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ABSTRACT. We consider the efficiency properties of exchange economies
where privately informed traders behave strategically. Specifically, a compet-
itive mechanism is any mapping of traders’ reports about their types to an
equilibrium price vector and allocation of the reported economy. In our model,
some traders may have non-vanishing impact on prices and allocations regard-
less of the size of the economy. Although truthful reporting by all traders
cannot be achieved, we show that, given any desired level of approximation,
there is N such that any Bayesian-Nash equilibrium of any competitive mech-
anism of any private information economy with N or more traders leads, with
high probability, to prices and allocations that are close to a competitive
equilibrium of the true economy. In particular, allocations are approximately
efficient. A key assumption is that there is small probability that traders
behave non-strategically.
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1. INTRODUCTION

A cornerstone of competitive analysis is the assumption that traders in large mar-
kets ignore their influence on prices. This assumption has far-reaching implica-
tions on how prices are determined and whether market outcomes are efficient.
Yet despite its central role, price-taking behavior is difficult to support with for-
mal strategic foundation. A stark illustration is seen by considering a continuum
economy with complete-information. Although individuals have no impact on the
economy’s fundamentals, if there are multiple competitive equilibria, individual
traders may mis-report their preferences if they believed doing so would lead to
a more favorable equilibrium selection. But if price-taking behavior is problem-
atic in idealized complete-information continuum economies, finite markets with

incomplete information are likely to present an even more formidable challenge.

In light of the above observations, this paper focuses on the efficiency properties
of competitive markets rather than on whether traders behave as price-takers. We
consider exchange economies where privately informed traders behave strategically.
A competitive mechanism is any mapping from traders’ reports to a competitive
equilibrium of the reported economy. A probability distribution on traders’ types
and a competitive mechanism define a Bayesian game where: Players report types,
the competitive mechanism selects an equilibrium for the reported economy, and

payoffs are the utilities traders derive from the implied allocation.

Our main result is that, given any desired degree of approximation, there is
N such that in any economy with N or more traders and any prior distribution
on traders’ types, any Bayesian-Nash equilibrium of any competitive mechanism
for this economy yields an allocation that is approximately efficient. Since this
result applies uniformly to all finite economies with N or more traders, no replica
structure is invoked, nor is it necessary to make assumptions about the existence
of a well defined limit economy. The intuition underlying our formal arguments is

provided after the statement of the main theorems.

Our results rest on two substantive assumptions. First, the set of possible types
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is finite. This ensures that a trader whose gain from misrepresenting his type is
small will actually report the truth.! Our second main assumption is that there is
positive probability of each trader being non-strategic. Although our main focus
will be on traders who report strategically, the presence of non-strategic traders
significantly alters the behavior of strategic ones. Our main conclusion will be,
roughly, that in large economies, the presence of a small fraction of non-strategic

traders is enough to ensure that most traders behave non-strategically.

A number of features of the model are worth noting. First, this paper studies
the efficiency properties of a particular institution, namely the competitive system
of price determination. Alternatively, one may ask the question: “Is it possible
to design an incentive compatible mechanism that yields an efficient allocation?”
Examples of of papers that pursue this line of enquiry include Gul and Postlewaite
(1992), Postlewaite and Schmeidler (1986) and McLean and Postlewaite (2002).
Roughly, these papers demonstrate that one can find mechanisms (often Walrasian-
like) under which there is at least one Bayesian-Nash equilibrium where traders
report truthfully and efficiency is achieved.? By contrast, we are concerned with
the particular institution of competitive markets that has been intensively studied
in economics. We prove a result about the efficiency properties of all Bayesian-
Nash equilibria of all competitive mechanisms, and allow for the possibility that

some individuals may retain a large impact on market outcomes, even in the limit.

In this sense, the current paper is closer in spirit to the literature on efficiency
of large auctions, including Gresik and Satterthwaite (1989), Rustichini, Satterth-
waite, and Williams (1994), Swinkels (2001), Reny and Perry (2003), Cripps and
Swinkels (2003), to name a few. In these papers, the goal is to examine the prop-
erties of a specific auction institution rather than design an optimal auction form.
Competitive mechanisms may be viewed as natural extensions of double-auctions

to divisible, multi-good environments. Compared to exchange economies, the en-

1This assumption appears in a number of papers in the literature, including Gul and Postle-
waite (1992) and McLean and Postlewaite (2002). See Jackson and Manelli (1997) for discussion.

2This is referred to as “weak implementation.” See Gul and Postlewaite (1992, remark 4, pp.
1254-5) for a discussion of this point.
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vironments studied in the large auction literature are restrictive. Assumptions like
single good; discrete number of units of the good, symmetric distribution of valu-
ations, and so on, are common. On the other hand, the large auctions framework
provides a significant advantage, namely that strategic interactions underlying the
price formation process can be explicitly modeled. In the present paper our goal
is more modest in that we make no attempt to model how competitive markets
work. Rather, we take the price formation process as a ‘black box’ that, somehow,
maps traders characteristics into definite prices and allocations. We only require

that this complex, unmodeled market process equates supply and demand.

Given this point of view, the competitive correspondence does little beyond
imposing a consistency requirement on the set of outcomes that a reasonable com-
petitive process could, in principle, produce.? This motivates why we do not make
the common assumption of restricting attention to anonymous and continuous
competitive mechanisms.* Lacking a theory of how actual market outcomes arise,
we find little compelling justifications to restrict the way markets map individual
reports into prices and consumption bundles beyond the consistency requirements
of a competitive equilibrium. This motivates our definition of competitive mech-
anisms to be any selection of the competitive correspondence. This assumption
simply reflects our ignorance of the specific institutions or processes through which

competitive markets determine equilibrium prices and allocations.?

