Modeling and control of gene regulatory
networks

Madalena Chaves

BIOCO,RE (Biological control of artificial ecosystems)
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164 4. Nonlinear Controllability

Exercise 4.3.16 Consider a model for the “shopping cart” shown in Figure 4.2
(“knife-edge” or “unicycle” are other names for this example). The state is
given by the orientation #, together with the coordinates z, x5 of the midpoint
between the back wheels.
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Figure 4.2: Shopping cart.

The front wheel is a castor, free to rotate. There is a non-slipping constraint
on movement: the velocity (i1, 42) must be parallel to the vector (cos#,sin8)’.
This leads to the following equations:

Ty = wujcosH
9 = wuysind
0 = uo

where we may view u; as a “drive” command and uz as a steering control (in
practice, we implement these controls by means of differential forces on the two
back corners of the cart). We view the system as having state space R? (a more
accurate state space would be the manifold R? x §1).

(a) Show that the system is completely controllable.

(b) Consider these new variables: z1 := #, 23 = xycosf + xasinb, z3 =
x1sinf — xocosf, v1 = wug, and vz ;= wy — uz23. (Such a change of variables
is called a “feedback transformation”.) Write the system in these variables, as
2= f(z, v). Note that this is one of the systems X; in Exercise 4.3.14. Explain
why controllability can then be deduced from what you already concluded in

that previous exercise. O
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Genetic networks: transcription and translation

DNA MRNA Protein
(1-2 copy /cell) (10% in E. coli) (10°in E. coli
10° mammalian)

Transcription ¢ | e Translation
>4 (RNApolymerase) aariee - (Ribosomes)
Sugar phosphate bond
1 min to transcribe 2.5 min 2 min to translate
MRNA lifetime _
10° polymerase/cell 10* ribosomes/cell
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Genetic networks: some common interactions

Binding event
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(eg., MAPK cascade)
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Experimental data (“data rich/data poor” sentag200s)

Expression
of gene Microarray
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Genetic networks: questions and challenges

¢ Modeling

Understanding the system; dynamics; predictions

¢ Model and experiments: available data

different mathematical formalisms give different information

¢ Parameters

calibration of models; robustness
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Genetic networks: questions and challenges

¢ (Too) many components: model reduction techniques

Two well-known modules: interconnection of two systems

¢ Control
How to find feedback laws?
How to implement?

Synthetic biology: assembling components; re-wiring a network

¢ State estimation, observers

centre de recherche

SOPHIA ANTIPOLIS - MEDITERRANEE




Genetic networks: how to model

Activation of transcription (A —*> M)
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0 A
Concentration of mMRNA in terms of activator

dM A"
== = x —— — y,M
dt X in qn yM

Concentration of mMRNA in terms of repressor

dM 0"
T = - _ M
dt Corxt M

Concentration of protein

dP

a7 ac M — y,P
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Example: drosophila segment polarity network

Model: concentrations of mMRNA and proteins, for a group of 5 genes
responsible for generating and maintaining the segmented
body of the fruit fly

Goal: reproduce the observed pattern of expression for these 5 genes
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A model using ordinary differential equations

Drosophila segment polarity genes
von Dassow et al, Nature 2000

B




Parameters and dynamical behavior

Drosophila segment polarity genes
von Dassow et al, Nature 2000

About 180 egs.
Randomly try 200,000
sets of parameters
About 0.5% yield
‘correct” gene pattern
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Alternative frameworks: qualitative models

Boolean models: logical rules; 0/1 or ON/OFF states CIR

EN(k) and not CIR (k) |
EN | —>Chh)

hh (k+1)

Robustness of the model to perturbations in the environment?
Fluctuations in the mRNA/protein concentrations;
Different timescales in biological phenomena,

Degradation and synthesis rates
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A Boolean model of the segment polarity network

0, if ie(1,2]
SLP' =
1, if ie(3,4)

wg; = (CIA, and SLP, and not CIR;) or [wg, and (CIA, or SLP;) and not CIR,]

WG’ = wg,
en; = (WG,_, or WG,,,) and not SLP, Albert & Othmer
ENT = en, J Theor Biol 2003

hh! = EN. and not CIR,
HH' = hh.

