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Linear Control Systems: “Output Regulation”

Linear system
t=Ax+ Bu, x€R" wuweR™

z(t) - state vector, u(t) - Input (control) vector

[ system is controllable =p system is stabilizable J

Namely, 3 linear feedback control « = Kx such that

[ closed-loop system & = Az + BKz is stable |
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Linear Control Systems: “Output Regulation”

Linear system
t=Ax+ Bu, x€R" wuweR™

[ system is controllable =% system is stabilizable J

Namely, 3 linear feedback control « = K« such that

[ closed-loop system & = Az + BKz is stable |

Only output y(t) = Cz(t) Is available for measurement

[ input/output system is observable =» 3 dynamic observer }

2= (A—LC)z+ Bu(t) + Ly(t)

dynamic observer with output injection tracks x(t)
2(t) —x(t) — 0
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Linear Control Systems: “Output Regulation”

MAIN CONCLUSION:
Let linear control system

t = Ax + Bu, y(t) = Cx(t)

be controllable and observable
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Linear Control Systems: “Output Regulation”

MAIN CONCLUSION:
Let linear control system

t = Ax + Bu, y(t) = Cx(t)

be controllable and observable then 3 dynamic observer with
output injection

2= (A— LC)z+ Bu(t) + Ly(t)

(REMINDER: z(t) tracks z(t) ast — +o0)
and dynamic feedback control u(t) = K z(t) such that

t=Ax+ BKz(t), 2=(A—LC)z+ BKz(t)+ Ly(t)

IS asymptotically stable
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Nonlinear Control Systems: “Output Regulation” Program

For linear control system

& = Ax + Bu, y(t)=Cz(t)

[ controllability+-observability =» 3 stabilizing dynamic feedback )

For nonlinear control system

&= flz,u), y(t)=h(z(t))

QUESTION:
[ controllability+-observability = 5 stabilizing dynamic feedback ? )
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Nonlinear Control Systems: “Output Regulation” Program

For nonlinear control system

&= f(z,u), y(t) = h(z(t))
QUESTION:

[controllabiIity+observabi|ity = 7 stabilizing dynamic feedback ?J

REMINDER: Dynamic feedback controller
Dynamic observer with output injection

z=g(zy)), yt)="h(z@))
Closed-loop system

== f(z,k(2,9(1)))

for feedback u(t) = k(z(t), y(t)) such that
z(t) - Sast— +oo
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Nonlinear Control Systems: “Output Regulation” Program

Nonlinear control system under persistent disturbances

t = f(z,u,d), y(t)=h(=z())
d(t) € D - persistent disturbance
QUESTION:

[ControllabiIity+observabi|ity == 7 stabilizing dynamic feedback ?]

Dynamic observer with output injection
¢=9(z,y(t), y)=nh(=z()
Closed-loop system

T = f(:lj, k(zay(t))a d(t))

for feedback u(t) = k(z(t), y(t)) such that
z(t) > Sast— +oo
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Nonlinear Control Systems: “Output Regulation” Program

T = f(a:,u, d)a y(t) — h(x(t»

[controllabiIity+observabi|ity = 7 stabilizing dynamic feedback ?J

Dynamic observer with output injection
2 =g(zy())

Closed-loop system

T = f(:]j, k(zay(t))a d(t))

for feedback u(t) = k(z(t),y(t)) such that x(t) — S ast — +oc
4 APPLICATIONS OF OUTPUT REGULATION )

# General methods of design of output feedback controllers
# General theory of adaptive control (control under uncertainty)

o J
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Nonlinear Control Systems: “Output Regulation” Program

T = f(:z:,u, d)a y(t) — h(x(t))

[controllabiIity+observabi|ity = 7 stabilizing dynamic feedback ?J

Dynamic observer with output injection
2 =g(z,y(t))

Closed-loop system
z = f(z,k(z,y(t)),d())
for feedback u(t) = k(z(t),y(t)) such that x(t) — S ast — +oc

Important contributions by
Coron, Isidori et al. , Praly, Teel
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Why is “Output Regulation” Problem Difficult? Example:

Control system
t= f(x,u), z€R" uel

Asymptotic controllability: for any initial point x( there exists
control u(-) e U

r(t;xg,u) -0 as t— 4oo

In some uniform manner
Stabilizing feedback control £ : R™ — U

T = f(z,k(z))

IS asymptotically stable
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Relation between asymptotic controllability (AC) and feedback
stabilization (FS):
Obvious & = f(x,k(z)) IS AS then & = f(z,u) IS AC

3 feedback stabilizer ™% asymnotic controllability

Long standing question: Is it true?

asymptotic controllability » 1 feedback stabilizer
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1 feedback stabilizer » asymptotic controllability

Long standing question: Is it true?

asymptotic controllability » 1 feedback stabilizer

Topological obstacles to existence of continuous feedback

stabilizers:
® Sontag&Sussmann 1980 one-dimensional example

® Brockett 1982 general covering condition (topological
obstacles), nonholonomic integrator example

® Artstein 1983 - smooth control Lyapunov functions and
continuous feedback

#® Coron 1990 stabilization of non-drift affine control systems
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DISCONTINUOUS stabilizing feedback k(z)
& = f(z, k(z))

Filippov (or more meaningful Krasovskii) solutions for
discont.feedback

€ F(z):=Ng>g co f(x,k(x+ 0B))

— the same topological obstacles
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Why is “Output Regulation” Problem Difficult? Example:

Clarke, Ledyaev, Sontag and Subbotin 1996

THEOREM:
Asymptotic Controllability 3 Feedback Stabilizer

IMPORTANT: New concept of DISCONTINUOUS FEEDBACK of
“sample-and-hold" type (but different from traditional engineering
“sample-and-hold" approach)

PRECISE and NATURAL mathematical model of digital computer
control
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Nonlinear Gontrol Systems under Persistent Disturbances