One of the most striking features of competitive markets is their simplicity:
traders need only know their own utilities, endowments, and the prevailing market

price. In a recent paper, Gale and Sabourian (2005) showed that if traders incur a

3This is in the spirit of the idea, appearing in Kalai (2004), that equilibria of a simultaneous
move game might be thought of as representations of the outcomes of some complex underlying
extensive game elaborations of the simultaneous game. Kalai’s analysis is inapplicable in our
context, however, because he focuses on anonymous mechanisms where the influence of every
player on the final outcome disappears in the limit by assumption.

4 Anonymity means that the competitive equilibrium chosen depends only on the distribution
of reported characteristics, rather than on the identity of the traders. See, for instance, Mas-Colell
and Vives (1993).

A second motivation for allowing all selections is that it is awkward to define continuous
selections in exchange economies with a fixed finite size.
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cost for using complex trading strategies, then all equilibria in a game of matching
and bargaining must be competitive. Gale and Sabourian show that (in economies
of fixed size) a preference for simple strategies implies competitiveness, while we
show that in large economies with incomplete information, most traders end up

behaving non-strategically, and thus use rather simple strategies.%

Finally, the vulnerability of competitive mechanisms to strategic interactions
was first pointed out by Hurwicz (1972). One of the earliest formal studies of this
problem appeared in Roberts and Postlewaite (1976). They consider sequences
of exchange economies with complete information and show that the incentive to

mis-report vanishes as the economy gets large.”

2. THE MODEL
2.1. Complete Information Economies

An exchange economy with complete information with N agents, generically de-
noted by EV, is a pair (0%, w™) where 0V = (61, ...,0x) € OV is a vector of types,
and w" = (wy,...,wy) is a vector of initial endowments, with each w,, belonging
to the commodity space Rﬂr +.8 Here, types will represent utility function, so agent

n of type 6, has utility function Uy, .

2.1.1. Endowments. We shall assume that, with large enough N, each trader

owns a negligible portion of the economy’s aggregate endowments. Formally, there

SThere are many key differences in our models. For example, we do not model the matching
and bargaining process here, while Gale and Sabourian (2005) assume a single non-divisible good
and complete information.

"Roberts and Postlewaite (1976) define incentive compatibility relative to the competitive
correspondence, a definition that differs (and is weaker than) the current standard where incentive
compatibility is defined relative to mechanisms that select a particular outcome for any report
profile.

8Notation: We use superscripts to denote the size of the economy, and subscripts to index
the agents in a given economy.

9The reference to the number of goods, I, is suppressed, as it is held fixed throughout the
analysis.
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exist €7 > &€~ > 0 such that the endowment of every trader in every economy

belongs to the cube
W=[¢(1,...,1),M(1,..., 1)

We use WV C Rl+ . to denote the set of initial endowment vectors for economies

of size N. The set W is assumed fixed throughout the paper.

2.1.2. Utilities. There is a finite set of possible utility functions {Uy;6 € O},

where © is a finite index set with cardinality |©|. Each utility function
Upg:R.. —R

is assumed to be continuous and corresponds to a preference that is strictly mono-
tone, strictly convex and satisfies the boundary condition.!® The set of utility
functions © is assumed fixed throughout the paper.!! Let 5 denote the subset of
the unit simplex in R’ consisting of strictly positive prices. Our assumptions on

the utility functions imply that the demand function
Dp:A— R,
corresponding to Uy is well-defined, single valued, and continuous.

2.1.3. Sorting Condition. We will require the following condition: For every
T € Rﬂr+, 6, 8 € O, for any pair of hyperplanes H, H’ in R' such that H (resp.
H') supports Uy (resp. Uy) at x, we have H # H'.

We call this a sorting condition because, given any (p,w), a trader of type 6

demands a bundle that is distinct from that of a trader of a different type.

0These are the preferences that correspond to Ps. in Mas-Colell (1985, p. 168). A preference
> satisfies the boundary condition if for every bundle z, the weakly preferred set {y : y > x} is
closed in R'. See Mas-Colell (p. 68).

" Throughout the paper the cardinal measurement of utility is critical, so we do not reduce a
utility function to its underlying preference.
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2.2.  Competitive Mechanisms and Efficiency

Let EN = O x WY denote the space of complete information exchange economies
with N agents. A competitive equilibrium for EY = (Y, w") € &Y is a pair
(p,z"V) € A x (R' )" such that

1. Excess demand is non-positive: EnNzl(wn —wy) <0.

2. Each consumer maximizes utility: x,, = Dy, (p, w").

For n > 0, call (p,z") an n-competitive equilibrium if excess demand is zero, all
consumers exhaust their budget, and all but a fraction 7 of agents maximize utility.

Formally: 12

LN (2, —w,) 0.

2. p-xy, =Dp-wy for all n;

A Dy () £0) g

3
N

The competitive equilibrium correspondence is denoted:™
CE : N —— A x (RI)V,

with generic value (p,z") € CE(EY), where p € A is an equilibrium price vector
and 2V = (21,...,2n5) € (RY)N a corresponding equilibrium allocation. For

n > 0, let CE,, denote the n-competitive equilibrium correspondence.