1

ptc; = CIA, and not EN, and not CIR,

PTC.; = ptc, or (PTC,; and not HH, , and not HH,_,)

ci; = not EN,

Cl: = ci,

CIA; = Cl, and [not PTC; or HH, | or HH. , or hh, ; or hh, ]

CIR; = Cl, and PTC, and not HH, , and not HH,,, and not hh, ; and not hh, ,
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he model exhibits multiple “biological” equilibria

Wild type Broad stripes No segmentation

- wg
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heat shocked genes (lethal phenotype)
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How to study Boolean models?

¢ Dynamics: synchronous or asynchronous algorithms?

k+1\ __ k k
hh(T;,") = EN(Tgy) and not CIR(T¢g) Chaves, Albert

& Sontag, JTB 2005

¢ Piecewise linear models - Glass type

CIR
dhh, CIR| CIR
dt = T (hhc + th) J ¢
with: F,,(t) = EN(t) and not CIR(t)
EN|——>(hh_
hh
0, if hh <0.5 EN hh
hh — . ¢ EN c
1, if hh,>0.5 ¢
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Boolean models: updates and dynamics

Synchronous I: : : : : : : T"
All variables simultaneously updated.
—> Deterministic trajectories in a directed graph.
Positive loop Synchronous transition graph

Ol1 001

Q\7B (}11 1£1 1})0 000
c T '

110 010
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Boolean models: updates and dynamics

I l l I L1 I k

| | | | | | | T1

Tk

Asynchronous 2
I I I I I I k

L ] 1 1 1 I TN

Each variable updated at its own pace:
perturbed time unit (1+r) T, r in[-g, €]

—> NOT deterministic
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Boolean models: updates and dynamics

Asynchronous

Each variable updated at its own pace:
perturbed time unit (1+r) T, r in[-€, €]

Follow one of many possible trajectories in the asynchronous
transition graph,

011 — » 001
. / \
\ / 111<— 101 100 — » 000
- \ /
110 % » 010
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Totally asynchronous and random order updates

Starting from same initial state, percentage of simulations that

converge to each steady state ----- low robustness...
60*“ NI e e e=——N—— 56%, Wild type
501 &
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o :
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e e 15%, No segmentation
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O S " S~ S~ W - W SUNENA Wau— 4%, Wild type variant
Of so—t—t————————————— 1%, Ectopic and variant
0 0.1 02 03 04 05 06 07
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Random order updates + Timescale separation

First, update all protein nodes; then, update all mMRNA nodes
Any permutation among protein nodes followed by any permutation
among mMRNA nodes

Theorem: Trajectories diverge from the wild type steady state if and only if the
first permutation among proteins satisfies the following order, in the third cell

CIR, CI, CIA, PTC,
ClL CIR, CIA PTC, [CI-PTC]
Cl, CIA, CIR_PTC,

and all other proteins may appear in any of the remaining sites.

Chaves, Albert & Sontag, JTB 2005
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Random order
+
Timescale
separation

Markov Chain
with two
absorbing
states

Increased
robustness

STAGE §

S 23

WILD TYPE
STAGES 9-11

| L 12.5%,
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Piecewise linear systems: Glass-type model

Timescale of node X,

Synthesis of gene/protein X,
(ON/OFF)

dx.
—h = o (F(X e, X,)=x)
t Steady states:
same as in
with: F.(X,,...,X ) = Boolean rule for node X, Boolean model
and: X, = 0, !f X; <0,
1, if x;>0,

Based on: Glass& Kauffman, 1973;: Edwards and Glass, 2000
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Some simulations

Four cells in each parasegment; periodic boundary conditions

Initial
(stage 8)
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Final
(stages 9-11)
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Imescale separation: 100% convergence to W1

Assumption I & e > 2&zna

Assumption ll: 0, = 0, < 0.5

Assumption IlI: Kpre, > g,

Theorem: Under these assumptions the Glass-type model always
converges to the wild type steady state

Chaves, Sontag & Albert 2006
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Analysis of Boolean models and beyond

¢ Robustness and fragility of Boolean models for genetic regulatory
networks, Chaves, Albert and Sontag, 2005:

Paper was in JTB top 10 most cited (of the last 5 years)

¢ “Timescale separation” leads to “Priority classes”
(Bioinformatics: GINsim software Chaouliya, Thieffry, etc.)