‘Output Regulation" Program: definition of asymptotic
controllability
Control system

= f(z,u,d) uwelU, deD

u(t) - control, d(t) -disturbance
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Nonlinear Gontrol Systems under Persistent Disturbances

‘Output Regulation" Program: definition of asymptotic
controllability
Control system

= f(z,u,d) uwelU, deD

u(t) - control, d(t) -disturbance
d; a restriction of function d(-) on the interval |0, ¢]
Non-anticipating strategy : operator F defining control «(t)

u(t) = F(t,dy)
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Nonlinear Gontrol Systems under Persistent Disturbances

“Output Regulation" Program: definition of asymptotic
controllability
Control system

= f(z,u,d) uwelU, deD

u(t) - control, d(t) -disturbance
d; a restriction of function d(-) on the interval [0, ¢]
Non-anticipating strategy : operator F defining control «(t)

u(t) = F(t,dy)

Asymptotic Controllability (AC): V initial point xy 3 a strategy
FAt, d) z(t;xo,u(-),d(-)) =0 as t— +oo

In some uniform manner (with respect to d(-) and z)
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Nonlinear Gontrol Systems under Persistent Disturbances

Feedback stabilizing controller; £ : R™ — U

T = f(x,k(x),d(t)), x(0)=xg

for any d(-)
x(t;zo,d(-)) -0 as t— 4o0

uniformly with respect to d(-) (and z( In some sense)
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Nonlinear Gontrol Systems under Persistent Disturbances

T = f(x,k(x),d(t)), x(0)=xg
for any d(-)
z(t;zo,d(-)) -0 as t— 4oc

uniformly with respect to d(-) (and z( In some sense)

? )

[ Why do we need feedback e

DIMACS Workshop on Perspectives and Future Directions in Systems and Control Theory , Rutgers University, May 23-25, 2011 —p. 824



Nonlinear Gontrol Systems under Persistent Disturbances

T = f(x,k(x),d(t)), x(0)=xg
for any d(-)
z(t;zo,d(-)) -0 as t— 4oc

uniformly with respect to d(-) (and z( In some sense)

[ Robustness with respect to errors and perturbations! }

DIMACS Workshop on Perspectives and Future Directions in Systems and Control Theory , Rutgers University, May 23-25, 2011 —p. 824



Nonlinear Gontrol Systems under Persistent Disturbances

Original system i = f(z, k(z),dt))

Perturbed system
2(t) = f(a(t), k(z(t) + e(t)) + alt), d(t)) + w(t)

® ¢(t) — measurement error
# q(t) — actuator error
® w(t) — external disturbance

If £(z) IS CONTINUOUS then robustness follows from classical
results on structural robustness of AS property ( Krasovskii
mid-1950s )

T = flz, k(z)) +w(t) [w)] < Az(t))
What happens when £(z) iIs DISCONTINUOUS?
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Control system under persistent disturbances
z = f(z,ult),d(t))
Closed-loop system for feedback k(x)
& = f(z,k(z),d(t))

| edyaev and Vinter 2005, 2010
THEOREM:

Asymptotic Controllability 1 Feedback Stabilizer

THEOREM:
Discontinuous Feedback Stabilizer is Robust w.r.t.Small Errors

T = f(x,k(zx+e(t)) +alt),dt)) + w(t)
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Meaning of these results
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Main Resuits

Meaning of these results

THEOREM:

Asymptotic Controllability 3 Feedback Stabilizer

Asymptotic Controllablility: for any zo 3 F s.t. using complete
perfect INFINITE MEMORY information d; at each moment ¢

u(t) = F(t,d(-))

we can drive to the origin as t — +oc

Theorem claims: NO NEED to use infinite memory information
(NO infinite-dimensional information states) to drive to the origin
Only use updated values of FINITE-DIMENSIONAL state vector

x(t)
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Main Assumptions:
Al. Sets U, D are compact, function f : R" x U x D — R™ Is
continuous and is loc. Lipschitz on z on compact subsets of

R"™ x U x D.
A2. (Isaacs 1965 condition) For any (z,p) € R® x R"

. AN = i d
waxmin (p, f(z,u, d)) = minmax (p, f(z,u, d))

REMARK. NO growth condition on f.
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Main Assumptions:

Al. Sets U, D are compact, function f : R" x U x D — R™ Is
continuous and is loc. Lipschitz on z on compact subsets of
R"™ x U x D.

A2. For any (z,p) € R” x R"

. Y — g
max min (p, f(z,u,d)) = minmax (p, f(z, v, d))

Set D of all meas. func. d : R, — D (called disturbances)

Set My of all relaxed controls (weakly meas. functions)

w: Ry — prm(U) ( prm(U) — set of all probab. Radon measures on

U)

N : D — My — non-anticipating strategy if vV d', d* € D s.t. for

somet c R, d} = d?we have N(d'); = N(d?),.
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Main Assumptions:

Al. Sets U, D are compact, function f : R" x U x D — R™ Is
continuous and is loc. Lipschitz on z on compact subsets of
R"™ x U x D.

A2. For any (z,p) € R” x R"

. N — g
max min (p, f(z,u,d)) = minmax (p, f(z, v, d))

Set D of all meas. func. d : R, — D (called disturbances)

Set My of all relaxed controls (weakly meas. functions)

w: Ry — prm(U) ( prm(U) — set of all probab. Radon measures on

U)

N : D — My — non-anticipating strategy if vV d', d* € D s.t. for

somet c R, d} = d?we have N(d'); = N(d?),.