12The formal definition below is motivated by the conditions found in Hildenbrand (1974,
Proposition 7, p. 163). Hildenbrand also requires that |z, — Dg, (p,w")] < n for all n, a
condition that need not hold in our main theorems.

BForz € R*, k=1,2..., we use |z| to denote the max norm of . For subsets A, B of R®,
we abuse notation and write |A — B| to denote the Hausdorff distance between A and B relative
the max norm.

11 Obviously CE should be indexed by N. We suppress this, however, since N will be clear from
the context.



EFFICIENCY OF COMPETITIVE MECHANISMS 7

A competitive mechanism is any selection o : E¥ — A x (R, )N of the com-
petitive correspondence CE. We shall use the notation o,(E") and o,~(EY) to

denote the price vector and the allocation implied by o.

Given EN = (6", w™) and n > 0, a feasible allocation z" is (ex post) n-efficient

if there is no feasible allocation &V such that
Up, (Zn) > Up, (xn) +m, n=1...,N. (1)

Call 2V efficient if it is O-efficient.'® Given an economy (6, w"), Eff (0~ ,w") and
Eff,, (0", w™) will denote the set of all efficient and n-efficient allocations respec-

tively.

2.8.  Strategic vs. Non-strategic Types

Our primary interest is the behavior of strategically minded, privately informed
traders. Our analysis will require, however, the consideration of the possibility
that, with small probability, these traders may be non-strategic. By itself, the
behavior of non-strategic traders is of little interest, since they truthfully report
their private information. But their presence can exert significant influence on the

behavior of strategic traders, as we shall see below.

To make this formal, a non-strategic type for trader n is one who always report
his true utility function. Let © = © denote the set of possible utility functions of a
non-strategic type, with generic element denoted 6,,. A strategic type, on the other
hand, is one who is free to mis-report his utility. We use © = O to denote the set
of possible utility functions of a strategic trader, with generic element denoted 0,,.
Finally, for each n, there is a 0-1 random variable, x,,, that determines whether

trader n is strategic (x,, = 0) or not (x,, = 1).

15Under our assumption that preferences are monotonic, this coincides with the more common
definition that requires Equation 1 to hold with weak inequality for all n and strict inequality for
at least one n.
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Thus, the type space is the product O x 6 x {0,1}. Let ¥" denote the space
of all distributions over the space of type profiles [é x © x {0,1}]¥, with generic

element ¥".

We will focus on a particular subset U% (e, €,) C ¥V, where €., €, € (0,1].
For a ¢V € WV let Y, &, wg denote its marginals on ©~, @~ and {0,1}"

respectively. Then " belongs to UV (e, € ) if:

1. wé\f and wiv have independent marginals across n;
2. For all n, (0, =0)>¢. V0cO;

3. For all n, wg(xn =1) > ¢y

Finally, we assign each trader his true type, 6, as follows: 6, = 6, if X, =0
and 6,, = 0,, if X, = 1.

In the above model each agent, when behaving naively, does not necessarily
have the same type in mind as when behaving strategically. One can simply view
this as two different versions of an agent - one strategic for which a specific type is
chosen and one naive (or non-strategic) for which a possibly different type is chosen.
An alternative interpretation is that an agent may decide to behave strategically.
However, if he chooses (or nature chooses for him) to behave in a non-strategic
way then he also chooses at random a type which he will report and according to

which he will measure the value of his bundle and his utility.

2.4. Private information economies

A private information economy, generically denoted (4™, w"), consists of:

1. Endowment profile, w™ € W7,

2. Type Distribution: Type profiles are drawn according to a probability distri-
bution ™ on [© x © x {0,1}]";
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N

3. Information Structure: ", w" are common knowledge; each trader n is

informed of his own type realization.

Note that we impose no conditions on the prior probability distribution, 1",
and any correlation is allowed. In particular, the distribution over strategic types,

1Y, in a private information economy may be degenerate.

2.5. The Market Game

A competitive mechanism o and a private information economy (4™, w"), give rise

to a game of incomplete information I'(o, ", w") as follows:

1. Types are drawn according to ¥™;

2. A strategy for trader n is a reporting function 6,, : © x © x {0,1} — A(0)
such that én(én,é,l) = 0, for all 6, (that is, non-strategic types report
truthfully). We write 0,, instead of én(@n, 0,x,) for simplicity. A strategy
profile is denoted 6" = 01,...,0N).

3. Given a vector of reports éN, the competitive mechanism picks a competitive

equilibrium O'(éN, w™). Player n’s payoff is Uy, (04, (éN, w)).

4. A type distribution ¢", a strategy profile éN, and a competitive mechanism o
give rise to a probability distribution P on ©x0x{0,1}xOxOx Ax (RY, )N
of types, reports, prices, and allocations. This distribution is used, among

other things, by traders to compute their expected payoffs.

We finally note that in this market game, (interim) individual rationality is
automatically satisfied since non-strategic traders always report their true types,

and strategic traders always have the option to do so.
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3. MAIN RESuULTS

Our first result concerns the relationship between Bayesian-Nash equilibrium out-

comes and the competitive equilibria of the true economy:

THEOREM 1: For anyn > 0, there is € > 0 such that for any 0 < € < € and any pair
(€c, €y), satisfying €. - €, > €, there exists N such that for any private information
economy (Y™, w"), with ™~ € UV (e, ¢,) and N > N, any competitive mechanism

o and any Bayesian-Nash equilibrium of T'(o, ™, w™)
P {a(éN,wN) c CEn(eN,wN)} >1-1. (2)

The strength of the theorem is in the order of quantifiers: Under our assump-
tions, once € and N are chosen (as a function of the model’s primitives and the
desired degree of approximation 7)), the conclusion that prices and allocations
are close to a competitive equilibrium of the true economy holds uniformly over
all Bayes-Nash equilibria of all competitive mechanisms of private information

economies with N > N traders.

