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Difference of convex (dc) programming

PP ediddamnssad ftiree fom
min fy(x)
s.t.f;(x)<0,i=1,..,m

where f;(x) == g;(x) — h;(x), g;, h; convex fori = 0, ..., m.
where , convex for

What if such a decomposition is not given?

reqularization} procedures of some kind. However, all the proofs we know
are "constructive" in the sense that they indeed yield g and h satisfying
(2.3) but could hardly be carried over computational aspects.

Hiriart-Urruty, 1985 stance. For one thing, the d.c. structure of a given problem is not always apparent or
easy to disclose, and even when it is known explicitly, there remains for the problem
solver the hard task of bringing this structure to a form amenable to computational
analysis. However, since the d.c. structure is virtually universal, one can hope that

Tuy, 1995 2
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Difference of convex (dc) decomposition

* - Différenceeaffocorvwax( (b)) tremipassiom: gikem & pollynorial ffjfichd
ancredidhstivat that

here g, h ngmials.
where 23 polylﬁ) r%la S.
. Questlons
Boes Rich a decomposition always exist?

*« Q06 SHEEMAR RHMRASIEANL D WMIYR S¥feliently?
*«(aniokladp sy Ridaqampesition efficiently?

* |s this decomposition unique?



N PRINCETON

UNIVERSITY

Existence of dc decomposition (1/4)

Mpsdwrniall 15 i3 swmebiayataeis@ek)fif, Balypoitidlfmiats, s.t.
p(x) = Yq7 (x).

. Aﬂ\ pDocfl noorrrngall gl(ﬁ)egif“degte_e. 2d issos if .an.d/ ﬂn%ghagmﬁ 0 such that
p(x) = Q
d

where z = [1,Xq, ..., X, X1 X5, ..., X2 T is the vector of monomials up to
vwlé%pgelgjche vector of monomials up to degree

*Tasstnggwitettrerr a poliynormial is $os is a semidefinite program.
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Existence of dc decomposition (2/4)
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£GO H(x) >0

convex —

Vx € R"

y Hp(x)y = 0,

Vx,y € R"?

yTHe(x)y sos

SOS-convexity

Theorem: Any polynomial can be written as the difference of two

sos-convex polynomials.

Corollary: Any polynomial can be written as the difference of two

convex polynomials.
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Existence of dc decomposition (3/4)

teemimaa :Liedtldé bd wllfdihekmsiasialrcd e ire drve cledtep 3pa cBNENahgn any
curebE eaittem wsitveinhas v = ky — ko, with kq, k, € K.
PrerAfsietteh:

E 3 fehitHatuch that (1 —ax)v+ak e K
1 04

Q> -
.+ 1—«a 1—«a




-l PRINCETON

UNIVERSITY

Existence of dc decomposition (4/4)

*sHesee ] 0 lynpmipiorh Reg et dsiean 2@y igpleshriables),
sKs-zofses-pohywmnrelyobdrgiee? dagrkim 2d/anabies variables }.
*RRempinsderdwthihat f(lisdirikedsoentional:

- MNERBRWEL AL FA5RBAASHI AR I fRia Bt Rifiryently:

solving is an SDP.

f}@g 03 eSS RERRS e B YOSV B S IR
vere ere§3
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Uniqueness of dc decomposition

*« Ixccthasumpasibiom: gjkem a peliymamiall , ff fth d gdaeehkecopolynomials
spiclytbatials such that

"M%ﬂﬁh@dwﬁmﬁmaﬂm@@@&ﬁ@/ Yes
* Canlghtai comr W@Ffﬁtﬁ@ﬁﬁb’?\/ Through sos-convexity

f) = g(x)— h(x) ) | ) =(g() +p) — (h(0) + p(x)

p(x) convex

“Best decomposition?”
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Convex-Concave Procedure (CCP)

* Heuristic for minimizing DC programming problems.