Varaiya-Lin, Kalton-Elliot 1970s, Chentsov 1980s, Gusyatnikov ...
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ForV d(-) € D and a strategy N consider relaxed control
v = N(d(-))
x(t; xg, N, d) — 1S a solution (locally exists)
i(t) = f(z(t),v(t),d(t), x(to) = o

where

F(z,v.d) ::/Uf(x,u,d)y(du)
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Precise Definitions and Statements

z(t; xg, N, d) — IS a solution (locally exists)

i(t) = f(a(t),v(t),d(), x(to) = @0
where
f(x,v.d) = /Uf(a:,u,d)y(du)
REMEMBER

[ x(t; xg, N, d) )
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DISCONTINUOUS feedback £ : R™ — U and diff.equation with
discontinuous right-hand side

TI= f(:l?, k(x)ad(t))a ZC(O) — 0

Concept of solution : w-trajectory (from positional differential
games theory Krasovskii & Subbotin 1970s )

Partition = = {t;}.-, of [0, +00), lim; o0 t; = +00

Diameter of partition: d(w) := sup;(t;+1 — t;)

w-trajectory =, (t) := x(t)

2(t) = fz@t),k(z(t:)),d(t), t € [ti, tiv1]

Natural model of computer digital control ("sampling")
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DEFINITION: ASYMPTOTIC CONTROLLABILITY & = f(z,u,d)
YV o € R™ there exists a non-anticipating strategy N such that

® (ATTRACTIVENESS) For any disturbance d € D a trajectory
z(t; xg, N, d) IS defined on the entire interval R, and
x(t; xg, N,d) — 0 as t — +oo uniformly with respect to
disturbances d € D;

#» (UNIFORM BOUNDEDNESS)

sup sup||x(t; xg, N, d)|| < +o0
deD t>0

® (LYAPUNOV STABILITY ) Ve >0 39 > 0s.t. V ¢ satisfying
|xo|| < 6 3 non-anticipating strategy N s.t. Vd € D

|lz(t;z0, N, d)|| <& Vt>0
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DEFINITION: STABILIZING FEEDBACK 1 = f(x, k(x),d)

Forany0 < r < R4 M= M(R)>0,6=04d(r,R) >0, and
T=T(r,R)>0s.t. V7 with d(7) < 6 and V xg such that ||x¢|| < R
and V disturbance d € D, the w-trajectory x(-), (0) = zq IS defined
on |0, +o0) and

® (UNIFORM ATTRACTIVENESS)
lx(t)|| <r V=T
® (OVERSHOOT BOUNDEDNESS)
lz(@®)|| < M(R) Vt=0
® (LYAPUNOV STABILITY)

lim M(R) =0
RO
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Precise Definitions and Statements

Ledyaev and Vinter 2005, 2010

THEOREM: Under Assumptions Al and A2 we have
Asymptotic Controllability 3 Feedback Stabilizer
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| edyaev and Vinter 2005, 2010

THEOREM: Under Assumptions Al and A2 we have
Asymptotic Controllability 1 Feedback Stabilizer

Even more, we can prove existence of continuous functions
6 : R™\{0} — (0,+00), B :[0,400) x |0,4+00) — (0,400) Of class KL:
B(t,r) - monot. decreasing in ¢, Increasing in r, lim ((¢,r) =0,

t—-+00
lim G(t,r) = 0.
r—0

for discontinuous stabilizing feedback k(x) and any m = {t;};-, S.t.
0 <tiv1 —t; <d6(x(t;)) we have the next decay estimate

lz(®)l < B(, [|=(0)]]) V=0
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Proof: Control Lyapunov Functions

Control Lyapunov function (CLF) pair (V(x), W(x))
® (POSITIVENESS)

Viz) >0, V() =0 2=0, W(z)>0 Vx#0
® (PROPERNESS)
V() — 400 as||z|| = +o0
® (INFINITESIMAL DECREASE)

{Lnei[[rjl Igg&g{VV(x), flx,u,d)) < —W(x) VaeR"\{0}

Kokotovic & Freeman 1990s robust control Lyapunov function
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Proof: Control Lyapunov Functions

Control Lyapunov function (CLF) pair (V(x), W(x))
® (POSITIVENESS)

Viz) >0, V() =0 2=0, W(z)>0 Vx#0
® (PROPERNESS)
V() — 400 as||z|| = +o0
® (INFINITESIMAL DECREASE)

{Lnei[[rjl réleaﬁdVV(x), flx,u,d)) < —W(x) VaeR"\{0}

We assumed that V is C! and 3 continuous k : R® — U s.t.

rcrileaﬁc(VV(x), f(x,k(z),d) < -W(x) VazeR"\{0}
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Proof: Control Lyapunov Functions

We assumed that V is C! and 3 continuous k : R® — U s.t.

(0) max(VV(e), f(w, k(z),d)) < ~W(z) ¥oeR"\{0}

Then solutions z(t) of the closed-loop system
T = f(z,k(z),d(t)), (0)= w9

are well-defined and we have a decay estimate
lz(2)|| < B(t, |2(0)]]) V=0

Thus, existence of C'' CLF V and continuous (or

DISCONTINUOUS) k(z) satisfying (1) ™5 AC (asymptotic
controllability)
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Proof: Control Lyapunov Functions

We assumed that V is C! and 3 continuous k : R® — U s.t.

(H) max(VV(z), f(z, k(z),d)) < —W(z) VxRN 0}

Then solutions z(t) of the closed-loop system
T = f(z,k(z),d(t)), (0)= w9

are well-defined and we have a decay estimate
lz(2)|| < B(t, |(0)]]) V=0

Thus, existence of C' CLF V and continuous (or

DISCONTINUOUS) k(z) satisfying (1) ™5 AC (asymptotic
controllability)

Is inverse valid?
AC (asymptotic controllability) » existence of C! CLF V
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In general, NO C! control Lyapunov function V exists but
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Proof: Control Lyapunov Functions

In general, NO C! control Lyapunov function V exists but
| edyaev and Vinter 2005, 2010

THEOREM: Under Assumptions Al and A2
Asymptotic Controllability 3 lower semicont. CLF V

CLF pair (V,W): V Is lower semicontinuous (hniian(:z:) > V(xg)),
r—2X0

W — continuous
® (POSITIVENESS)