The next theorem is our main result on efficiency:

THEOREM 2: For anyn > 0, there is € > 0 such that for any 0 < € < € and any pair
(€c, €y), satisfying e. - €, > €, there exists N such that for any private information
economy (YN, w"), with ™ € UV (e, ¢,) and N > N, any competitive mechanism

o and any Bayesian-Nash equilibrium of T'(o, ™, w™)

P{%N(éN,wN) € Eﬁn(HN,wN)} >1-7 (3)

The interpretation of this result is similar. Next we provide an intuition for
the proofs of the results and discuss some of the complications that arise. A basic
intuition underlying all papers in this literature is that the influence of individual

traders on market outcomes decreases as the economy becomes large. However,
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since we consider all mechanisms, including non-anonymous ones, it is possible
that a non-vanishing fraction of traders retain significant influence regardless of
the size of the economy. A key assumption to deal with this problem is that
each trader is non-strategic with positive probability. This ensures that there is
strategic uncertainty about the opponents’ reports and about the outcome of the
mechanism that is bounded away from zero uniformly in the number of traders and
the strategies they play. Using the terminology we introduced in Al-Najjar and
Smorodinsky (2000), define the “influence” of a trader on an abstract outcome
function as the maximum change in the expected outcome that can be caused
by changes in this trader’s actions. See also Fudenberg, Levine, and Pesendorfer

(1998) and Swinkels (2001) fore related concepts and results.

Earlier work provides a general bound on the average influence players possess
in noisy environments (Lemma A.2). Although a useful start, this result is not suf-
ficient to deal with the complications arising in our setting of exchange economies
and incomplete information. A significant part of our argument is a build up to
Lemma A.7 which provides bounds on traders’ ability to influence prices. Roughly,
the idea is to divide the simplex of prices into a finite collection of subsets, each
of which small enough that the payoff of all traders changes very little within each
subset. Lemma A.7 shows that, uniformly in NV, competitive mechanisms, equi-
libria and type distributions, all but a decreasing fraction of traders cannot shift
the price vector from one component of the partition to another. As the number

of traders increases, the fraction of potentially influential traders becomes small.

The next step is to show that traders with small influence report their types
truthfully (Lemma A.9). Here the assumption of a finite type space plays an
important role. With a continuum of types, it is still possible to show that the
magnitude of a misrepresentation of a traders with small influence is small. The
difficulty is that there is no guarantee that a large number of small misrepresen-
tations will not add up to a large distortion. With a discrete type space, any
misrepresentation will lead to a discrete decrease in a trader’s payoft. Unless this

trader has a large offsetting influence on prices, he would strictly prefer to report
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truthfully.

In summary, the argument so far is that uniformly in N, competitive mech-
anisms, equilibria and type distributions, all but a vanishing fraction of traders
report their types truthfully. There is little we can say about the behavior and
impact of the influential traders. However, as N grows large, the economy with
a decreasing fraction of misrepresentations becomes increasingly close in distribu-
tion to the true economy. Since the set of equilibria of a competitive mechanism
depends only on the distribution of characteristics, a competitive equilibrium of an
economy with a decreasing fraction of misreports is an approximate equilibrium
of the true economy when N is large. Finally, a competitive equilibrium of an
economy with a decreasing fraction of misreports is efficient for that economy, and

so must be approximately efficient for the true economy.

In Theorems 1 and 2 the claim holds with high probability but not for certain.

The following example illustrates why this is the most one can expect.

Example. Let © = {A, B,C} be the type space and assume the probability
! over the strategic types eV assigns positive probability to the following N + 1
vectors: (a) The vector (C,C,...,C) is assigned some small probability a. (b)
The residual probability, 1 — «, is distributed evenly among the N vectors, @N (n),
n = 1,...,N, constructed as follows. Let 6N(n) € ON, n = 1,...,N, be N
distinct vectors whose entries are either A or B and such that |{j : Hév(n) #
Hév(m)}] > % VYm # n, and % < Nj: 9§V(n) = A} < %.16 Now let 9N(n) be
defined via 9;\](71) = va(n) for j # n, and 95(71) = C.In addition, assume that the

non-strategic types are chosen by N independent fair coin flips.

~N

Assume the vector 0, (n) is realized and that all strategic agents, except agent
n, report truthfully. By the construction one can immediately identify the n'*
agent, whose type is C'. This claim remains true, with high probability, even if

not too many agents are realized as non-strategic (actually, if less than 5% of the

16 The number of indices where two vectors do not coincide is known as the Hemming distance
between 2 vectors. We adopt a technique from coding theory and show, in Lemma A.14, that for
large enough values of N, it is possible the construct such N distinct vectors.
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agents are realized as non-strategic), with a small probability. In addition, if the
realized vector is (C,C,...,C) then, once again, even if some agents types are

non-strategic the posterior probability will be high on (C,C,...,C) .