* ldea:

Convexify by linearizing h

DA TATEES A AT ERE o p R Fo)

k=20
X, initial point

fi =gi_hi;
i=0,..m
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Solve convex subproblem

Take to be the solution of
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Convex-Concave Procedure (CCP)
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Picking the “best” decomposition for CCP

Linearize h(x) around a point x; to obtain convexified version of f(x)

Pick h(x) such that it is as close as possible to affine around xy,

___ Masthematicaltranslaton

Minimize curvature of h at xj,

Worst-case curvature* Average curvature*

rgihn Amax (Hh(xk)) rglhn T'r Hp, (xk)
st.f=g—nh st.f=9g—h,
g, h convex g, h convex

i P I R R — J;e&ﬂ—lyTHh(xk)y P

 Amax Hp (X)) = yg%’il vy Hp (x)y
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Undominated decompositions (1/4)
Definition: (g, h := g — f) is an undominated decomposition
of f if no other decomposition of f can be obtained by
- subtracting a (nonafflne) convex functlon from g. J

Rty ) I 17 J)-ZOOS) |
ConveX|fy around to get |
\S 5|
DOMINATED BY 1
4 g'® = x4 ) |
h'(x) =3x%?+2x—2 Al
Convexify around x5 = 2 to S

Convexibt ground to get y

N

Iff doRpmaeltefen themeExe Rerited PEEP SIRBiARERIRASEUSIRGYS PRV TREiTd DD RINGRPERIAgd Using . 1)



Operations Research & = PRINCETON
= 1||1 ;"|_:\;|.|'.‘c‘::|::’-"|". g;“ UNIVERSITY

Undominated decompositions (2/4)

0 diz * dig L .
p=|%z 0 daz * B 0 T
* d3 0 d3q t1 xé y A2 Xé y ue
X1 X2

dig * dzz O

Incomplete distance matrix > ReRareyirdedaticrf Bfete peints in RY

Solve: 2
min Z (Il = 1115 - a2)

xi,XjE]Rd —
1<J

THegeeispread|zriomim R ot eatu@!ue= 0.



Undominated decompositions (3/4)

2 2
min > (- 1l; - a5)

i<j Y
||xl —Xj ” T dfljj_\Zdz |x1 — X ”
Y
Gij hij

| E jIHOOI’

. EEX PRINCETON
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(gan undeminated &Qpﬁtj‘ki@bj‘egﬁd@fam@ﬁgﬂ dcd of the objective function.
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Undominated decompositions (4/4)
1 @vwamaasynrnial) fonsiasider

n/2

I o1 2
min, (WheFﬁl;‘l ™ fsn-1 Tr Hy do, (where A, = = )

(*) n [(n/2)
s.t. convex, cc}n\Lex
't =g — h, g convex, h convex

AN ORSHRR SRS i ssaUARIRIRAERRY 4 o fanhanRRIpmAIaolution
dwlayroexistebys exists).

Iff fabdegesree it ergngneiviNRabdd toReive (*).
RRSRIRLE Lok Byl B IO bY f = g — h, g, h sos-convex.
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Comparing different decompositions (1/2)
* SuWihgstieepraidemi:, Whmmhas Apavhere f, hasn = 8 and d = 4.

x||sR}
. Decom 0se run CCP f%r mlutes and compare objective value,
ecompose fu, run CCP for 4 minutes and compare objectlve value.
: : 1
mlhn 0 m’lhn : min — f Tr Hy do
s.t. fg Stf%t —h gh An Sn—-1
g, hogo@Od.‘b&%x g ?zoéoEOEB’r?v S- bofgcangex h
tI, H, (x) > g, h sos-convex
— (X
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Comparing different decompositions (2/2)
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Undominated

Average over 30 iterations
Solver: Mosek

Computer: 8Gb RAM, 2.40GHz
processor

Conclusion: Rate of convergence of CCP strongly affected by initial

decomposition.
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Main messages

* We studied the question of decomposing a polynomial into the
difference of two convex polynomials.

* This decomposition always exists and is not unique.

* Choice of decomposition can impact convergence rate of the CCP
algorithm.

* Dc decompositions can be efficiently obtained using the notion of
sos-convexity (SDP)

* Also possible to use LP or SOCP-based relaxations to obtain dc
decompositions (not covered here).
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Thank you for listening

Questions?

Want to learn more? http://scholar.princeton.edu/ghall

19
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