V(i) >0, Vr)=02=0, W(z)>0 Vx#0

® (PROPERNESS)
V() — +o00 as ||z|| = 400

® (INFINITESIMAL DECREASE )

min max((, f(z,u,d)) < —W(zx) V(e dpV(x), x € R"\{0}
uelU deD
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NONSMOOTH ANALYSIS: proximal subgradients
(€ dpf(z)ifTo>0

¢,z —x) —0|z—z|* < f(z) — f(z) Vznearz

/\y

epi f={(x,r) : r>f(x) }

A\ 4
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Proof: Control Lyapunov Functions

Reference on Nonsmooth Analysis (proximal calculus) and its
applications

F.H. Clarke Yu.S. Ledyaev
R.J. Stern P.R. Wolenski

Nonsmooth
Analysis and
Control Theory

% Springer

s
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Proof: Control Lyapunov Functions

Proof of the existence of I.s.c. CLF V for AC system

+00
V(z) := inf sup W(x(t;z, N,d))dt
N deD Jo

It is analogous to proofs of inverse Lyapunov function theorems

for diff.equations:
asymptotic stability =» existence of Lyapunov function
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Proof: Control Lyapunov Functions

Proof of the existence of I.s.c. CLF V for AC system

+00
V(z) := inf sup W(x(t;z, N,d))dt
N geD Jo

It Is analogous to proofs of inverse Lyapunov function theorems
for diff.equations:

asymptotic stability =» existence of smooth Lyapunov functions
Massera 1949, Krasovskii 1950s,Kurzweil 1955, ...

For control systems (AC =» continuous CLF) Sontag 1983

?

® OPEN QUESTION: Does CONTINUOUS CLF exist for AC
control system under persistent disturbances?
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Design of (Dis-1Gontinuous Feedhack Stabilizer via CLF

Let (V, W) be a Control Lyapunov Function (CLF) pair
V(x) Is lower semicontinuous, V(z) > 0 iff x #£ 0, V(x) — +o0 as
|x|| = 400 and infinitesimal decrease condition holds

H(z,() = miurjl IélaID})(<<, f(z,u,d)) < —W(x) V(€ 0pV(x),Vae e R"\{0}
uc c

Note, if V € C! then 9pV (z) C {VV(x)}

In the case V continuous, the stabilizing feedback construction is

contained In Clarke,Ledyaev,Sontag&Subbotin 1996

[Asymptotic Controllability Implies Feedback Stabilization }

How to handle a lower semicontinuous CLF V?
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Design of (Dis-1Gontinuous Feedhack Stabilizer via CLF

Let (V, W) be a Control Lyapunov Function (CLF) pair
V(x) Is lower semicontinuous, V(z) > 0 iff x #£ 0, V(x) — +o0 as
|x|| = 400 and infinitesimal decrease condition holds

H(z,() = miﬁ IélaID})(<<, f(z,u,d)) < —W(x) V(€ 0pV(x),Vae e R"\{0}
uc c

Note, if V € C! then 9pV (z) C {VV(x)}

In the case V continuous, the stabilizing feedback construction is

contained In Clarke,Ledyaev,Sontag&Subbotin 1996

[Asymptotic Controllability Implies Feedback Stabilization }

How to handle a lower semicontinuous CLF V?
Use method of Clarke,Ledyaev and Subbotin 1997

The synthesis of universal feedback pursuit strategies in
differential games SIAM J.Control and Optimization
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Design of (Dis-1Gontinuous Feedhack Stabilizer via CLF

Method
#® Kruzhkov transform (x - some constant)

v(z) :=1—exp(—kV(x)) >0, v(r)=0<=2z=0
#® Forany z € R" and ¢ € 0pv(x)
H(z,¢) < nW (2)(v(z) — 1)

( € 0pv(x) & ( € kexp(—krV (x))0pV (x)
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Design of (Dis-1Gontinuous Feedhack Stabilizer via CLF

Method
# Kruzhkov transform (s - some constant)

v(z) :=1—exp(—kV(x)) >0, v(r)=0<=2z=0
#® Forany x € R" and ¢ € 0pv(x)
H(z,¢) < nW (2)(v(z) — 1)

( € 0pv(x) & ( € kexp(—krV (x))0pV (x)

# |osida-Moreau regularization (from monotone operators
theory) v, — loc.Lipschitz
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Design of (Dis-1Gontinuous Feedhack Stabilizer via CLF

#® Foranyx e R"
H(z, () < sW(x)(v(zx)—1) V(€ dpv(x)

# losida-Moreau regularization (from monotone operators
theory), v, — loc.Lipschitz

va(@) i= minfo(y) + 55y — 2

o "Taylor expansion” formula: V f € R"”

2712

Vo (T +Tf) < valz) + 7(Cal(z), f) + 72a2

ColT) = = _;’;‘(x) e Opv(ya(z))

yo(z) an arbitrary minimizer y — v(y) + 5 2

y—x
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Design of (Dis-1Gontinuous Feedhack Stabilizer via CLF

"Taylor expansion” formula: V f € R"”

(O) valw+7f) < val@) + T{Cala), f) +

2002

(ala) = T Yal®)

a2

€ Opv(Ya(T))

yo(x) an arbitrary minimizer y — v(y) + 525 |ly — z||?
Compare traditional one-sided Taylor expansion formula for
o € C?:

oz +7f) < (@) + 7(¢(2), f) + CT*| fII°

We have some analogue for v, (v is only l.s.c.) (0I)
magic of proximal calculus!
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Design of (Dis-1Gontinuous Feedhack Stabilizer via CLF

Definition of the stabilizing feedback %(x)
max((q(x), f(z,k(x),d)) = minmax((y(z), f(z,u,d)) = H(x,((x))

deD ucelU deD

Then

max(Ca(2), f(z, k(2),d)) < H(z, (a(2)) < —6W (ya(2)) (1 — v(ya(2)))
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Design of (Dis-1Gontinuous Feedhack Stabilizer via CLF