Now consider a complete information exchange economy where approximately
half of the agents are of type A and half of type B and assume there are two
equilibrium prices, where one price vector is strictly better than the other for
agents of type C. Let the equilibrium selection be as follows. If the agent whose
true type was C' (and this can be deduced with high probability from the reported
vector) reports C' or B then choose the inferior price vector. Otherwise choose the
superior price vector. However, if all agents were of type C' then the mechanism
chooses the equilibrium based on the parity of the number of reported As. Note
that if the type of agent n is C, he assigns high probability to being the unique
C type, in which case he is pivotal in determining the equilibrium price, and will
report A. As a result, if the vector (C,C,...,C) is realized, then all agents report

A and so the reported vector is quite far for the true vector.
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APPENDIX

The main argument behind our results is that most traders in a large economy report truthfully:

PROPOSITION A.1: Given any § > 0, there exists € > 0 such that for any 0 < € < € and any pair
(€c, €x), satisfying e - €y > €, there exists integers N, J, M such that for any private information
economy (Y~ ,w"), with ¢~ € ¥V (e.,e,) and N > N, any competitive mechanism o and any

Bayesian-Nash equilibrium of T'(o, %™, w™)

P{#{n:én75971}2J.M,‘@|,N3/4}<6.

The key feature of this proposition is the order of the quantifiers: the integers J and M do not
depend on the size of the economy N, the competitive mechanism o used, or the Bayesian-Nash
equilibrium played (however the identity of the traders who may not report the true type may

depend on these factors).

Two ideas underlie the proposition: First, in a large economy, most traders will not be
“pivotal” in determining equilibrium prices, a conclusion we reach in Lemma A.7. Here, we use
the concept and results on influence from Al-Najjar and Smorodinsky (2000). See also Fudenberg,
Levine, and Pesendorfer (1998) who establish related results in the case where traders’ types are
independent and Swinkels (2001) who develops similar notions for proving efficiency in large
private value auctions. Second, non-pivotal traders strictly prefer to report truthfully, which is

the conclusion of Lemma A.9.

A.1. AN ANALYSIS OF PIVOTALNESS

Throughout this section, we will fix €., €y, € > 0 such that €. - €, > €. Define the influence of
the strategic type of trader n on a function F : ©F — [0,1], given a distribution " € UV (e, ey)

and a reporting strategy profile, o~ (which need not be in equilibrium):

Vi (F;0,) = max E(F|0,,0,) — min E(F|0,,0,).
25 On
Here, expectations are taken with respect to the distribution on [© x © x {0,1} x © x ]
determined by %" and 0" . Informally, this is the maximal impact of trader n’s report on F,
conditional on knowing he is strategic and that his strategic type (and therefore also his true

type) is On.
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The key result on influence we need is:

LEMMA A.1: There exists an integer K, such that for every N, ¢ € ¥V (e.,¢,), reporting
strategy 0" and function F : O — [0,1]:

SN 9N (Bn) - ValF30,) < KVN.
n=19, cé

To prove this result, we need two intermediate concepts of influence. The first is

Va(F,0") = max E(F|0",8,) — min E(F|" ,0,)
On On
This is the influence of the strategic type of trader n on F' given a strategic type profile 0", (Note
the difference between V;, (F, 9n) and V, (F, éN); the later calculates influence under the assump-
tion that the entire vector of strategic types, éN, is known.) From Al-Najjar and Smorodinsky

(2000) we have the following result:

LEMMA A.2: There exists an integer K, such that for every N, P and function F : O — [0,1]:

N
S Va(F;0") < KVN
n=1

Proof: Note that, conditional on knowing the vector of strategic types, traders’ reports are
independent. Furthermore, due to the existence of commitment types, any type will be reported
with probability at least e. Consequently Theorem 2 in Al-Najjar and Smorodinsky (2000) applies,
which is the desired inequality. |

To prove Lemma A.1, define é: and é; to be the pair of types such that

Va(F;02) = E(F|6n,0,) — E(F|0,0,,).

N _

Similarly, define 9: = é: (é )and 6, =0, (éN) to be the pair of types such that

AN AN w4

Vou(F;0™) = B(FI8",60) — E(FI8",6,,).

Proof of Lemma A.1:

Va(Fi00) = E(F|0n,0,) — E(F|02.0,)
S W@ 10.) [EFID,0) - E(FIO”,0,)]

oNcoN

I
>
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< D0 WY@ ) [BFIOT 00 = 0,(0™)) — B(FIB", 6. = 0, (6"))
N eonN
= >0 w0716 Va(FE),
NV eon
Averaging over the possible types of trader n:
~ ~ A AN  ~ AN
Do) Va(Fi0.) < YT 0l (0n) DS (0 10a) Va(F0)
0,6 0n€6 N eoN

S Va(F07) N N @ 10wl (8n)

N ecoN 0,0
= Y W@ V(0.
N coN

Summing over n, we obtain:

N N
S5 @l (On) Va(Fi0) < SN @) Va(F;07)
n=19,cé n=1sN_gnN
AN N
= > wl(O) > ValF;0Y)
0N eoN n=1

We apply Lemma A.2 to obtain:

S> wN ) VaFit) < > 9@ KVN =K VN,

n=19,€6 N eoN

The following observation follows from the Markov inequality:

LEMMA A.3: Let Q be an arbitrary probability distribution on ©~ and G, : © — {0,1},n =
1,..., N, an arbitrary set of functions. Then for every L € [0, N],

LQ{ icn(en) > L} < iQ{Gn(en) - 1}.

Proof: The markov inequality states that for every non-negative random variable, X, and any
number L > 0 we have L - Prob(X > L) < E(X). Now set X = Gn(0n) and use the linearity
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of the expectation to get the desired result.!” |

LEMMA A.4: For every «, & > 0 there exists N such that for any N > N, and and function
F:0Y —10,1]
w:{#{n Va(F30,) > a} > N%} <3

That is, there is low probability of drawing a type profile with more than N % traders with
large influence on an arbitrary function F.

