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Problem:

Givena sequenceof � polygonsin theplane,a startpoint � , anda target
point, � , we seeka shortestpaththatstartsat � , visits in ordereachof the
polygons,andendsat � .
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RelatedProblem: TSPN:

If theorderto visit ��� ��� � ����������� ����� is not specified,we gettheNP-hard
TSPwith Neighborhoodsproblem.

TSPN: ���! �"$#&%(' -approxin general
�)�
*�' -approx,PTAS in specialcases



The FencedProblem:
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The FencedProblem:

P
1

P
2

P
3

F
1

F
2

F
3

s



The FencedProblem:
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The FencedProblem:
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Applications: Parts Cutting Problem:
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Applications: Safari Problem:
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Applications: ZookeeperProblem:
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Applications: WatchmanRouteProblem:

Essential cut

s



Summary of Results:

+ Disjoint convex polygons: �)�,�-%. �"$#/�0%�1��2'3' time, �)�0%(' space

(For fixed � , �)���4 �"5#6�0%�1��7'3' shortestpathqueriesto � .)
+ Arbitrary convex polygons: �)�0%�� �  �"$#&%(' time, �)�0%��7' space

+ Full combinatorialmap: worst-casesize 89�3�0%;: �7'3< � '
Output-sensitivealgorithm; �)�,�>=  �"$#&%(' -time shortestpathqueries.

+ TPPfor nonconvex polygons: NP-hard

FPTAS, asspecialcaseof 3D shortstpaths



+ Applications:

– Safari: �)�0% �  �"5#&%(' vs. �)�0% 	 '
– Watchman:�)�0% 	  �"$#?%(' vs. �)�0%A@B'

floatingwatchman:�)�0% @  �"$#&%(' vs. �)�0%DCE'
We avoid useof complicatedpath“adjustments”arguments,DP

– Partscutting: �����-%. �"$#/�0%�1��2'F'



UnconstrainedTPP: Disjoint Convex Polygons:

Given: � , � , sequenceof disjoint convex polygons ��� � ��������� � � '
Goal: Finda shortest� -pathfrom �HG �JI to � .
Local OptimalityConditions:



UnconstrainedTPP: Disjoint Convex Polygons:

Lemma: For any � K L � and any M K �ON �������P� �Q� , R uniqueshortest
M -path, S/TU�WVX' , from �HG � I to � .
Thus,localoptimality is equivalentto globaloptimality.

Lemma: In the TPP for disjoint convex polygons ��� � ��������� � � ' , each
first contactset Y T is a (connected)chainon Z[� T .

Lemma: For any V K L � andany M , thereis a uniquepoint V6\[K Y T such
that S/TU�]VX'^G S/T`_ � �WV \ 'ba V \ V .



GeneralApproach: Build a ShortestPath Map:

SPM� ���$' : a decompositionof theplaneinto cellsaccordingto the
combinatorialtypeof a shortest� -pathto �
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Badnews: worst-casesizecanbehuge:

Theorem: Theworst-casecomplexity of SPM� ���$' is cd�3�0%e: �7'3< � '
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Goodnews: worst-casesizecannotbebigger than“huge”:

Theorem: Theworst-casecomplexity of SPM�f���$' is �)�3�0%;: �7'3< � '
Size g T satisfiesg T(h <�g Ti_ � = �)�Ejk� T jl' .

Output-sensitivealgorithmto build SPM:

Theorem: OnecancomputeSPM� ���$' in time �)�,�nmojSPM� ���$'Pjl' , after
whichashortest� -pathfrom � to aquerypoint � canbecomputedin time
�)���>=  �"5#&%(' .