Definition of the stabilizing feedback &(x)

max(Ca (), f(z,k(z),d)) = minmax{Ca(z), f(z,u,d)) = H(z,(a(7))

deD ucelU deD

Then
max((a(z), f(z, k(z),d)) < H(z,(o(x)) < =W (ya(z))(1 — v(ya(z)))

deD

» va(x(t)) < vo(x(t;)) (INnvariance of level sets) and also
Vo (x(t)) IS monotonlc decreasing
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Robustness of Discontinuous Feedback |

Original closed-loop system

T = f(CIZ‘, k(ZE), d(t))
Perturbed system
T = fz, k(z +e(t)) +alt), d(t)) + w(t)
® ¢(t) — measurement error
® qa(t) — actuator error
o

)
)

w(t) — external disturbance
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Robustness of Discontinuous Feedback |

Perturbed system
T = f(z, k(z + e(t)) + a(t), d(t)) + w(t)
® ¢(t) — measurement error
® (t) — actuator error
® w(t) — external disturbance
Structural assumption
a(t) = ai (t) + a9 (t), w(t) = W1 (t) + w9 (t)

Small errors means

small magnitude | but unbounded impulse

le()lloo <& flar()lloo <& fJwi()lleo <€

small impulse | but unbounded magnitude

DIMACS Wor hp )yeu\]e nd Futar 7D ctio

( r) LL?’;I(TN Theory , Rutgers University, May 23-25, 2011

—p.13/24



Robustness of Discontinuous Feedback |

It follows from the design of discontinuous feedback k(x) that it is
robust with respect to small actuator errors and external
disturbances...

What about measurement errors?
Instead of z(¢;) we use corrupted data

r'(t;) == x(t;) +e(t;) =» k(z'(t:))
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Robustness of Discontinuous Feedback |

What about measurement errors?
Instead of z(¢;) we use corrupted data

' (t;) = x(t;) +e(t;) =» k(z'(t;))
Control Problem: Drive z(t) to S := (—oo, —1| U [1, +00)

t=u, xR, welU:={-1,1}

Feedback
1 > ()
k(x) _ +1, x >
—1, x <0
set S k(x):-'] 0 k(X)=1 set S

_——*
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Robustness of Discontinuous Feedback |

What about measurement errors?
Instead of z(¢;) we use corrupted data

' (t;) = x(t;) +e(t;) =» k(z'(t;))
Control Problem: Drive z(t) to S := (—oo, —1| U [1, +00)

t=u, xR, welU:={-1,1}

Feedback
1 > ()
k(x) _ +1, x >
—1, x <0
set S k(x):-'] 0 k(X)=1 set S

W
X X'=x+e
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Robustness of Discontinuous Feedback |

What about measurement errors?
Instead of z(¢;) we use corrupted data

' (t;) = x(t;) +e(t;) =» k(z'(t;))
Control Problem: Drive z(t) to S := (—oo, —1| U [1, +00)

t=u, xR, welU:={-1,1}

Feedback
1 > ()
k(x) _ +1, x >
—1, x <0
set S k(x):-'] 0 k(X)=1 set S

e s () e e

X =x+e
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Robustness of Discontinuous Feedback |

What about measurement errors?
Instead of z(¢;) we use corrupted data

' (t;) = x(t;) +e(t;) =» k(z'(t;))
Control Problem: Drive x(t) toS := (—oo, —1| U [1, +00)

t=u, x€R, wel:={-11}

Feedback
1 > ()
k(x) _ +1, x >
—1, x <0
set S k(x)=-1 0 k(x)=1 set S

X =x+e X
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Robustness of Discontinuous Feedback |

What about measurement errors?
Instead of z(¢;) we use corrupted data

' (t;) = x(t;) +e(t;) =» k(z'(t;))
Control Problem: Drive x(t) toS := (—oo, —1| U [1, +00)

t=u, x€R, wel:={-11}

Feedback
1 > ()
k(x) _ +1, x >
—1, x <0
set S k(x)=-1 0 k(x)=1 set S

m
X'=xre X
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Rohustness of Discontinuous Feedhack i

FIRST REMEDY: Control with Guide Procedure Krasovskii & Subbotin
begin. 1970s use of a computational model of closed-loop system

In the context of stabilization problems Ledyaev&Sontag 1997

SECOND REMEDY: Restrict a sampling rate v := sup t-+11—t- from above

=) t;.1 — t; > 1/v and let us assume that

small measurement error: |le(t)|| < 1/2v < 3(tir1 —t;)

set S k(x)=-1 0 k(x)=1 set S
e

X X' =X+e
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Rohustness of Discontinuous Feedhack i

FIRST REMEDY: Control with Guide Procedure Krasovskii & Subbotin
begin. 1970s use of a computational model of closed-loop system

In the context of stabilization problems Ledyaev&Sontag 1997

SECOND REMEDY: Restrict a sampling rate v := sup t-+11—t- from above

=) t;.1 — t; > 1/v and let us assume that

small measurement error: |le(t)|| < 1/2v < 3(tir1 —t;)

set S k=1 o k®=1 x e
L ——————— — ——

xX'=x+e
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Rohustness of Discontinuous Feedhack i

PRESCRIPTION in GENERAL CASE: Keep sampling interval t;11 — ¢;
bounded from below, then £ is also robust with respect to small

measurement errors
In the case of stabilization of control system Clarke,Ledyaev, Rifford
and Stern, 2000

[ Lyapunov functions and feedback stabilization J

SIAM J.Control Optimiz.

