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Problem:

Givenasequenc®f k& polygonsin the plane,a startpoint s, andatarget
point, ¢, we seeka shortespaththatstartsat s, visits in ordereachof the
polygons,andendsatt.
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Related Problem: TSPN:

If theordertovisit { P, P, ..., P} is not specifiedwe gettheNP-hard
TSPwith Neighborhoodgroblem.

TSPN:O(log n)-approxin general
O(1)-approx,PTAS in specialcases



The FencedProblem:
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Applications: Parts Cutting Problem:




Applications: Safari Problem:




Applications: ZookeeperProblem:




Applications: Watchman Route Problem:

Essential cul




Summary of Results:

e Disjoint corvex polygons: O(knlog(n/k)) time,O(n) space
(For fixeds, O(klog(n/k)) shortespathqueriesto ¢.)

e Arbitrary corvex polygons: O(nk?logn) time,O(nk) space

e Full combinatoriamap: worst-casesize©®((n — k)2*)
Output-sensitie algorithm; O (k + log n)-time shortespathqueries.

e TPPfor noncorvex polygons: NP-hard
FPTAS, asspecialcaseof 3D shortstpaths



e Applications:

— Safri: O(n*logn) vs. O(n?)
— Watchman:O(n?log n) vs. O(n?)
floatingwatchman:O(n*logn) vs. O(n?)

We avoid useof complicatedpath“adjustments’argumentsPP
— Partscutting: O(knlog(n/k))



Unconstrained TPP: Disjoint Convex Polygons:

Given: s, t, sequencef disjointcorvex polygons(P, ..., P)
Goal: Findashortestk-pathfrom s = P, tot.
Local Optimality Conditions:




Unconstrained TPP: Disjoint Convex Polygons:

Lemma: Foraryt € ®? andary i € {0,...,k}, 3 uniqueshortest
i-path,m;(p), froms = Py tot.
Thus,local optimality is equivalentto global optimality.

Lemma: In the TPP for disjoint corvex polygons (P, ..., P;), each
first contactsetT; is a(connectedthainon 0p;.

Lemma: Forary p € %2 andary i, thereis auniquepointp’ € T; such
thatm;(p) = m—1(p') U p'p.



General Approach: Build a ShortestPath Map:

SPM;(s): adecompositiorof the planeinto cellsaccordingto the

combinatoriakype of a shortest-pathto ¢
t
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t
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Badnews. worst-casesizecanbe huge

Theorem: Theworst-cas&ompleity of SPM(s) is Q((n — k)2F)
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Goodnews: worst-casesizecannotbe bigger than“huge”:

Theorem: Theworst-cas&ompleity of SPM(s) is O((n — k)2F)
Sizem, satisfiesn; < 2m;_ 1 + O(|P|).

Output-sensitie algorithmto build SPM:

Theorem: OnecancomputeSPM,(s) in time O(k - |SPM(s)|), after
which a shortest:-pathfrom s to aquerypointt canbecomputedn time
O(k + logn).



Last Step ShortestPath Map:

T, = firstcontactsetof P;: pointswhereashortes{: — 1)-pathfirst
entersP; aftervisiting Py, ..., P4

Forp € T;:
r?(p) = setof raysof locally shortest-pathsgoingstraightthroughp:
asingleray

r’(p) = setof raysof locally shortest-pathsproperlyreflectingat p

]

asingleray (p interior to anedgeof 7;), or acone(p avertex of T;)
ri(p) = r(p) Ur{(p)
R; = Uperri(p) (@aninfinite family of rays)is the starturstwith sourceT;



The Last Step ShortestPath Map:

S; = thelaststepshortespathmap subdvision accordingto the
combinatorialtypeof theraysof R; passinghroughpointsp € R?
S; decomposethe planeinto cellso of two types:
(1) coneswith anape atavertex v of T}, whoseboundingraysare
reflectionraysri (v) andrj(v)
v Is thesourceof cell o

(2) unbounde®@-sidedregionsassociateavith edgee of T;, classifiedas

e reflectioncellsor
e pass-thoughcells

e isthesourceof cell o
The pass-througinegionis the unionof all pass-througieells



Last Step ShortestPath Map:

nrough Region



region



Using the Last Step ShortestPath Map:

Find ashortest-pathto querypointg:
Locateq in S; [O(log | P;])]

e cell o rootedatvertex v of 7;
— lastsegmentof ;(q) IS vq
recursvely computer;_;(v) (locatev in S;_1, etc)
e cell o rootedatedgee of 7T;
— o Is pass-through 7;(q) = m;-1(q), SO recursvely compute
shortesti — 1)-pathto g

— o is areflectioncell: recursvely computeshortest(i — 1)-
pathto ¢/, thereflectionof ¢ wrt e

Lemma: Givensy,...,S;, mi(q) canbedeterminedn time O(k log(n/k))



Algorithm:

Constructeachof thesubdvisionsS;, So, . . ., S, iteratively:
For eachvertex v; of P, we computer;(v;).

If this patharrivesatv; from theinsideof P, thenv, is notaverte
of Ti41.

Otherwiset is, andthelastsegmentof ;(v;) determinesheraysr?(v;)
andr;(v;) thatdefinethe subdvision S; ;.

Theorem: ForagivensequencéP, ..., P;) of k disjointcorvex poly-
gonshaving a total of n vertices,a datastructureof size O(n) canbe
constructedn time O(kn log(n/k)) thatenableshortest-pathquerieso
ary querypointq to beansweredn time O(ilog(n/k)).



TPP for Fenced,Arbitrary Convex Polygons:

Use Last StepShortestPath Maps, but combinatoricsaand algorithmare
substantiallynorecomple.

Thus,Alon getsto try to describeghem....;-)
Neededor Safri, WatchmarRoute,Zookeeper



TPP on Nonconvex Polygons:

Proposition: The TPPin the L; metric is polynomially solvable (in
O(n?) time andspace)or arbitraryrectilinearpolygonsP; andarbitrary
fencesF;. Theresultlifts to any fixeddimensiond if theregions P, and
the constrainingegions F; areorthohedral.



TPP on Nonconvex Polygons:

Theorem: Thetouringpolygonsproblemis NP-hard for ary L, metric
(p > 1), in the caseof noncoivex polygonsP;, evenin the unconstrained
(F; = R?) casewith obstacledoundedby edgeshaving angles0, 45, or
90 dggreeswith respecto the z-axis.

Proof: from 3-SAT
basedon a carefuladaptatiorof Canry-Reif proof



Splitter Gadgets:




Shuffle Gadget:




Ganging Thr eeShuffle Gadgets:
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Literal Filter:
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ClausefFilter:
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Open Problem:

Whatis the compleity of the TPPfor disjoint
non-comwex simplepolygons?