Proof: We begin by applying Lemma A.3 to the functions: Gn = X(v, (ro,)>a}, the indicator
function of the set {9n : Vo (F, én) > a}, to obtain:

N
NN #n Va(F300) > a} > N1} <S4 {Va(F30,) > o} (A.1)
n=1
Observe that for any trader n and any strategic type 0, it is always the case that & Xy, (r.0,)50) <
Vn(F;én). Therefore:
N A N .
a- Y e {VaFib) >a) = ad 3 0l Kvairinsa]
n=1 n=1 éNeé)N
N
= Z Z ¢iv(9 ) [a X{Vn(F;én)>a}]
n=1gNconN
N N
< DD w0) Va(Fi6a)
n=1pNconN
N ~
n=1p,cod
Combining this fact with Equation A.1 and lemma A.1, we conclude that:
- 3 KvN
e {# 0 Va(Fi0,) > 0} > N} < \/d_
alN 4
The proof is obtained by taking N large enough such that £ ‘/Qﬁ is smaller than é. [ |
aN 4

"The proof of the Markov inequality is straightforward: If X is positive random variable then:
EX)=2 e P(X =x) 23, spmP(X=2) >3, 5, LP(X =2:)) =LP(X > L).
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A.2. RESULTS FROM GENERAL EQUILIBRIUM THEORY

In this subsection, and in this subsection only, we allow economies with a continuum of consumers,
sowe assume N € {1,2,...}Uocc. Here, EV with N = oo will refer to an economy with a continuum

of consumers, in the sense of Mas-Colell (1985).

Let £ = UF_1ENUE™ denote the space of complete information economies of all cardinalities.
Endow & with the notion of convergence defined in Mas-Colell (1985, pages 222 and 223). Under
this notion of convergence, a sequence of economies {Eg" }, with cardinalities Ny, converge to an

economy EY (with possibly N = oo) if:

1. Ny — N, where N = oo if { Ny} is unbounded;

2. The distribution on characteristics in economy E;:’“, denoted p,,, converges weakly to the
distribution u of E™;

3. The support of p, converges to p in the Hausdorff metric.

Let f: A x & — IR denote the excess demand function:

N
f(p7 7'I_U ZDQn p,wn _le]

Proposition 5.8.3 in Mas-Colell (1985, p. 224) shows that f is continuous and satisfies the bound-
ary condition. That is, for any sequence of economies {Fj} in £ (with possibly varying cardinal-
ities) and a corresponding sequence of prices {px} such that Ex — E, pr — p, and p belongs to
the boundary of the simplex, then f(pg, Ex) — oo. Furthermore, Proposition 5.8.1 in Mas-Colell
(1985, p. 223) shows that £ is metrizable and separable and, under our assumption that the space

of characteristics is compact, is itself a compact space.

We will make use of some elementary results:

LEMMA A.5: There is a compact set A C A such that p is a competitive equilibrium price vector
for E € £ implies that p € A.

Proof: If this were not true, then there is a sequence of economies {Ej} in £ that has an
accumulation point p with at least one price equal to zero. (Note that the Ej’s have varying
number of consumers. We do not refer to N in this proof, however, to simplify notation.) Since
the space of economies is compact, passing to subsequences if necessary, we may assume that
Er, — E and pr — p. Since the excess demand function is both continuous and satisfies the

boundary condition, f(p, E) = limg—c f(pk, Ex) = co. A contradiction. [ ]
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LEMMA A.6: For any 3 > 0 there exists a finite set of endowments W = {w(1),...,w(M)} C W
such that for any w € W there exists w € W with

|E.Us(Do(p, w)) — E,Ue(De(p,w))| < 5/3

uniformly over all distributions v over A (where A is the compact set provided by Lemma A.5).

Proof: Fix 0. By our assumptions on the Up’s and Dg’s, the function maxpea |Ug(Do(p, w)) —
Uy (Do(p,w’))]| is continuous on the compact set W x W, and hence uniformly continuous. Thus,
for every 3 > 0 there is € > 0 such that |[w—w’| < € implies that |Ug(Dg(p, w))—Us (Do (p,w’))| < 3
for all p € A. The desired result is obtained by choosing a set {wl, e wM} C W so that e-balls

centered around w(m), m = 1,..., M constitute a cover of W.

Finally, note that for all p € A

|EvUs (Do (p,w)) — EvUs(Do(p, w(m)))|

IN

/A U (Do (p, ) — Us(Do(p, w(m)))|dv(p)

IN

/ B/3 du(p) = B/3.
A

A.3. PLAYERS’ INFLUENCE ON PRICES
We use Lemma A.4 to bound traders’ influence on prices in equilibrium. The arbitrary function
F in that lemma will now be replaced by functions Fi’f,"’m defined below. First, define
z= maux{Ue(Dg(p7 w):0€0,peAweE W}

This is well defined since Uy and Dy are continuous and ©, A, W are compact.

Given 0 € ©, j € {1,...,J} and m € {1,..., M}, define:

o i1 i
AT :{p;sz §U9(D9(p7w(m)))§z%}.