In the case of stabilization of control system under persistent
disturbances Ledyaev and Vinter 2005, 2010
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Rohustness of Discontinuous Feedhack i

DEFINITION: Feedback k£ : R™ — U Is robust stabilizing if
VO<r< RAIM=MR)>0,0=046r,R)>0,T=T(r,R) >0
and b; =b;(r,R),5 = 1,2,3, s.t. V partition = with

1
§5<ti+1—ti<5

v initial state zg: ||zo|| < R, for any disturb. d € D, any external
disturb. w(t), actuator errors a(t) and measurement errors e(t)
satisfying

lw@)|l < b, [la@)[| <b2, [le(®)]| <bs V=0

the w-trajectory z(-) starting from x is well-defined and it holds:
® (UNIFORM ATTRACTIVENESS) ||lz(®)|| <7 VYt >T;

# (OVERSHOOT BOUNDEDNESS) ||z(t)|| < M(R) VYt >0;

® (LYAPUNOV STABILITY ) }lzimOM(R) = 0.
_>
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Rohustness of Discontinuous Feedhack i

| edyaev and Vinter 2005, 2010
THEOREM:

Under Assumptions Al and A2 we have
the stabilizing feedback k(x) Is robust stabilizing
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Rohustness of Discontinuous Feedhack i

| edyaev and Vinter 2005, 2010
THEOREM:

Under Assumptions Al and A2 we have
the stabilizing feedback k(x) Is robust stabilizing

APPLICATION: Quantization of values z: find a net {y;} such that
lyi — y;]| < suplle(t)]|/2 < bs3/2(r, R) then we can use only values of
control

k(y;) I ||z’ —y;]l < bs/2

ANOTHER APPLICATION: existence of piece-wise constant robust
stabilizing feedback
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Rohustness of Discontinuous Feedhack i

General Principle for Robust Feedback
Ledyaev 1999 IN Ledyaev&Rifford 1999

THEOREM: Integral Decrease Principle:
V(x) contin. or loc.Lipschitz 3 k£ : R™ — U and é(z) > 0 such that

Vie+7f)=V(r) < —1tW(z) V fecof(x,k(x),D),0<7<(x)

Then k(z) Is robust stabilizing
vo(x) can be chosen as V(x) In our case

Analogous principle for differential games Ledyaev 2002
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Robustness of Stabilizing Feedback for Any Sampling Rate

Let (dis)-continuous k(z) be robustly sampling-stabilizing (permitting
arbitrary large sampling rate) if VO <r <R3 T =T(r, R),

6 =46(r,R),n=n(r,R), and M(R) s.t. for any disturb. d € D
measurement errors e(t) and external disturbances w(t) for which

le@ll <n vi=0, [lw()loo <n

and any partition 7 with d(w) < é:
[ 0 <tin1—1t; <O, )
every w-trajectory with ||z(0)|| < R does not blow-up and satisfies
the following relations:
® (UNIFORM ATTRACTIVITY) ||lz(t)|| <r Vt>T;
# (BOUNDED OVERSHOOT) ||z(t)|| < M(R) Vt > 0;

® (LYAPUNOV STABILITY ) %5% M(R) = 0.
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Rohustness of Stabilizing Feedhack for Any Sampling Rate

Ledyaev&Sontag, 1998

THEOREM:
3 robust sampl.-stabiliz. feedback k(z) 3 O CLF V(x)
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Ledyaev&Sontag, 1998

THEOREM:
3 robust sampl.-stabiliz. feedback k(z) 3 O CLF V(x)

Let V(x) be C*° control Lyapunov function
Then ANY k(zx) s.t.

max(VV(z), f(2, k(z),d)) < —W(z)

IS ROBUST STABILIZING for any high enough sampling rate
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Ledyaev&Sontag, 1998

THEOREM:
1 robust sampl.-stabliliz. feedback &(z

3 > CLF V(x)

Let V(x) be C*° control Lyapunov function
Then ANY k(zx) s.t.

max{VV(z), f(z, k(z),d)) < —W(z)

IS ROBUST STABILIZING for any high enough sampling rate
Artstein 1983 for affine-control systems:

34 SMOOQOTH control Lyapunov function 3 continuous
stabilizing feedback
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PROOF Is based on the inverse Lyapunov function theorem for
differential inclusion
T € F(x)

F(x) upper semicontinuous multifunction
Clarke,Ledyaev&Stern 1999

THEOREM:
Diff. inclusion i € F is strongly AS 3 C>° V(x)

Proof is based on structural robustness of AS of diff.inclusions

€ colF(x+ A(x)B) + A(x)B
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Robustness of Stabilizing Feedback for Any Sampling Rate

PROOF Is based on the inverse Lyapunov function theorem for
differential inclusion
T € F(x)

F(x) upper semicontinuous multifunction
Clarke,Ledyaev&Stern 1999

THEOREM:
Diff. inclusion i € F is strongly AS 3 C>° V(x)

APPLICATION Ciriteria for AS of Filippov or Krasovskii solutions in

terms of C'°° Lyapunov function V
T € Nesoco f(x, k(x +eB),D)

Limits of trajectories of perturbed system are solutions of this
differential inclusion

DIMACS Workshop on Perspectives and Future Directions in Systems and Control Theory , Rutgers University, May 23-25, 2011 —p. 15/24



Lyapunov function V (z) = z7 + 22 + 22

1 = UQU3
o = wuz U:={(uy,uz,u3): |y <1,i=1,2,3}
T3 = UIUD
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Lyapunov function V (z) = z7 + 22 + 22

1 = UQU3
o = wuz U:={(uy,uz,u3): |y <1,i=1,2,3}
T3 = UIUD

discontinuous ROBUST stabilizer
Uj(z) = —SIGN(Ti()),  Up(g) = 1

Ul 5= SR 3 S
i(x) ;== max{i : |x;| = max |z;|}, j(x) :=i(x) + 1

[(x) :=1(x) + 2
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Rohust Stabilization of Nonholonomic Integrator

