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I Introduction

For many populations, births and growth occur Iin
regular times each year (or each cycle).

Discrete time models are well suited to describe
the life histories of organisms with discrete
reproduction and/or growth.
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I Another example

For example, the Beverton-Holt stock-recruitment
model for a population N; at time t is
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I Age structured models

A population may be divided into separate
discrete age classes.

At each time step, a certain proportion of each
class may survive and enter the next age class.
Individuals in the first age class originate through
reproduction from other classes.

Ni(t+1) = fiNi(t) + falN2(t) + f3Ns(t)

No(t 4+ 1) = p1 N1 ()

N3(t + 1) = paNa(t)



I Simple Control Problem

2
1
muin Z 5 [w,% + Buﬂ
k=0
subjectto x11 =2 +ur fork=0,1,2,
Ly — D.

state zg, x1, x2, x3
control ug, uy, us, ONE less component
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I Control Problem

Given a control u = (ug, uq,...,ur_1) and initial
state z(, the state equation is given by the
difference equation

Lk4+1 = g(ajkv ug, k)

fork=0,1,2,...,T — 1. Note that the state has
one more component than the control

r = (x9,21,...,27),
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I Hamiltonian

Hy, = f(zr, ug, k) +Mpr19(Tp, up, k), fork=0,1,...,7

Notice the indexing on the adjoint.
Necessary conditions

OH;
Ay = —F
g @[Ek
Ar = @' (x7)
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I Simple Control Problem

2
k=0

subjectto x11 =2 +ur fork=0,1,2,

5130:5.

The control is the input (growth or decay).
What optimal control is expected? (min state and

size of control)



I Optimality Conditions

1
Hi = 5[33]% -+ u%} -+ )\k—l—l(afk -+ uk)

Our necessary conditions are

0H
)\k:—kzwk—l—/\k+1 fork=0,1,2,
(9:13k
)\3 — 07
HH, *
O:a—W:Uk—|—)\k+1 a’[uk.
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I continuing

Thil = Tk — Aetl fork =0,1,2.

solve algebraic equations



I Control Answers

optimal state values

r] =225 =125 =1
optimal control values

Uy = —3, u] = —1, uy = 0.



I System Case

Ljk+1 — gj(fljljk, eIk, UL Eky - Umk, k)
fork=0,1,2,.... T—1,j=1,2,....n.

Lj = (ZEj)(), Ljly--- ,ZEj)T).

There are m controls, n states, and T' time steps.
Define the objective functional as

J(u) =o(x17,. .., Tnr)+

J(Z1 gy ooy Ty Ul ks - v e s U oy K) I

T —
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I continued

Hk — f(xl,ky ey Ik, UL ky -5 Um ky k)

—+ E )\j)k+1gj(5131,k, s T ks UL kg e e vy Ui oy ]f)

j=1
O H;y
i =
P g
0P
i = R o
.]7T aajij ($17T7 73: 7T)
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. = 0 () |



I Simple pest control problem

x good population and y pest population to be
controlled with w.

$k+1:$k—|—$k(1—$k)—$kyk fork:O,l,...,T,

Yk+1 = Yk + Tpyp — uryr  fork=0,1,...,7,
ro =5, yo = 10,

0<wu,<1 fork=0,1,...,T. I



	Introduction
	Another example
	Age structured models
	Simple Control Problem
	Control Problem
	Goal
	Hamiltonian
	Simple Control Problem
	Optimality Conditions 
	continuing 
	Control Answers
	System Case 
	continued 
	Simple pest control problem