That is, A%»%™ is the set of all prices that keep the utility of a trader of type 6 and endowment

w(m) within the interval z [Z5%, Z].
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Also, given a vector of initial endowments, w” € W, let
. ~N ~N .
Bfu’i,’m = {9 cop(0 W) € A]’Q’m}.ls

In words, Bfﬁv’m is the set of all type profiles which, when combined with w”, result in an
equilibrium price vector belonging to A»%™. Let Fi’f,’m : Y — {0,1} be the indicator function
of Bi;?\;m. We are interested in the impact of the strategic type of trader n on Fi’z’m. Given
~/ ~1 ~
0,6 €0o:

P(BI ™0 =00, =0') — P(B2Y™ 10, = 0,0, =0")
= Ep(FI™0n =00, =0)— Ep(F"3™0, = 0,0, =0")
< Va(FIR™:0.=10)

LEMMA A.7: For every a > 0 and 6 > 0, there exists N such that for any N > N, private

information economy (1™, w™) € U (e, ey):
P{ #{n 2335, 0,m) Va(F23™60,) > a} >J-M-|0| -N%} <.
That is, with high probability, the number of traders who may have significant influence over
the price vector is bounded by N7 times a constant that does not depend on N.

Proof: Apply Lemma A.4 with § = to conclude:

_5
TM|O]

P{#{n:fl(j,&,m) Vn(Fi’f,’m;?)n)>a} > J.M.|@\.N%}

< P{ 35,0,m #{n|Vn(Fi’f;m;én} > a} > N%}
< P(Ujﬂﬂn {#{n‘Vn(Figm,én} >al > N%})
< ¥ P{ H Ve (P57 0,) > a} > N%}
7,0,m
< J.M.|@‘.L:§_
J-M-|6]

18Note that we are using two values of endowment in this definition: The mechanism o uses
true endowment, approximate endowment w(m) is used in A>%™
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A.4. SMALL INFLUENCE LEADS TO TRUTH-TELLING

We show that a utility maximizing trader with small influence on the price vector reports his true

type as his unique best response. First, we need the following lemma:

LEMMA A.8: Under the sorting condition, there is 3 > 0 such that for every 0,0’ € ©, w €
VV7 pE A; UG(De(paw)) - UG(DG’(p7 ’LU)) > /8

Proof: The sorting condition implies that Dy (p, w) # De/ (p, w) for any p € A. Utility maximiza-
tion and strict convexity in turn imply that Us(Dg(p, w))—Ug(De (p, w)) > 0 for any p and w. The
conclusion of the lemma now follows from the facts that (p,w) — Ug(Dg(p,w)) — Uy (Dg: (p, w))
is a strictly positive, continuous function on the compact domain A x W and thus must have a

strictly positive minimum. |

Recall that o, (E") denote the projection of o(E™) on x, i.e., the consumption bundle of

agent n implied by the mechanism o when applied to the economy E".

LEMMA A.9: There is a > 0 small enough such that if Vn(Fi’f,’m; 9n) < « for all j,0, m then for
all 9,0” € ©, 0’ # 0" and any initial endowment w",

Ep (Ugl(az"(éNwN)) 0o =0',x, =0,0, = e’) > Ep (ng (0an (0", 0™))| 00 =0, x,, = 0,0, = 9”)

Proof: By Lemma A.8 there exists 8 > 0 such that for every price vector p € A, every §',0" and
weW
Ug (Do (p, w)) — Ug: (Do (p, w)) > B.

Based on the value of 3 we now choose J to be large enough so % < g and choose a to be

sufficiently small to satisfy J - a < g.
Suppose that Vn(Fi’f,’m; én) < « for all 5,0, m. Consider the LHS of the desired inequality.
By Lemma A.6, there exists an endowment, w(m), in the grid of endowments, such that the

following holds:

Ep(Ug/ (00 (0", 0™))| 00 = 0,0, = e') = _NZ Ui (00, (0" ™)) P(" |0, = 0,0, = )
0 eON
> Z UG’ (Dé(gp(é va)’w(m)))
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PO 0, =00, =0) — g

Z Z Uy (Do (08" ,w™), w(m)))

— =~
J GNEBJ’?V’"L
w

PO" 0, =00, =0

_B
3
Vi ~N ~ VS ’
> - = =
=Y Z PO 00 =0',0,=0")
J éNeB‘le;?\]/,m
_B
3
= Z] P(Bi;’eN’m ‘én:9lvén:9,)
J
_B
3

Now consider the RHS of the inequality. For the same endowment, w(m), the following holds:

Ep(Ugl(Ozn(éN,wN)) én:e',énze”) = Y Up(0w, (0" w™) PO (0, =00, =0")
0N eoN
~N
< Z UO’(DG"(O—P(G awN)vw(m)))
N eoN
~N | A 5 7 ﬁ
PO [0 =00, =0") + 5
S Z U9’(D8/(UP(0 7wN)7w(m)))
N eodN
P@~ |6, = 0,6, —0") ﬁ+§
~N
= Z Z Ug/(Dg/(O'p(e ,w(m)))
7 éNij,IO\]’,rn
P@" 0 =00, = ") ~ 2
Jg+1 AN " 203
<Y ¥ eV -ed.-0) -2
J éNeBL%”“
_ 7+1 O mo o 283
= ZT P(B?™ |0, =60, =60 =

Subtracting the RHS from the LHS we get:
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LHS — RHS > Z %p(Bz;i;,m 00 =0 8 = 0') — g
J

—; % P(BIA™ (0 =00, =0") + g
> —zj:Vn(Fﬂz’m,e’) _ %+§
> - zj:a — % + g
By the choice of J and o LHS-RHS > g, and in particular positive. m

LEMMA A.10: Given any § > 0, there exists € > 0 such that for any 0 < € < € and any pair
(€c, €x), satisfying e - €y > €, there exists integers N, J, M such that for any private information
economy (Y~ ,w"), with ¥~ € ¥V (e.,e,) and N > N, any competitive mechanism o and any

Bayesian-Nash equilibrium of T'(o, %™, w™)

P{#{n:xnzo, én#én}ZJ-M~|6|~N3/4}<5‘

Proof: Follows from Lemmas A.7 and A.9. [ |

Proof of Proposition A.1: By definition, én =0,, = 0,, whenever X, = 1.