Brockett’s example (nonholonomic integrator) 1982

r1 = U1
To = U9 U .= {(ul,ug) : \uz] <1l,1= 1,2}
T3 = T1U2 — TU]

Ledyaev&Rifford 1999
design of robust discontinuous stabilizing feedback based on
nonsmooth control Lyapunov functions

V(z) = max{y/a? + a3, |z3] — \/a? + 3}

Known results: Bloch&Drakunov 1994, Astolfi 1995 - nO robustness
results
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Rohust Stabilization of Nonholonomic Integrator
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Stabilization of nonholonomic integrator: pictures

Cylindrical coordinates: r = \/:z:% + 135, 2 = x3

7.“2111, Z:T?JQ
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Output Regulation Problem: Conjecture

Open Problem:
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Output Regulation Prohlem: Conjecture

Open Problem:
Consider
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Output Regulation Prohlem: Conjecture

Open Problem:
Consider

CIZ(t) — f(il?(t), u(t)a d(t))a y(t) — h(ZIZ(t))
Assume that for arbitrary yg, zo 3 @ non-anticipating strategy
u(t7 Yt dt)

such that for the system

2(t) = (@), ult, ye, dt), d(1), y(t) =

h
[ zt)—>Sas t—+oo |
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Consider

#(t) = f(x(t),u(t),d(t), y(t)=h(z(t))

Assume that for arbitrary yg, zo 3 @ non-anticipating strategy

U(t, Yt, dt)
such that for the system

2(t) = f(z(t),ult, ye, de), d(t), y(t) = h(z(t))

r(t) > S as t— 4oo

CONJECTURE: 3 dynamic stabilizing feedback
k(z,y), g(z,y) such that

IS robustly stabilizing: z(t) - S as t - +o¢
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OPTIMIZATION
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Discontinuous Feedback and Team Optimal Gontrol

We discuss mathematical techniques for deriving optimal solution
of some coordinated control problem

[ Differential Game of Team Pursuit |

d

PURSUER

"

PURSUER
Examples of Team Pursuit
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Discontinuous Feedback and Team Optimal Gontrol

| Differential Game of Team Pursuit |

d

PURSUER

"

PURSUER

Consider objects 1, x1, ...,z IN R™ with "simple" dynamics

, T1=Ul, ..., Tm=Unp
Controls Jui(t), ..., umn(t) are subject to constraints
luoll < 00, luall < o1, - fJumll < om
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Discontinuous Feedback and Team Optimal Gontrol

’
PURSUER
"
PURSUER
Consider objects 1, x1, ...,z IN R™ with "simple" dynamics
, T1=Ul, ..., Tm=Unp
Controls Jui(t), ..., umn(t) are subject to constraints
|| H < 00, ||U1|| < 01, ce 9 ||umH < Om
The object 1 Is an (it tries to avoid a capture by one of

the objects z1,...,z,, ). Objects z1, ..., z,, are PURSUERS(they
try to capture the object =y ), The pursuit is over at some moment

T if
|20(T) — :(T)|| < U
forsomeie I :={1,2,...,m}
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Discontinuous Feedback and Team Optimal Gontrol

IMPORTANT POINT: PURSUERS and can use only
closed-loop control (or feedback control)

[ wi(t) =ki(z(t), iel |

where = := |zg, 21, . .., Tm].
Optimal pursuit time  w(x) for initial point z is a value function of

the differential game of pursuit
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Discontinuous Feedback and Team Optimal Gontrol

IMPORTANT POINT: PURSUERS and can use only
closed-loop control (or feedback control)

[ wi(t) =ki(z(t), iel |
where = := |zg, 21, . .., Tm].
Optimal pursuit time  w(x) for initial point z is a value function of
the differential game of pursuit.
If w(x) Is smooth (differentiable) then it satisfies the eikonal
equation

where Hamiltonian H is defined as follows

H(z,Vw(z)) = gg]gl gleagww(:v), f(z,p,q))

for the differential game of pursuit with the terminal set M and
dynamics .
Y = f(z,p,q), PEP, g€
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Discontinuous Feedback and Team Optimal Gontrol

In general, w(x) Is nonsmooth (lower semicontinuous) function,
optimal feedback controls k,(x), k,(z) are discontinuous
For lower semicontinuous value function w(z) relation

H(z,Vw(z)) =-1, w(x)|pr=0

IS replaced by two inequalities in terms of subgradients of w(x)
One of them

H(z,() < -1, V(e€dpw(x), & M
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Discontinuous Feedback and Team Optimal Gontrol

For lower semicontinuous value function w(z) relation
H(z,Vw(z)) =-1, w(x)|pr=0
IS replaced by two inequalities in terms of subgradients of w(z)
One of them
H(z,{) < -1, V(ecopw(z), z&€ M
The synthesis of universal feedback pursuit strategies in
differential games

THEOREM: Clarke,Ledyaev,Subbotin 1997

Let D C G be a compact set such that w is bounded on D,
then for any ¢ > 0 there exists § > 0 and a feedback control &
such that for any =g € D and A, diam (A) < § we have

0° (zo, kp, A) < w(zg) +¢

where 6°(xg, k,, A) Is a pursuit guaranteed time for feedback k,and
sampling partition A to drive x into set M*¢ (s-neighbourhood of M)
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Team Optimal Pursuit

Dynamics of o and PURSUERS z1, ..., 2, IN R
To=1uUg, T1=Ul, ..., Ty = Um
Controls ug(t),u1(t), ..., un(t) are subject to constraints
luol| < o0, uall <01, o flum]l < om
Terminal set

M :={x =zg,x1,...,ZTm] : 1£r71;i<nm(H:130 — x| — ;) <0}

ASSUMPTION: m < n,o; > ocgando; +1; >009,2=1,...,m
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Team Optimal Pursuit

ASSUMPTION: m <nando; > o9, 0; +1; >09,2=1,...,m
Consider setsfori e I :={1,...,m}

Yi(z) . ={y € R" : ®i(y,z;) <0}, i€l

where

y — g y — zif| — U
0, = =0l ly =) =
1

Nonsmooth function (value (marginal) function for mathematical
programming problem)

Y(z) := NierYi(x)
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Team Optimal Pursuit

Nonsmooth function (value (marginal) function for mathematical

programming problem)

|y — zol]

y €Y(x)}
o

w(x) := sup {

ly — ol |ly — il = U
Y (z):= ; —
(z) ==y - .