Last StepShortestPath Map:

Y T G firstcontactsetof � T : pointswherea shortest�0MJ: *�' -pathfirst
enters� T aftervisiting � �B��������� � Ti_ �
For V K Y T :pOqT �]Vr'^G setof raysof locally shortestM -pathsgoingstraightthroughV :

asingleraypfsT �]Vr'^G setof raysof locally shortestM -pathsproperlyreflectingat V
asingleray (V interior to anedgeof YXT ), or acone(V a vertex of YXT )p T �]VX'^G p qT �WVX'Aa pfsT �]Vr't T G aouwvyxBz p T �]VX' (aninfinite family of rays)is the starburstwith sourceY T



The Last StepShortestPath Map:
{ T G thelaststepshortestpathmap, subdivisionaccordingto the

combinatorialtypeof theraysof
t T passingthroughpointsV K L �{ T decomposestheplaneinto cells | of two types:

(1) coneswith anapex at avertex } of Y T , whoseboundingraysare

reflectionrays p \ � �0}~' and p \� ��}~'
} is thesourceof cell |

(2) unbounded3-sidedregionsassociatedwith edge� of Y T , classifiedas

+ reflectioncellsor
+ pass-throughcells

� is thesourceof cell |
The pass-throughregion is theunionof all pass-throughcells



Last StepShortestPath Map:

Pass−through Region
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v7v8
v7

v8

v9
v10

P2
v11

P1

s

e7
e8



Using the Last StepShortestPath Map:

Finda shortestM -pathto querypoint � :
Locate� in

{ T [ �)�! �"$#�jk� T jl' ]
+ cell | rootedatvertex } of YXT
:A� lastsegmentof S T ����' is }��
recursively computeS Ti_ � �0}2' (locate} in

{ Ti_ � , etc)
+ cell | rootedatedge� of Y T

– | is pass-through: S T ����'�G S T`_ � ����' , so recursively compute
shortest�0M�: *y' -pathto �

– | is a reflectioncell: recursively computeshortest�0M�: *�' -
pathto �5\ , thereflectionof � wrt �

Lemma: Given
{ ����������� { T , S T ����' canbedeterminedin time �)�,�� �"$#Q�0%�1��2'F'



Algorithm:

Constructeachof thesubdivisions
{ � � { � ��������� { � iteratively:

For eachvertex }�� of � TW� � , wecomputeS T �0}��B' .
If this patharrivesat }�� from theinsideof � TW� � , then }�� is not a vertex

of Y TW� � .
Otherwiseit is, andthelastsegmentof S T �0}���' determinestherays p sT �0}���'

and p qT �0} � ' thatdefinethesubdivision
{ TW� � .

Theorem: For agivensequence��� � ��������� � � ' of � disjoint convex poly-
gonshaving a total of % vertices,a datastructureof size �)��%o' can be
constructedin time �)�,�-%. �"$#/�0%�1��2'3' thatenablesshortestM -pathqueriesto
any querypoint � to beansweredin time ���0M� �"$#/�0%�1��7'3' .



TPP for Fenced,Arbitrary Convex Polygons:

UseLast StepShortestPath Maps,but combinatoricsandalgorithmare
substantiallymorecomplex.

Thus,Alon getsto try to describethem....;-)

Neededfor Safari, WatchmanRoute,Zookeeper.



TPP on Nonconvex Polygons:

Proposition: The TPP in the � � metric is polynomially solvable (in
�)�0% � ' time andspace)for arbitraryrectilinearpolygons � T andarbitrary
fences� T . Theresultlifts to any fixeddimension� if the regions � T and
theconstrainingregions �JT areorthohedral.



TPP on Nonconvex Polygons:

Theorem: Thetouringpolygonsproblemis NP-hard,for any � u metric
(V � * ), in thecaseof nonconvex polygons�(T , evenin theunconstrained
( � T G L � ) casewith obstaclesboundedby edgeshaving angles0, 45, or
90degreeswith respectto the � -axis.

Proof: from 3-SAT
basedonacarefuladaptationof Canny-Reif proof



Splitter Gadgets:
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Shuffle Gadget:
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Ganging Thr eeShuffleGadgets:



Literal Filter:

b  = most significant bit
i

2  shortest path classesn

i−1 shufflers

(n−i+1) shufflers

0 1 2 3 4 5 6 7

0 1 2 3 4 5 6 7

0 4 1 5 2 6 3 7



ClauseFilter:

3−way splitter

3−way splitter



OpenProblem:

Whatis thecomplexity of theTPPfor disjoint
non-convex simplepolygons?