¢ Further work: asynchronous transition graphs and the dynamical
behavior of “large” networks

¢ Further work: piecewise linear systems

centre de recherche

SOPHIA ANTIPOLIS - MEDITERRANEE




28

Piecewise linear systems: qualitative framework
X = f(xX)-T'x
x€RL,, f:RL,XRL,, I'=diag(y;....y,)

Thresholds: 0<0; <---<0]'<M, o
Function fis a sum of

; , products of step functions
I-_I‘ I;EI s XIG
> s (X,0)
X, 7———
81 82 83 =/
I l I I 0 X
X, X, X

Refs: Casey, de Jong & Gouzé, 2006
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Plecewise linear systems

: . k; ki+1
Regular domains: B, ,, k.€[{0,r}, 60;'<x;<6

s7"™\n 1

Switching domains: D,, x,=6., forsome i

1

i ' Ky ook K.k 1 ok, k
Focal points: x=f""""—TI'x=0 = ¢ o= fr
X2
A
ME boo
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Measurements and control

Qualitative measurements:

s"(x;,6;) € {0,1}

Know only: position of variables with respect to thresholds
(either “weakly expressed” or “strongly expressed”)

Qualitative inputs: u piecewise constant (in each regular domain)

u: R_,xRL, — {u

o)

1,u

min 7

Can only implement three values.
Inputs can act on degradation or synthesis rates (inducers)

Chaves & Gouzé, Automatica 2011
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Control of simple biological motifs:
the bistable switch

X, = Ky 5_<X2’92)_Y1X1 , Xy =K, 5_(X1:91)_Y2X2

Fe

‘I -

03
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Control of the bistable switch
X, = uKks (x,,0,) — y,x , X, = ukys (x,,0)) — y,x,

Problem: using only qualitative control laws, is it possible to drive
the system to either of its stable steady states?

Control: relocate focal points

X X
"4 ¢y 2
MZ ME
Bll By,

1

0, / 0,
/ o~ B
~
s
e
- - -
0, M, X 0, M, X, 0, M, X,
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Control to steady state P1

P /
1 XE B11UBlo 1 u:umin
U(X> — umin X< BOl 08
U, XEB,
u:umax :
Theorem: Assume that ®(6,)<6, . i . P
The System Wlth thIS Control IaW 1] 01 0.2 0.3 0.4 S{f 06 nr ns na 1

converges to point P1.

Chaves & Gouzé, Automatica 2011

centre de recherche

SOPHIA ANTIPOLIS - MEDITERRANEE




34

Control to steady state P2

Theorem: Assume that ®(6_)<6_,

and condition on separatrix.
The system with this control law
converges to point P2.

1 Yt,x€eB,,UBy,
P2l /
’ (¥t o) 4]
I:I.B-I 7
Upnax V=T, XEB, |
— |
|
|
: u:umin
|
|
|
|
|/

1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.3 0.4 1
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Using Filippov solutions

F

X,
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A synthetic bistable switch

Inducer 2

1 Gardner, Cantor & Collins,
Nature 2000

Promoter 1

Repressor 2 l — I Repressor 1 Reporter

T Promoter 2

Inducer 1

a
S 1T IPTG 42°C ‘Plﬁmgg

o
gl L. IPTG

m pTAK132
0 | | " . Temperature
s 1 o pTAK102
al (control)
o >
5, - ) U Apply IPTG
e 1r o pTAK106
% (control) .
= | u... ~ High temperature
= 0 5 10 15 20
h Hours
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Conclusions

¢ Experimental data: choose appropriate formalism
different formalisms provide complementary information

¢ Qualitative control
find feedback laws using only qualitative data (for simple motifs)

easier to implement
“add large amount of inducer when expression of X is high”

synthetic biology: assembling components; re-wiring a network

¢ Boolean models:
large networks as interconnection of two smaller modules
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Final conclusion

THANK YOU EDUARDO

.... AND CONGRATULATIONS !




