < al| VF (wp)]?

Ok, this is similar to SVRG (a little bit better),
but still .... why itis cool?



Estimate of vt

SARAH Demonstration

RCV Dataset SVRG and SARAH

.~ need full gradient
after restart

10" =

10° | N Variance of SVRG
is decreased after
each restart

—={—SARAH :
10 | | ~O-svre Variance of

~SGD+ SARAH goes to
—=FISTA Zero
10 | [ |
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SARAH Demonstration

A Simple Example with SARAH

600 600

A Simple Example with SVRG

400 ¢ _ &7 400
200 | 200}
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=\ /- Early termination
X 4 3



SARAH+




SARAH+

Fact #1: Size of update is shrinking
It doesn’t make sense to do many tiny steps!

Heuristic: Restart algorithm when HUtH2 < ’}“H’UOH2

rqvl : |

v~ 1/10
good performance

across many
datasets
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10

Number of Effective Passes

SARAH SVRG SAG SGD+ FISTA
Dataset ok * ok * < *’
(m™,n") (m*,n") (n™) (n") (n")
covtype (2n, 0.9/L) (n, 0.8/L) 0.3/L 0.06/L 50/L
ijjecnnl (0.5n, 0.8/L) (n, 0.5/L) 0.7/L 0.1/L 90/L
news20 | (0.5n, 0.9/L) (n, 0.5/L) 0.1/L 0.2/L 30/L
revl (0.7n, 0.7/L) (0.5n, 0.9/L) 0.1/L 0.1/L 120/L
jdx‘ | Cﬂ)VW:YTNE |
\Q; O AV ’w
o\ One has to tune
- parameters to
°
‘\ get a good
L performance!
——SARAH+ %
={)=SARAH ' Not for SARAH+!
SVRG
SAG
SGD+ _
2—=FISTA
I I |
10 20 30
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10
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Number of Effective Passes

SARAH SVRG SAG SGD+ FISTA
Dataset ® ¥ * * * *
(m™,n™) (m™,n™) (n™) (n™) (n™)
covtype (2n, 0.9/L) (n, 0.8/L) 0.3/L 0.06/L 50/L
ijcnnl (0.5n, 0.8/L) (n, 0.5/L) 0.7/L 0.1/L 90/L
news20 (0.5n, 0.9/L) (n, 0.5/L) 0.1/L 0.2/ 30/L
revl (0.7n, 0.7/L) (0.5n, 0.9/L) 0.1/L 0.1/L 120/L
i | qu1 |
.‘::-f - v 3
>
\'
N
—f{—saARrRAH+ T
={)=SARAH L
SVRG
SAG R
SGD+ :
~»~FISTA N\ . H
| | <§¥Z:SE:C} I
10 20 30 40




SARAH SVRG SAG SGD+ FISTA
Dataset * x * ok s’ < *
(m*,n") (m™,n") (n™) (n") (n")
covtype (2n, 0.9/L) (n, 0.8/L) 0.3/L 0.06/L 50/L
ijcnnl (0.5n, 0.8/L) (n, 0.5/L) 0.7/L 0.1/L 90/L
news20 (0.5n, 0.9/L) (n, 0.5/L) 0.1/L 0.2/L 30/L
revl (0.7n, 0.7/L) (0.5n, 0.9/L) 0.1/L 0.1/L 120/L
ijgnnl | |
O A A
—}—SARAH+
=(~SARAH -
SVRG
SAG
SGD+
—3FISTA X
I | I b I I
B 10 15 20 25 30

Number of Effective Passes




Sensitivity of SVRG on “m”

SVRG (cpvtype) |

10 | | [
0 10 20 30 40
Number of Effective Passes

SARAH has similar behaviour!
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Fixed Low

Method Complexity Learning Storage
Rate Cost
GD O (nklog (1/¢€)) v v
SGD O (1/€) X v
SVRG O ((n+ k) log (1/€)) v v
SAG/SAGA @ ((n+k)log(1/€)) v X
SARAH O ((n+ k)log(1/¢)) v v

X

Practical variant available
More cases already covered:

® Smooth, convex objective function (sublinear rate)

® Smooth, non-convex objective function (sublinear rate)

® Smooth, gradient dominated function (linear rate)



Convex Case

By s—l
e — “
) SR ——=




SARAH for Convex Case

Without assuming strong convexity:

E[|V F(wr) — w|?] < 2=

2 —nlL

)
v ]

Improvement after m iterations \

2 *
am 1) o) ED

/

nL
|V F(wo)]I?

B[V F (")) < o




Non-Convex Case




SARAH for Non-Convex

|f
§ 2
"= LVt am+ 1)
then
2
o= 2 N Al
E[|VF (™[] < n(m+1)(F(”’“) )

/

global minimum



Training Loss

Test Error
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