If w(x) < +o0 then define

<0Viel}

Yop(2) i= {y € Y(2) ly = zoll _ w(z)}

g0
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Team Optimal Pursuit

w(x) := sup {||y ;OQJOH cyeY(x)}

PURSUERS’ feedback controls

Y— %4
ly — @l

ki(z) := oj where y € Youu(z), 1 € 1

's feedback control

ko(z) := g Hf‘; o Where y € Yo (a),
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Team Optimal Pursuit

w(x) := sup {||y ;OQJOH . yeY(x)}

PURSUERS’ feedback controls

Y— %4
ly — @l

ki(z) := oj where y € Youu(z), 1 € 1

's feedback control

ko(z) := g Hf‘; o Where y € Yo (a),

THEOREM: Ivanov & Ledyaev 1980
Under Assumptions A the nonsmooth function w(x) Is the
value function of the team pursuit problem
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Team Optimal Pursuit

|y — zo]
{ -
PURSUERS’ feedback controls

ki(x) := o; H??j : ?H, where y € Yo (x), i € 1
1

w(x) := sup . yeY(x)}

's feedback control
Yy — 20
ly — ol

ko(x) := oy where y € Yy (),

THEOREM: Ledyaev 2007
Under Assumptions A the discontinuous feedbacks k1, ..., k.,
are optimal universal robust pursuit feedback controls, kg is

optimal universal robust evader’s feedback for the team
pursuit problem
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Team Optimal Pursuit

Meaning of the set Y ()

— — Zi|| — Ui .

oy 0;
At any point y € Y (x) comes before interception by
EACH PURSUER =) can avoid interception on the

time interval [0, w(x))

EXAMPLE: the set Y (x) U YQ(ZIZ) U Yg(m)
EXAMPLE: the set Y (z)

EXAMPLE: the set Y,,:(x)
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Team Optimal Pursuit

EXAMPLE: Yi(z) U Ys(x) U Ys(x)
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Team Optimal Pursuit

EXAMPLE: Yi(z) NYa(x) NYs(x)
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Team Optimal Pursuit

EXAMPLE: Yi(z) NYa(x) NYs(x)
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Team Optimal Pursuit

EXAMPLE: Yi(z) NYa(x) NYs(x)
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Team Optimal Pursuit

| Differential Game of Team Pursuit |

d

PURSUER

"

PURSUER
Examples of Team Pursuit
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Unsolved pursuit problems for games with simple motions

Progress in solving one of them should
help to solve another

DIMACS Workshop on Perspectives and Future Directions in Systems and Control Theory , Rutgers University, May 23-25, 2011 —p. 22/24



Pursuit in the case m > n and z¢ € conv {zy,...,z,}
PURSUER

4®

p

'2' EVADER
PURSUER

k‘ PURSUER
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Pursuit in the case m > n and z¢ € conv {zy,...,z,}
PURSUER

4©

p

'2' EVADER
PURSUER

k‘ PURSUER
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Pursuit inside a "corner"

VADER

p

PURSUER
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Pursuit inside a circular arena (Rado 1925) : Lion and Man have
equal maximal velocities

EVADER

e

\ &

PURSUER
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Pursuit inside a circular arena (Rado) : Lion and Man have equal
maximal velocities

. EVADER

28\

PURSUER
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Pursuit inside a circular arena (Rado): Lion and Man have equal

maximal velocities
Besicovitch 3 evader’s strategy such

that ||z (t) — zas(t)] > 0, ¥ £ > 0

EVADER
lvanov & Ledyaev 1980 V¢ > 0 d pur-
suers’s strategy such that 4 0 =
0(xr(0),z37(0)) such that ||zz(7) —
zy(7)|| < £ forsome < 6

28\

PURSUER
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Pursuit inside a circular arena (Rado): Lion and Man have equal

maximal velocities
Besicovitch 3 evader’s strategy such

that ||z (t) — zas(t)] > 0, ¥ £ > 0

EVADER

lvanov & Ledyaev 1980 V¢ > 0 d pur-
suers’s strategy such that 4 0 =
0(zr(0),21(0)) satistying |[jzp(r) —
zy(7)|| < £ forsome 7 < 6

28\

PURSUER

QUESTION: Optimal pursuit time 6
and optimal strategies?
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summary

#» Concept of DISCONTINUOUS FEEDBACK CONTROL -
precise mathematical model of digital computer-aided control.
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summary

#» Concept of DISCONTINUOUS FEEDBACK CONTROL -
precise mathematical model of digital computer-aided control.

# Applications to stabilization and optimal control problems.
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summary

#» Concept of DISCONTINUOUS FEEDBACK CONTROL -
precise mathematical model of digital computer-aided control.

# Applications to stabilization and optimal control problems.
New approach to OUTPUT REGULATION problem.

# Robustness of stabilizing and optimal feedback by restricting
a sampling rate
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summary

#» Concept of DISCONTINUOUS FEEDBACK CONTROL -
precise mathematical model of digital computer-aided control.

# Applications to stabilization and optimal control problems.
New approach to OUTPUT REGULATION problem.

# Robustness of stabilizing and optimal feedback by restricting
a sampling rate.

o If there exists smooth CLF then stabilizing & is robust for any
highly enough sampling rate (analogous result for optimal
feedback in differential game).

# Nonsmooth control Lyapunov and value functions and
analytical technigues for working with them.
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THANK YOU
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