#{n:0,#0,} = #{n:{0,#0,andx, =1}U{0, #0, and x, = 0}}
#{n:{0, # 0, and x,, = 0}}.

The result now follows from Lemma A.10. [ ]
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A.5. PROOF OF THEOREM 1

The proof is straightforward: The requirements of non-positive excess demand and budget balance

for all agents immediately follow from the fact that o always selects a competitive equilibrium
. =Ny .. . .

given any perturbed reported economy (6 ,w"). The only remaining requirement is that when

N is large, with high probability, all but a vanishing fraction of agents choose bundles that are

optimal relative to their true types. This however follows from Proposition A.1.

A.6. PROOF OF THEOREM 2

We first show the following:

PROPOSITION A.2: For every n > 0 there is 7 > 0 such that: for any EN = (0%, w"), EY =
0", wN) € €N such that w, = W, for every n, and #{"+’"’¢6"} < 7; if 2V € Effo(E") then
N € Eff,(EN).

That is, if EY and EY are identical except that they may disagree about the types of no
more than a fraction 7 of consumers, then any competitive equilibrium allocation for EV is an

n-efficient allocation for E~. We first need some preliminary lemmas.

LEMMA A.11: Given & we can find & such that for all endowment vectors and type profiles,

|p — p'| < & implies that demands at these prices must be at most & apart.

Proof: This follows from the continuity of the demand functions, which in turn follows from our

assumptions on the utility functions. [ ]

Define
X ={z=Dy(p,w):0€0,pe A,we W}

and let 1 be the unit vector in R’ (i.e., the vectors with all entries equal to 1).
LEMMA A.12: For every r > 0 there is q(r) > 0 such that for every z € X and 6 € ©:

Us() = 5 < Ul — a(r)1).
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Proof: if this were not true, then there is 7, 8, x such that for every k

Us(w) > Us(2) — & > Un(a - %1).

This is impossible since Uy is continuous on the compact set X x © which makes it uniformly

continuous. [ ]
LEMMA A.13: There is ¢* > 0 such that for every 0 € 6 and z, ¥ € X, Up(& + ¢"1) > Up(z).

Proof: Obvious from the fact that ©® and X are compact. |

Proof of Proposition A.2: Let " be as in the statement of the Proposition and assume, by
way of contradiction, that Z" is a feasible allocation with the property that U (in) > Uy, (zn)+n

for all n.

Define I ={n € N : 0, = én} and note that % > 1— 7. We form a new allocation #V as

follows:
Zn —q(n)1 ifnel

In = "y

where q(n) is the multiple of 1 provided in Lemma A.12. That is, under the allocation #" a
quantity ¢(n) is removed of each good from each member of I. The total collected, [#I - q(n)]|1,

is distributed equally over the remaining N — #I[ consumers.

Note that for every n € I,

Us,.(@n) = Uy, (2n) < Up, (&) = 3 < U, (in) = Us, (én), (A:2)

so for these consumers " dominates " in EV.
On the other hand, we have N#—;I a(n)1> =T q(n)l.

Fix n and choose 7 small enough so that 1777 q(n) > q", where ¢" is the number obtained in
Lemma A.13. Then, forn & I

Us, (wn) < Us, (xn + 1T () 1) < Us,, (n) (A.3)

From Equations A.2 and A.3 we conclude that every agent strictly prefers ™ to ™ in EV. This

a contradiction with the assumption that " is efficient in E~. |
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Proof of Theorem 2: : Fix n > 0. Use Proposition A.2 to find 7 with the properties asserted
in that proposition. Given this value of 7 > 0, use Proposition A.1 to find a € that satisfies the

requirements of the Theorem. [ |

A.7. MISCELLANEOUS PROOFS

LEMMA A.14: There exists a set of N binary vectors in {0,1}", denoted X(n), n = 1,..., N,
such that |{j : X;(n) # X;(m)}| > & Vm #mn, and |{j : X;(n) =1} = &

Proof: Assume N is large and is furthermore divisible by 10. Let C = {X € {0,1}" : > X =
&}, For each element in X € C let us denote by V(X) ={Y €C: 251X =Y < 3.

Let X (1) be an arbitrary vector in C. If we can choose X (n), for n = 2,..., N such that
X(n) € C—UZV(X(j)), then we are done.

To show this it is sufficient to show that limy— e % = 0. On the one hand, |C| =
%, which, by Stirling’s formula, is approximately 2" 19 Op the other hand, note that
CRACRE

v N
V(X) c{Y €{0,1}" : >, |X; — ;| < £} Therefore
N N!
0

VOIS HY € 0 31X - %l < §)1 < 2% ey

Using Stirling’s formula we deduce that |V (X)| < \/1)51% Therefore

. o VaW
]\]lgnoo [V (X)] e

19Stirling’s formula asserts that limy— oo #&)N =1
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